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Acoustic Radiation Force on Small Spheres Due to Transient Acoustic Fields
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Acoustic radiation force is a net force experienced by an object under the action of an acoustic wave.
Most theoretical models require the acoustic wave to be periodic, if not purely monofrequency, and are
therefore irrelevant for the study of acoustic radiation force due to acoustic pulses. Here, we introduce
the concept of finite-duration pulses, which is the most general condition to derive the acoustic radiation
force. In the case of small spheres, we extend the Gor’kov formula to unsteady acoustic fields such as
traveling pulses and interfering wave packets. In the latter case, our study suggests that the concept of
acoustic contrast is also relevant to express the acoustic radiation force. For negative acoustic contrast
particles, the acoustic trapping region narrows with shorter pulses, whereas positive contrast particles
(such as biological cells) can fall in secondary traps when the pulse width deviates from an optimal value.
This theoretical insight may help to improve the selectivity of pulsed acoustic tweezers.
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I. INTRODUCTION

Acoustic radiation pressure is generally described as
a steady force acting on surfaces exposed to acoustic
waves. While radiation pressure has been extensively stud-
ied for almost two centuries, the steady nature of the force
has been little discussed. Since the pioneering work of
Rayleigh [1,2], radiation pressure has mainly been stud-
ied in the monofrequency regime and been defined as
an exchange of momentum between a wave and a par-
ticle. Integrating the acoustic radiation pressure over an
object’s boundaries yields a net acoustic radiation force,
which has been computed for incompressible spheres
exposed to plane waves by King [3] and later on by tak-
ing the sphere compressibility into account by Yosioka and
Kawasima [4]. In 1962, Gor’kov derived a formula for the
acoustic radiation force of spheres much smaller than the
acoustic wavelength subject to arbitrary acoustic fields [5].
Even though these calculations have been extended to arbi-
trary large spheres in complex acoustic fields [6–8], and
to include viscous effects and even acoustothermal effects
[9–13], the monofrequency dogma has remained essen-
tially unchallenged.

Silva et al. have investigated the parametric oscillations
of spheres of arbitrary size exposed to bichromatic and
polychromatic acoustic waves in an inviscid fluid [14,15].
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They have shown that, unlike the monochromatic case,
the amplitude of the parametric forcing depends on the
nonlinearities in the fluid equation of state. A simplified
expression of the acoustic radiation force was indepen-
dently provided by Karlsen and Bruus for the average force
experienced by small spheres exposed to polychromatic
waves in a thermoviscous fluid [13]. In both cases, the
polychromatic assumption refers to a discrete combina-
tion of modes, which is tantamount to periodic excitation
signals. Although this allows the analysis of a combi-
nation of transducers [16,17], the periodic assumption
makes it a priori irrelevant for continuous combinations
of frequencies [18] and acoustic pulses [19].

While the traditional use of acoustic radiation force for
acoustic levitation and acoustic tweezing allows extremely
long actuation signals to be considered, and is therefore
well described by existing theories, using a continuous
range of frequencies offers a superior flexibility in device
operation. This enables finely tuning the spatial geome-
try of an acoustic field, which is tantamount to adjusting
the acoustic radiation force landscape. For instance, Kang
et al. have demonstrated such a multifrequency device [18]
for the fine positioning of particles. However, one of the
most interesting prospects of pulses is to increase the
acoustic trapping selectivity, that is the ability to trap
a particle within many others by confining the acoustic
field around this particle. Unlike the complex transducers
[20,21] or transducer arrays [22–24] typically needed to
achieve a high selectivity, Collins et al. have pioneered an
alternative strategy using ultrashort acoustic pulses [19].
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They assumed that, similarly to the monofrequency case,
traveling acoustic pulses would generate much less acous-
tic force than standing acoustic pulses (obtained by
the interference between two counterpropagating pulses).
They demonstrated that an acoustic pulse width as short
as 10 acoustic periods yields an acoustic radiation force,
and that acoustic interference and trapping regions over-
lap. Even though the limited bandwidth of their transducers
restricted the pulse shortness to at least 10 periods, it not
only challenges the monofrequency assumption, but also
suggests that further reducing the pulse width may enable
even higher selectivity.

