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A LOCAL DISCONTINUOUS GALERKIN METHOD FOR NONLINEAR
PARABOLIC SPDEs

YUNZHANG L1!, CHI-WANG SHU** AND SHANJIAN TANG!

Abstract. In this paper, we propose a local discontinuous Galerkin (LDG) method for nonlinear and
possibly degenerate parabolic stochastic partial differential equations, which is a high-order numerical
scheme. It extends the discontinuous Galerkin (DG) method for purely hyperbolic equations to parabolic
equations and shares with the DG method its advantage and flexibility. We prove the L2-stability of
the numerical scheme for fully nonlinear equations. Optimal error estimates ((’) (hkﬂ)) for smooth
solutions of semi-linear stochastic equations is shown if polynomials of degree k are used. We use
an explicit derivative-free order 1.5 time discretization scheme to solve the matrix-valued stochastic
ordinary differential equations derived from the spatial discretization. Numerical examples are given to
display the performance of the LDG method.

Mathematics Subject Classification. 65C30, 60H35.

Received May 18, 2019. Accepted April 13, 2020.

1. INTRODUCTION

In this paper we present a local discontinuous Galerkin (LDG) method for nonlinear parabolic stochastic
partial differential equations (SPDEs) with a periodic boundary condition and a multiplicative noise of the
form:

du = {[a(.7m7t7u’u1)um]z + ¢('7x7t7uvuw)} dt + g(a fE,t,u,uI) th;
(2,t) € [0,27] x (0, T]; (L.1)
u(z,0) = uo(z), z € [0, 27],

where the terminal time T > 0 is a fixed real number, {W;,0 < ¢ < T'} is a standard one-dimensional Brownian
motion on a given probability space (Q, F,P), {F;,0 < t < T} denotes its augmented natural filtration, and the
real scalar-valued functions a, 1) and g are all F @ B([0, 27] x [0, T] x R?)-measurable. Notice that the assumption
of periodic boundary conditions is for simplicity of exposition only and is not essential: the method as well as
the analysis can be easily adapted for non-periodic boundary conditions. We make the following hypotheses:
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(H1) The initial condition ug € L%(0, 27).
(H2) The leading coefficient a is locally Lipschitz continuous in the last two variables. There exist two nonneg-
ative constants o and A such that
a < a(w,z,t,u,v) <A

for any (w,x,t,u,v) € Q x [0,27] x [0,7] x R%
(H3) There exist three positive constants By, B2, and Bs such that

[V (w, 2, t,u,v) — h(w,x, t,u',0")| < By (Ju—u'| + v —'])

and
[W(w, 2, t,u,v)> < B3 (1+ |u|*) + B [v]?

for any (w,x,t;u,u’,v,v") € Q x [0,27] x [0,T] x R%.
(H4) There are four nonnegative constants C; with i = 1,2, 3,4 such that

|g(w,x,t,u,v) - g(wvxvtvul7v/)| < Cl‘u - ’U,/| + 02‘7) - ’U/‘

and
lg(w, 2, t,u,v)[* < C3L+ [u]*) + CF vl

for any (w,x,t;u,u',v,v") € Q x [0,27] x [0,T] x R*.

Various phenomena and applications (see [36,39] and the references therein) with stochastic influence in
natural or artificial complex systems can be modeled by SPDEs (1.1), including stochastic quantization of the
free Euclidean quantum field, turbulence, population dynamics and genetics, neurophysiology, evolution of the
curve of interest rate, nonlinear filtering, movement by mean curvature in random environment, hydrodynamic
limit of particle systems, fluctuations of an interface on a wall, and pathwise stochastic control theory. In these
fundamental applications, several examples of canonical SPDEs arise, such as the Zakai equation, reflected
stochastic heat equation, stochastic reaction diffusion equations, stochastic Burgers equation, stochastic Navier—
Stokes equation, and stochastic porous media equation.

Concerning the theoretical study for nonlinear SPDEs with a multiplicative stochastic forcing term involving
a temporary white noise, Pardoux and Peng [37] proved existence and uniqueness of a classical solution by
establishing the connection with backward doubly stochastic differential equations (BDSDEs). Hofmanovd [24]
obtained a regularity result for the strong solution with periodic boundary condition when all the coefficients are
sufficiently smooth. Recently, Du and Liu [18] gave a Schauder estimate for linear SPDEs, which can be suitably
generalized to nonlinear cases. In addition to these, there are also numerous research activities on nonlinear
SPDEs. See e.g. [3,15,20,43]. However, in most cases it is not available to have explicit solutions to the SPDEs,
and numerical solutions of SPDEs naturally receive a lot of attentions.