Furthermore, nonconventional acoustic generation
methods such as percussions and photoacoustic effects
[25,26] can only generate brief impulsions with a broad
frequency content. Starting from Longhorn’s study of the
effect of shock waves on small particles [27], the hydro-
dynamic community has also considered the forces gen-
erated by fast variations of pressure and velocity [28,29].
Yet, even the most recent refinement have overlooked the
effect of the sphere compressibility and describe com-
plex dynamics on timescales that cannot be resolved
experimentally.

In this paper, we question the steady nature of the acous-
tic radiation force by considering acoustic wave packets
of finite duration τ . By finite duration, we require all the
wave quantities x̃ to satisfy the condition x̃(−τ/2, r) =
x̃(τ/2, r), where the origin of time is freely chosen. Such
a wave packet is shown in Fig. 1(b), where x̃(−τ/2, r) =
x̃(τ/2, r) = 0. Note that the duration τ can be arbitrarily
larger than the pulse width � (the time window containing
most of the acoustic energy of the pulse).

This finite-duration condition is a considerably more
relaxed requirement than periodic wave packets [where
the equality x̃(t − τ/2, r) = x̃(t + τ/2, r) must hold
for all times t], and even more so for monofrequency
waves. We also note that such packets allow the construc-
tion of periodic wave packets and monofrequency waves
by juxtaposing several periods. While the conditions on
the acoustic wave are relaxed, we now need to assume
that the acoustic field experienced by the particle does not
change much during the entire pulse duration. Since acous-
tic quantities vary over a wavelength, this condition is
tantamount to assuming that the particle displacement ��

is negligible compared to the shortest acoustic wavelength
λ of the excitation signal (corresponding to the highest
frequency fmax in the pulse), not only during an acous-
tic period, but during the entire acoustic pulse duration,
that is ��/λ � 1. Similarly to previous theoretical stud-
ies on the acoustic radiation force, our calculations rely on
the perturbation expansion to evaluate the force, which in
turn restricts the particle migration speed vp � ��/� �
��/τ to vp/c0 � ε2 [13], with ε = pmax/ρ0c2

0 the acoustic
Mach number, where ρ0, c0, and pmax are the fluid den-
sity at rest, the wave speed, and the peak wave-pressure

(a)

(b)

(c)

(d)

(e)

(f) (g)

(h)

FIG. 1. Scattering and interference of wave packets. (a)–(f)
Time lapse of the diffraction of an acoustic wave by a wave
packet. A particle (white disk) surrounded by viscous and ther-
mal boundary layers (blue and red) sits in a quiescent fluid. The
domain 	(t) extends from the particle surface ∂	p(t) to a fixed
boundary ∂	f several acoustic wavelengths away, and encom-
passes both boundary layers. At (a),(b), a wave packet enters 	,
then (c) is scattered by the particle and (c)–(e) generates a scat-
tered field (shown as circular waves) that (f) eventually exits 	.
Neglecting the particle motion, the state of 	 is identical in steps
(a),(f), which allows defining τ as the duration between these
two steps. (g) A Gaussian acoustic pulse. The gray region indi-
cates the pulse duration τ , which can be chosen arbitrarily larger
than the pulse width � (in red). (h) Interference of two Gaussian
pulses.

amplitude, respectively. This yields a coarse overestimate
of this small-displacement condition:

��

λ
� �fmaxε

2 ≤ τ fmaxε
2 � 1. (1)

The small ε � 0.01 for most acoustofluidic applications
suggests that the above inequalities hold as long as τ �
100 acoustic periods long. Assuming that the excitation
signal bandwidth is bounded by [fmin, fmax], this finite-pulse
theory will be relevant for fmin � fmaxε

2 ∼ 10−4fmax. More
stringent conditions are foreseen when the particle can res-
onate with the incident field and emit the scattered field
for a longer duration. This may occur for bubbles or par-
ticles with a size comparable to the acoustic wavelength.
For periodic series of pulses, this has little consequences
because the acoustic field variables will cycle over the
pulse repetition period so that the acoustic radiation force
of each pulse period can be evaluated by carefully includ-
ing the steady-state scattered field due to this periodic
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excitation. For isolated or stochastic acoustic pulses how-
ever, the finite-duration condition would require τ large
enough to allow the scattered field to decay to negligible
levels before evaluating the acoustic radiation force.

This finite duration allows us to overlook the complex
dynamics found by Longhorn and subsequent studies [14,
15,27–30], which are difficult to resolve experimentally at
present [30,31], and to focus instead on the transforma-
tion of the particle from the initial state before wave-packet
scattering and a final state after the scattering event. This is
illustrated in Figs. 1(a)–1(f): the domain 	 contains a par-
ticle (white disc) with a thermoviscous boundary layer (in
blue and red). An incident wave packet falls on the particle
and generates a scattered field that eventually escapes 	 at
step (f). The finite-duration condition requires that the state
of 	 at step (f) is the same as in step (a).