In recent years, numerous studies have been focused on advanced and efficient methods for SPDEs such as
finite difference methods [16,21,22,33,42,45], finite element methods [1,17,19,28,44,47], spectral methods [25,
31, 34, 35], and also some other types of numerical methods [7,41]. Concerning discontinuous finite element
methods for SPDEs, Cao et al. [4,5] developed a discontinuous Galerkin (DG) method to the time-independent
elliptic SPDEs with additive noises. Li et al. [30] proposed a DG method for nonlinear stochastic hyperbolic
conservation laws, in which they investigated the stability for fully nonlinear equations and the error estimates
for semilinear equations. Pazner et al. [38] formulated an LDG scheme on the basis of fluctuation-dissipation
balance to approximate linear parabolic SPDEs driven by additive noises, which preserves a discrete fluctuation-
dissipation structure, but neither stability nor any error estimate is given. To the best of our knowledge, little
attention has been paid to the stability and error estimates of high-order approximate schemes for fully nonlinear
parabolic SPDEs with multiplicative noises.

The LDG method was introduced by Cockburn and Shu [12] as a generalization of the numerical scheme
proposed by Bassi and Rebay [2] for the compressible Navier—Stokes equations. This scheme was in turn an
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extension of the DG method developed by Cockburn et al. [9-11,13,14] for nonlinear hyperbolic systems. With
the help of the local Gauss—Radau projection, the L?-norm stability and optimal error estimates are obtained
for deterministic problems [6,46], if the alternating numerical fluxes are used. In this paper, we shall consider
stochastic counterparts of these works and propose an LDG scheme for the nonlinear parabolic SPDEs (1.1).
Our numerical scheme shares the following advantages and flexibilities of the classical DG method: (1) it is easy
to design high order approximations, thus allowing for efficient p-adaptivity; (2) it is flexible on complicated
geometries, thus allowing for efficient h-adaptivity; (3) it is local in data communications, thus allowing for
efficient parallel implementations.

It should be pointed out that our effective computational methods for SPDEs have new difficulties. A solution
of SPDEs, even when it exists, is not time-differentiable in nature, and is not bounded in general in the
path. These new features complicate our calculation and analysis. Using the similar techniques for stochastic
hyperbolic equations with DG methods in [30], we properly estimate the quadratic covariation process of the
approximating solution to obtain stability and optimal error estimates.

As an extension of the DG method, the LDG method can not only deal with nonlinear multiplicative noise
containing the unknown variable w itself, but also nicely handle the case of its first order spatial derivative u,
being involved in the stochastic diffusion term g, as long as the stochastic parabolicity 2a > C% is satisfied.
Though few studies are given on unique solvability and regularity of strong solutions to degenerate nonlinear
SPDEs, we can design the LDG scheme for the degenerate case 2ac = C% and prove its stability, which is
confirmed by numerical tests for degenerate SPDEs in Section 7. These numerical experiments further indicate
that our scheme also has optimal order of accuracy even in the degenerate case.

Our high-order approximation scheme can be more efficient for high-accuracy computation of the smooth
case, which is rather attractive in applications. However, for the discontinuous case, our scheme loses the high
order of accuracy and has spurious numerical oscillations near discontinuous region. In practice, it is worth
trying to use limiters to control oscillations for the discontinuous problems, which remain to be investigated in
the future. Our numerical algorithm and stability analysis are restricted within the one-dimensional spacial case,
but they can be generalized to higher spacial dimensions in a straightforward way. The optimal error estimate
will however be more involved in the multi-dimensional spacial case, especially on unstructured meshes, which
remains to be studied in the future.

The paper is organized as follows. In Section 2, we introduce notations, definitions and auxiliary results used
in the paper. In Section 3, we present the LDG method for nonlinear parabolic SPDEs (1.1), and study the
existence and uniqueness of the solution to the stochastic differential equations (SDEs) derived from the spatial
discretization. In Section 4, we investigate the L2-stability for the fully nonlinear stochastic equations. In section
5, we obtain the L?-norm optimal error estimates (O(h¥*1)) for semilinear stochastic equations. In Section 6,
we use a derivative-free order 1.5 scheme for matrix-valued SDEs as time discretization, to collaborate with
the semi-discrete LDG scheme. Finally the paper ends with a series of numerical experiments on some model
problems in Section 7, which confirm the analytical results.