After generalizing the expression of the acoustic radi-
ation pressure tensor to finite-duration wave packets, we
rederive the acoustic radiation force on small spheres while
relaxing the monofrequency assumption. This will pro-
vide a generalized Gor’kov equation for acoustic wave
packets of finite duration. Although our final expression
could be derived from Karlsen et al.’s expression for peri-
odic waves [13] using Parseval’s theorem, and even for
nonperiodic pulses using Plancherel theorem, (i) rederiv-
ing the equation provides a deeper physical meaning of
its origin, especially regarding the scattering coefficients,
and (ii) our derivation has a broader set of validity than
what these theorems alone would warrant. In particular,
using the Plancherel theorem requires integration of the
time-domain function over [−∞, +∞] and would there-
fore not ensure, for instance, that successive pulses would
not interfere. After deriving this general expression, we
then evaluate the acoustic radiation force of these packets
in the simplified cases of traveling and standing waves, and
use our analytical expression to optimize the selectivity of
acoustic trapping by acoustic pulses.

II. MODEL

A. Definition of the acoustic radiation force

Using the summation of repeated indices, mass and
momentum conservation in a Newtonian fluid of shear
viscosity μ and bulk viscosity μb read

∂tρ + ∂iρvi = 0, (2a)

∂tρvi + ∂j ρvivj = ∂j
(−pδij + �ij

)
(2b)

�ij = μ
(
∂j vi + ∂ivj

) +
(μ

3
+ μb

)
δij ∂j vj ,

(2c)

with p , ρ, and v, the fluid pressure, density, and velocity,
and δij is the Kronecker δ function. These equations are
complemented with the isentropic equation of state up to

the second order in ρ − ρ0:

p − p0 = c0
2(ρ − ρ0) + 1

2
(ρ − ρ0), (3)

with  = (B/A)(c0
2/ρ0), where B/A is the nonlinear

parameter [14,32].
A particle with boundaries located at ∂	p(t) immersed

in this fluid will experience a force Fp
i = ∮

∂	p (t) pδij −
�ij dSp

j [13,32]. When the fluid motion is solely due to
acoustic waves, the time average of this force is the acous-
tic radiation force. However, the particle position and
shape are affected by the acoustic field, meaning that the
integration boundary ∂	p varies with time. This problem
is addressed by setting a fixed boundary ∂	f arbitrarily
far away from the particle [32], and integrating Eq. (2b)
over the volume 	(t) delimited by this boundary and the
particle moving surface. After using the Gauss integral
theorem, we get

∫

	(t)
∂tρvidV +

∫

∂	f

(
ρvivj + pδij − �ij

)
dSj

−
∫

∂	p (t)

(
ρvivj + pδij − �ij

)
dSp

j = 0, (4)

where the negative sign of the particle boundary integral
indicates that the surface unit vector is pointing towards
the particle center.

Equation (4) is then combined with the Reynolds
transport equation ∂t

∫
	(t) ρvidV = ∫

	(t) ∂tρvidV +
∫
∂	f

ρviv
b
j dSj + ∫

∂	p (t) ρviv
b
j dSj , with vb the displace-

ment speed of the integral bounds. Noting that on the
fixed boundary (∂	f ), vb = 0; and on the particle bound-
ary [∂	p(t)], vb = v by continuity, we can evaluate the
force on the particle by knowing the acoustic field on a
remote fixed boundary:

∂t

∫

	(t)
ρvidV +

∫

∂	f

Btot
ij dSj = Fp

i , (5)

with Btot
ij = ρvivj + pδij − �ij the flux of momentum

through ∂	f .
The main caveat of working on a remote boundary

is that it operates a momentum balance over the entire
domain 	, such that acoustic momentum transfer from
the wave to the fluid inside 	, and the steady flow gen-
erated by the acoustic wave outside this domain (acoustic
streaming [33]) are included in the left-hand term [32].
It is customary to distinguish three contributions, namely
the acoustic momentum that would have been transmit-
ted to the fluid even in the absence of any particle (such
as Eckart [34] and Rayleigh streaming [35]), the acous-
tic momentum exchanged with the particle by scattering,
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and the acoustic momentum exchanged with the particle
by local steady viscous stress (acoustic microstreaming
[36]). Except for very special cases such as heavy par-
ticles in viscous fluids [37], the viscoacoustic boundary
layer is generally thinner than the particle size such that the
microstreaming contribution to the acoustic radiation force
is negligible [37]. Then, the acoustic radiation force is well
approximated by considering only the inviscid contribu-
tion, as long as the thermoviscous effects on the scattering
coefficients are well resolved in the vicinity of the par-
ticle [12,13]. Therefore, we neglect the contribution of
microstreaming, which allows useful simplifications in the
calculation of the acoustic radiation force. The contribu-
tion of Rayleigh and Eckart streaming may then be added
as a drag force on the particle [32,38].

B. Perturbation expansion in the far field

In most experiments, the spatial scale of acoustic atten-
uation �ac = ρ0c0

3/
[
μ(4/3 + μb/μ)ω2

]
is many orders

of magnitude larger than the scale of the viscous �visc =√
2(μ/ρ0ω), and thermal �therm = √

2(DT/ω) boundary
layers (with DT the thermal diffusivity in the fluid), so that
the effect of these layers on the acoustic radiation force
can be resolved locally while the propagation of acoustic
waves is well approximated by considering an inviscid and
adiabatic fluid [12,13]. Therefore, we now omit the vis-
cous effects in the fluid, and use the small acoustic Mach
number ε to expand the evolution of the pressure, velocity,
and density fields by perturbation of increasing orders in ε.
Zero-order quantities are denoted x0, first-order x̃, and
second-order x̄:

ρ = ρ0 + ερ̃ + ε2ρ̄, (6a)

p = p0 + εp̃ + ε2p̄ , (6b)

vi = 0 + εṽi + ε2v̄i. (6c)

In order to get nontrivial values for the acoustic Mach
number, we now solve each perturbation order indepen-
dently. The order 0 in ε is the hydrostatic equilibrium:

∂tρ0 = 0, (7a)

∂ip0 = 0, (7b)

which suggests a uniform pressure p0 and density ρ0 in the
fluid at rest. Then, the first order in ε describes the acoustic
field:

∂tρ̃ + ρ0∂iṽi = 0, (8a)

ρ0∂tṽi = −∂ip̃ . (8b)

Taking the divergence of Eq. (8b) and using the equation
of state [Eq. (3)] up to the first order in ε yields the

d’Alembert equation:

∂2
tt p̃ − c0

2∂2
ii p̃ = 0. (9)

The second order in ε unveils the main nonlinear effects:

∂tρ̄ + ∂iρ̃ṽi + ρ0∂iv̄i = 0, (10a)

∂tρ0v̄i + ∂tρ̃ṽi + ρ0∂j ṽiṽj = −∂ip̄ , (10b)

p̄ = c0
2ρ̄ + 1

2
ρ̃2. (10c)

To facilitate comparison with earlier works [5,12,13],
we consider the average of the quantities of interest,
instead of the time integral as suggested by the physical
setting: 〈x〉 = (1/τ)

∫ τ/2
−τ/2 x(t)dt. Due to the finite duration

τ of the pulse, any first-order quantity x̃ satisfies

〈∂tx̃〉 = x̃(τ/2) − x̃(−τ/2) = 0. (11)

This allows us to simplify Eqs. (10a)–(10c):

∂i 〈ρ̃ṽi〉 + ρ0∂i 〈v̄i〉 = 0, (12a)

ρ0
〈
∂j ṽiṽj

〉 = −∂i 〈p̄〉 , (12b)

p̄ = c0
2ρ̄ + 1

2
 〈ρ̃〉2 . (12c)

Substituting Eqs. (8a) and (8b) into ρ0
〈
∂j ṽiṽj

〉
and then

using integration by part, we get

ρ0
〈
∂j ṽiṽj

〉 = ∂i 〈L〉 , (13)

with L = K − V the Lagrangian density of the wave,
with the acoustic kinetic energy K = (1/2)ρ0ṽj ṽj and the
acoustic potential energy V = (p̃2/2ρ0c0

2).