2. NOTATIONS, DEFINITIONS AND AUXILIARY RESULTS
In this section, we introduce notations, definitions, and some auxiliary results.

2.1. Notations

We denote the mesh by I; = [x];
0,1,...,N} with r1= 0 and Tyl = 2. The mesh size is denoted by h; = Tj1—T 1, with A = max;<;j<n h;
being the maximum mesh size. We assume that the mesh is regular, namely the ratio between the maximum
and the minimum mesh sizes stays bounded during mesh refinements. We define the piecewise polynomial space
Vi as the space of polynomials of the degree up to k in each cell I;, i.e.

%,:Ej+%:|, for j = 1,...,N. The nodes are denoted by {xj+%, j =

Vh:{v( ve PH(I) for z € I, j:l,...,N}.
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Note that functions in V}, might have discontinuities on an element interface.
We consider the Sobolev space || - || gm.» with periodic boundary condition,

l[ullmor = [/O ’ (IU(x)I” + ) dﬂﬁ] < o0,
=1

! !
u(0) = u(27), %u(()) = d—u(27r), I=1,...,m— 1}.

Q=

dl
@U(l")

H™P .= {u: [0,27] = R

da!

For simplicity, we write || - || gm for || - || gm.2, and || - || for the L?(0, 27) norm. We denote by S?(Q x [0, T]; L?),
the space of all adapted strongly continuous processes ¢ : £ x [0, 7] — L?(0,27) such that

1
3
||¢||32(Q><[0,T];L2) = (E[ sup ||¢(t)||2}) < 00.
0<t<T

An element of R"*? is a n x d matrix, and its Euclidean norm is given by |y| := /trace (yy*) for y € R"*4,
The solution of the numerical scheme is denoted by uy, and belongs to the finite element space V},. We denote
by u;l and uj_Jrl the right and left limits of the function u at z; 1o respectively.
2 2

By C' > 0, we denote a generic constant, which in particular does not depend on the discretization width A
and possibly changes from line to line. Since the It6 integral is not defined in a pathwise sense, the argument w
of the integrand as a stochastic process will be omitted in the rest of this paper if there is no danger of confusion.

2.2. Projection properties

We consider the standard L?-projection (denoted by P), and the local Gauss—Radau projections R and Q
into space V},. For each j, the projections satisfy that

/ [Pu(z) — u(z)]v(z)de =0, Yo e P*(I)),

I;
/Ij [Ru(z) — u(z)]v(z)de =0, Yve P*(I;), and Ru (x;'_%) =u (%‘—%) ) (2.1)
and
/IJ [Qu(x) — u(z)]v(z)dz =0, Vvec P*1(I;), and Qu (x;r%) =u (xj+%) . (2.2)

Furthermore, we have (c.f. [8])
[Pu —ul| + |Ru — ul| + | Qu — u|| < C|lufl grss B, (2.3)
where the positive constant C' is independent of v and h.

2.3. Properties of the It6 formula

For continuous semi-martingales X and Y, we have
t t
XY= Xo¥o+ [ Xoavor [ Vodxo+(ny),,
0 0

where (X,Y) is the quadratic covariation process of X and Y. Note that (X,Y) = (¥, X). For any locally
bounded adapted process H, we have

</0H dXS,Y> = /Ot H,d(X,Y),. (2.4)
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Moreover, if X is continuous and is of bounded total variation, we have
(X,Y) =0. (2.5)

The following lemma is well-known in the martingale theory. See e.g. [23], Theorem 10.19, page 273.
T 2 % t . .
Lemma 2.1. IfE (fo H: ds) < 00, then {fo H,dW,, 0 <t < T} is a martingale.

For more details on the Itd formula, the reader is referred to [23,40].

3. THE LDG METHOD FOR NONLINEAR PARABOLIC SPDESs

3.1. The semi-discrete LDG method

In this subsection, we formulate the LDG method for fully nonlinear parabolic SPDEs. As a special class of
the DG methods, the main technique of the method is to rewrite (1.1) into an equivalent system containing only
first-order spatial derivatives, which is further discretized by the standard DG method with correct definition
of numerical fluxes. To do this, firstly, we rewrite the problem as a first-order system:

du = [wm + w(-,x,t,um)] dt + g(-, z, t,u,v) AWy, (x,t) € [0,27] x (0,T7; (3.1a)
v(x,t) = ug(z, 1), (z,t) € [0,27] x (0,T7; (3.1b)
w(z,t) = a(-, z,t,u(x, t),v(z, t))v(z, ), x,t) € 0,27] x (0,T]; (3.1c)
u(z,0) = up(z), x € [0, 27]. (3.1d)