C. Lagrangian pressure and Brillouin tensor

In order for the fluid to be at mechanical equilib-
rium, one must satisfy Eq. (12b). Substituting Eq. (13) in
Eq. (12b) yields the Lagrangian pressure:

〈p̄〉 = C − 〈L〉 , (14)

with C a constant independent of the position in the fluid
[39]. Similarly to the monofrequency case [32,39], a con-
sequence of Eq. (14) is to set the value of the density ρ̄ to
fulfill Eq. (12c) so that the nonlinearities in the equation of
state play no role in the average acoustic radiation pressure
of acoustic pulses. We note that this assertion is valid only
over the whole duration of the pulse, while  has a major
influence on the detailed dynamics [30].
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Taking the time average of Eq. (5) and expanding up to
the second order in ε, we get

∮

∂	

〈Bij
〉
dSj = −Fi, (15)

with
〈Bij

〉 = 〈
ρ0ṽiṽj − Lδij

〉
the Brillouin tensor, which

remains the same as in the monofrequency regime.
Equation (15) is the starting point to compute the acoustic
radiation force on arbitrarily shaped objects [40] with-
out additional restrictions of size other than satisfying the
finite-duration conditions detailed previously.

D. Acoustic radiation force on small spheres

It is worth noting that, had Eq. (13) been valid every-
where inside 	, Eq. (15) would vanish. This suggests
to decompose the acoustic field quantities x̃ into a back-
ground incident acoustic field, denoted by the subscript x̃in,
[that fulfills (13) and therefore generates no force]; and a
scattered acoustic field due to the particle, denoted by the
subscript x̃sc:

ρ̃ = ρ̃in + ρ̃sc, (16a)

p̃ = p̃in + p̃sc, (16b)

ṽi = ṽi,in + ṽi,sc, (16c)

φ̃ = φ̃in + φ̃sc, (16d)

where we introduce the convenient potential φ̃, with ṽi =
∂iφ̃ and p̃ = −ρ0∂tφ̃.

In order to evaluate the scattered field, it is convenient
to work in the frequency domain. Any real time-varying
functions x̃ can be decomposed into its monofrequency
components x̂(ω)e−iωt:

x̃ = 1
2

∫ ∞

0
(x̂e−iωt + x̂∗eiωt)dω. (17)

So far, we assume only that either the particle is nonreso-
nant or that (i) the acoustic excitation has some periodicity
or (ii) the time separation between pulses is long enough
to let the scattered field radiated by the particle decay to
negligible levels. We now assume that the particle radius
a is much smaller than the acoustic wavelength, which
yields relatively simple expressions for the scattered field
measured at a distance r � λ [5,12,13]:

φ̂sce−iωt = −f1(ω)
a3

3ρ0

∂t ρ̂ine−iωt
∣∣
p

r

− f2(ω)
a3

2
∂i

[
v̂i,ine−iωt

∣∣
p

r

]

, (18)

where x|p indicates that x is evaluated at the location
of the particle (0) at the retarded time (t − r/c0). We

note that these functions still depend on space due to the
time-retarded argument. The monopole and dipole scat-
tering coefficients f1 and f2 are complex numbers, which
depend on the chosen convention x̂(ω)e−iωt. Their value
can be found in the comprehensive study by Karlsen and
Bruus [13].

Substituting Eqs. (16) in Eq. (15), and neglecting
squares of φ̃in as they model a wave without any inter-
action with a particle, therefore yielding no momentum
exchange, and the squares of φ̃sc proportional to a6 and
therefore negligible for a small particle, we get

Fi = −
∫

∂	f

(〈
p̃inp̃sc

ρ0c0
2

〉
− 〈

ρ0ṽk,inṽk,sc
〉)

δ
j
i

+ ρ0
〈
ṽi,inṽj ,sc

〉 + ρ0
〈
ṽi,scṽj ,in

〉
dSj . (19)

Noting that this integral involves only the boundary of the
system, we consider a mathematically equivalent system
with no particle but with a monopole and dipole source as
given in Eq. (18). Using the Gauss theorem, this surface
integral can now be replaced by a volume integral over
the closed virtual domain 	† that encompasses 	 and the
previous location of the particle. After some calculus (see
Ref. [12] for a detailed derivation), we get

Fi = −
∫

	†
ρ0

〈
ṽi,in

(
∂2

jj − 1
c0

2 ∂2
tt

)
φ̃sc

〉
dV. (20)

Similarly to the previous studies [5,12,13], we recall
that the d’Alembert equation acting on the monopole
and dipole terms, Eq. (9), result in a singular den-
sity point ρ̂ine−iωt

∣∣
p δ(r) and a singular velocity point

v̂i,ine−iωt
∣∣
p δ(r), with δ the Dirac distribution.

(
∂2

jj − 1
c0

2 ∂2
tt

)
φ̂sce−iωt = f1(ω)

4πa3

3ρ0
∂t ρ̂ine−iωt

∣∣
p δ(r)

+ f2(ω)2πa3∂j v̂j ,ine−iωt
∣∣
p δ(r).

(21)

Integrating Eq. (21) over all angular frequencies ω, we get
the time-dependent scattered field:

(
∂2

jj − 1
c0

2 ∂2
tt

)
φ̃sc

= 4πa3

3

[
1

ρ0c0
2 ∂tδ(r)p̃m|p + ∂j δ(r)ṽj ,d|p

]
, (22)

with the monopole and dipole scattered fields:

p̃m|p = 1
2

∫ ∞

0
f1(ω) p̂ine−iωt

∣
∣
p + f ∗

1 (ω) p̂∗
ineiωt

∣
∣
p dω,

(23)
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ṽj ,d|p = 3
4

∫ ∞

0
f2(ω) v̂j ,ine−iωt

∣∣
p + f ∗

2 (ω) v̂∗
j ,ineiωt

∣∣∣
p

dω,

(24)

where the ∂t, ∂j operators and the δ distribution commute
with the integral over angular frequencies.

Substituting Eq. (22) in Eq. (20) and using the Gauss
theorem (see Ref. [12] for additional details), the time-
retarded argument in the scattered fields is simplified by
the Dirac function, so that Eqs. (23) and (24) can now be
evaluated at the location of the particle. We obtain a first
expression of the acoustic radiation force:

Fi = −4πa3

3

[〈
ṽi,in

1
c0

2 ∂tp̃m

〉
− 〈

ρ0ṽj ,d∂j ṽi,in
〉]

. (25)

Integrating Eq. (25) by part then yields

F = −4πa3

3

[〈
1

ρ0c0
2 p̃m∇p̃in

〉
− 〈

ρ0ṽd · ∇ṽin
〉]

, (26)

which in the monofrequency regime simplifies into the
Gor’kov equation [5,12,13].

III. RESULTS AND DISCUSSION

In the following, we consider the effect of pulses on
the motion of particles. While Eq. (26) is valid for any
finite-duration pulse, the general calculation is complicated
by the convolution products in Eqs. (23) and (24). These
equations can be simplified (i) by considering narrow-
bandwidth acoustic beams so the variation of all quantities
but the wave spectrum can be neglected over the inte-
gration bandwidth, or (ii) by considering inviscid fluids
where the scattering coefficients can be factored out of the
integrals.

When a particular example is needed, we use Gaus-
sian plane-wave packets propagating along the x direction
p̃in(θ) = pmaxw(θ) with

w(θ) = exp(−σθ2) cos(ωθ), (27)

with θ = t − s · r the retarded time of the wave, where s =
(1/c0)ex. Advantageously, calculations with these waves
are relatively straightforward but still allow tuning the
pulse width (chosen as � = √

2/σ to account for at least
99.5% of the pulse energy) by changing σ . For such trav-
eling plane waves, the velocity field is given by ṽin =
p̃in(1/ρ0c0)ex. A helpful quantity when studying the acous-
tic radiation force is the mean energy density 〈E〉, defined
as the total energy flux per unit length 〈E〉 = s · 〈

p̃ ṽ
〉
. In the

case of a Gaussian wave packet, it reads

〈E〉 = 〈E∞〉
(

1 + e−ω2/2σ
)

, (28a)

with 〈E∞〉 = p̃2
max

ρ0c0
2

1
τ

√
π

8σ
. (28b)

The time and frequency spread of the wave packet (defined
as the standard deviation in time and frequency space) will
also be useful, and read (respectively)

δt = 1√
2σ

, (29a)

δf =
√

σ

2π2 . (29b)

A. Narrow-band waves in a thermoviscous fluid

We first consider an acoustic wave packet with a
bandwidth δf = δω/2π narrow enough to neglect the
variations of f1 and f2 over this frequency band. Before dis-
cussing the force, we note that this assumption poses some
constraints on the pulse duration. According to Settnes,
Karlsen, and Bruus, this requires that the thermoviscous
boundary layer thickness �tv to particle radius ratio do
not change much over δω [12,13], which yields δω �
2ω(a/�tv), with �tv = min(�visc, �therm). According to
the Gabor limit, δtδf ≥ 1

2π
[41], with the equality being

true when using Gaussian wave packets. Combining these
inequalities with Eq. (29a) yields a lower limit for the
number of periods nT of the pulse:

nT �
√

2ω2

σ
� �tv

a
. (30)

While this inequality does not contradict Eq. (1), their
combination restricts this thermoviscous case to low-
amplitude long-duration wave packets.

Separating the real and imaginary parts of f1 = f r
1 + if i

1
and f2 = f r

2 + if i
2 and noting that in the current com-

plex convention for the scattering coefficients we have
i(x̂e−iωt − x̂∗eiωt) = − 1

ω
∂t(x̂e−iωt + x̂∗eiωt), yields

p̃m|p = f r
1 p̃in|p − f i

1

ω
∂t p̃in|p , (31)

ṽj ,d|p = 3
2

(
f r
2 ṽj ,in

∣∣
p − f i

2

ω
∂t ṽj ,in

∣∣
p

)
, (32)

where, consistently with the narrow-band hypothesis, the
variations of 1/ω over the frequency interval are neglected.

Substituting Eqs. (31) and (32) in Eq. (26), and omitting
the real part of f1 and f2 that do not contribute to the acous-
tic radiation force for traveling waves up to O(a6) [42], we
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get the force due to a narrow-band traveling wave p̃(θ) in
a thermoviscous fluid:

F = −s
4πa3

3
1

ωρ0c0
2

[
f i
1 − 3f i

2

2

] 〈
(∂θ p̃in)

2〉 , (33)

which agrees with Ref. [12] except for a minor typo in the
sign of f i

1 .
In the case of Gaussian wave packets, the force simpli-

fies into

F = −sω
4πa3

3

[
f i
1 − 3f i

2

2

]
〈E∞〉 . (34)

Careful inspection of Eq. (34) reveals that the acoustic
radiation force decreases in 1/τ . This mathematical arti-
fact is due to the time averaging of the force over the time
τ chosen arbitrarily. Hence, a better measure of the effect
of the acoustic radiation force of finite-duration pulses
is the transmitted acoustic radiation momentum q = τF ,
which depends on the physically relevant pulse width
(� = √

2/σ ) but is independent of the pulse duration.

B. Arbitrary waves in an inviscid fluid

When the particle is much larger than the viscoacoustic
or thermoacoustic boundary layers, the scattering coef-
ficients f1(ω) = f r

1 and f2(ω) = f r
2 are purely real and

independent of the frequency [5], and therefore can be
factored out of the integrals in Eqs. (23) and (24), which
yields

F = −4πa3

3
∇ 〈U〉 , (35)

with the dynamic Gor’kov potential:

U = f1
2ρ0c0

2 p̃2
in − 3ρ0f2

4
ṽ2

in. (36)

1. Traveling waves

In the case of traveling waves, p̃in and ṽi,in are only func-
tions of θ = t − s · r with s the wave slowness. Therefore,
U is a function of θ only, such that

∇ 〈U〉 = 〈∂θU∇θ〉 = −s 〈∂tU〉 = O(a6), (37)

which vanishes up to the small terms in O(a6) that are
neglected in Eq. (20). Extrapolating from the monofre-
quency regime, one may reasonably expect that higher-
order terms called scattering force will dominate the
acoustic radiation force [8,23] in this case.

2. Interference of two plane-wave packets

We next consider two interfering plane-wave packets
p̃ = p̃(θ+) + p̃(θ−), as illustrated in Fig. 1(c). For the sake
of generality, the two packets intersect with an angle 2ηR,
so that θ+ = t + sxx − szz and θ− = t − sxx − szz, with
sx = sin ηR/c0 and sz = cos ηR/c0. While ηR = π/2 is rel-
evant for a frontal interference [43,44], the general case
applies to surface-acoustic-wave-based tweezers such as
the ones proposed by Collins et al., where ηR plays the
role of the Rayleigh angle that the acoustic radiation makes
with the substrate [45].

Assuming that the incident wave reads p̃in = pmax[
w̃(θ+) + w̃(θ−)

]
, with w given in Eq. (27), we have

ṽin,x = −(pmaxsx/ρ0c0)
[
w̃(θ+) − w̃(θ−)

]
and ṽin,z = p̃insz/

ρ0. This yields the Gor’kov potential and the acoustic radi-
ation momentum q transferred by an acoustic wave during
the interference of two wavelets:

U = 〈E∞〉 �
[
cos(2ωsxx) + e−ω2/2σ

]
G(sxx), (38a)

q = −2ωsx
4πa3

3
τ� 〈E∞〉 ζ(sxx)ex, (38b)

� = f r
1 − cos(2ηR)

3
2

f r
2 , (38c)

with G(sxx) = e−2σ(sxx)2
. The acoustic contrast factor is

identical to the monofrequency case [46]. The dimension-
less restoring force ζ reads

ζ(sxx) = 2
[

2σ sxx
ω

[e−ω2/2σ + cos(2ωsxx)] + sin(2ωsxx)
]

× G(sxx). (39)

Examples of the Gor’kov potential for various values of
σ/ω2 are shown in Fig. 2. For acoustic tweezers appli-
cations, it is often desirable to trap a single particle and
not its neighbors. Such selective capture requires reduc-
ing the spatial extent of the trapping region. Here, this can
be conveniently achieved by decreasing the pulse width
parameter σ . We note that this time-dependent strategy
comes on top of existing solutions such as acoustic vortices
[20,21,23,47], and the two methods can therefore reinforce
each other.

Although using increasingly narrow pulses reduces the
spatial extent of the wave, it does not necessarily improve
its selectivity. Indeed, the acoustic radiation force changes
sign depending on the particles’ contrast factor [12,13].
Cells and particles have a positive contrast factor, mean-
ing that these particles are trapped at the local minima
of 〈U〉/� 〈E∞〉. However, the energy landscape shown in
Fig. 2 has multiple local minima, which may result in
as many trapping positions. A better measure of selectiv-
ity �ζmax is then how strongly the particles are bond to
their local trap, especially the difference of restoring force
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FIG. 2. Normalized Gor’kov potential 〈U〉/〈�E∞〉 from the
interference of two wave packets for different values of σ/ω2 in
water (acoustic frequency 1 MHz, sound speed c0 = 1500 m/s).
The vertical offset between curves is added to improve clarity.

between the strongest trap (primary trap) and the second
strongest one (secondary trap) [48]. The variation of selec-
tivity depending of the pulse width σ is shown in Fig. 3.
Within the limits of the theory (particle much smaller than
the highest frequency in the spectrum, which ultimately
increases with

√
σ ), the trapping selectivity of negative

� particles always increases for narrower traps. However,
positive-contrast particles have an optimum selectivity for
σ = 0.033ω2.

(a)

(b)

FIG. 3. Selectivity of the acoustic radiation force obtained
during the interference of two wavepackets of various dimen-
sionless widths σ/ω2. (a) Negative acoustic contrast �.
(b) Positive acoustic contrast �. The selectivity �ζmax measures
the difference of restoring force between primary and secondary
traps.

In order to compare this value, obtained for a pair of
Gaussian wave packets, to the value used by Collins et al.
in their experimental study [19] with a triangular wave, we
use a least-squares fitting to find the best approximation
for σ . For a triangular wave packet with nT periods, we
get σ/ω2 � 10.041/2πnT

2. For the 10-period wave packet
used in their experiments, we get σ � 0.016ω2. Accord-
ing to Fig. 3, this suggests that reducing the pulse duration
twofold would not only yield a more localized trap but
would also double the difference of force between primary
and secondary traps. This is a very strong incentive to
develop acoustofluidic devices in the pulsed regime using
broadband acoustic transducers.

IV. CONCLUSION

Acoustic radiation force has long been considered a
steady-state time-averaged phenomenon. Here, we derive
an expression of the acoustic radiation force acting on
spheres for arbitrary acoustic pulses, as long as the pulse
bandwidth satisfies (i) the small sphere condition fmax �
c0
a and (ii) pulse durations are short enough to neglect the

sphere displacement compared to the wavelength fmin �
1/τ � fmaxε

2. We provide an extension of the Gor’kov
formula in the case of wave packets and other unsteady
acoustic fields. Even in the time domain, traveling waves in
an inviscid fluid do not generate a net force up to a6, while
standing waves do yield a force proportional to a3. Based
on the complex monopole and dipole-scattering coeffi-
cients, our model can account for thermoviscous effects
that can considerably enhance the acoustic radiation force
of traveling waves. This model provides a theoretical foun-
dation for the use of pulsed acoustic waves to enhance
acoustic tweezers selectivity, and clarifies that an acoustic
radiation force exists even for a single acoustic period.
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