The LDG method for (1.1) is now obtained by simply discretizing the above system with the DG method.
We seek an approximation (u, vy, wp)? to the exact solution (u,v,w)? such that for any (w,t) € Q x [0,7],
up(w, 1), vp(w, -, t) and wy(w, -, t) belong to the finite dimensional space V},. In order to determine the approx-
imate solution (up,vs,wp)T, we first note that by multiplying (3.1a), (3.1b), (3.1c), and (3.1d) with arbitrary
smooth functions 7, z, p and g, respectively, and integrating over I; with j =1,2,..., N, we get, after a simple
formal integration by parts in (3.1a) and (3.1b),

/ r(z) du(w, z,t)dz = { —/ w(w,x,t) rp (x) do

I; I;

- +
+w (w,xj+%7t) T (xj+%) —w (w,xjfé,t) T (acj_%)

+/I Y(w, z,t,u(w, z,t),v(w,z,t)) r(z) dac} dt

J
+/ g(w,at,u(ww,t),v(w,x,t)) r(z) de dWy,
I
/ v(w, z,t)z(z)dx = —/ u(w,z,t) z, (z) dz
I I

+u(w,zj+%,t> z (xj_Jr%) —u (w,xj_%

/w(w,x,t)p(:ﬁ)dx:/ a(w,x,t,u(w,x,t),v(w,z,t))v(w,x,t) p(z) dex,

I; I;

-
—
I\
/N
8
SO
|
[N

).

/ w(w, 2,0) g(z) dz = / wo(x) g(x) da.

I; I;
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Next, we replace the smooth functions r, z, p and ¢ with test functions rp, zp, py and g, respectively, in
the finite element space V, and the exact solution (u,v,w)T with the approximation (u,,vs,wp)?. Since the
functions in V}, might have discontinuities on an element interface, we must also replace the boundary terms

w( , J+1,t) u( w, ]+1,t)

~

Wiy (w,t), Ujy1 (w,)

with the numerical fluxes

respectively, which will be suitably chosen later. Thus, the approximate solution given by the LDG method is
defined as the solution of the following weak formulation:

/I rp(z) dup(w, z,t) dz = { —/ wp (W, T,t) The () da

j I;
+ @541 (w,0) (mj._+%) — @1 (W) ( xt )
dt

@[J(w@,t,uh(w,%t),vh(w,m,t))7" (z) dz }

_|_

<l

+ [ 9w,z t,up(w,z,t), vp(w, 2, ) 7p(z) do dWy, (3.2a)

<)

up (w,x,t) zpe (z) do

/ Uh(waxat)zh(x) dz = —
I

J

= - - +
U1 (w,t) 2n (xj+%) — U1 (w,t) zn (xj_%> , (3.2b)
/ wp(w, x,t) pp(z) de = / [a(-,uh,vh)vh} (w,x,t) pp(z) dz, (3.2¢)
I; I;
/ up(w, z,0) g (z) dz = / uo(x) gp(z) dz, (3.2d)
I I
for any (rn,zn, ph,qn) € (Vi) It only remains to choose suitable numerical fluxes. For j = 0,1,..., N, we
choose
ﬂj\j_,_% (W, t) == wp (w,x;_:%,t) , aj+% (w,t) :=up (w,zj;%,t) . (3.3)

Note that, by periodicity, we have

Remark 3.1. The choice of (@, %) in (3.3) is referred to as the alternating flux, which is essential for the proof
of optimal error estimates. We can also define the numerical flux in an alternating way as follows:

-~ — - -~ — +
Wjy1 (w,t) :==wp (w,xj+%,t), Ujys (w,t) :==up (w,mj+%,t).

3.2. The stochastic ordinary differential equation derived from the spatial discretization

The LDG method, as a spatial discretization, transfers the primal problem into a system of ordinary stochastic
differential equations, which will be specified in this subsection. For x € I}, the numerical solution should have
the form

n(w,z,t) Zuwwtcpl x), vp(w,z,t)= vawtcpl x),
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and

n(w, z,t) Zwl’jwtgol x),

where {go{,l =0,1,...,k} is an arbitrary basis of P*(I;).
By periodicity, we define the “ghost” coefficients as follows:

w0 =wnN, Vio=ViN, Wi0=WnN,

U N+1=U;1, VIN+1 =V, Wi N41 = Wi

Our aim is to solve (3.2) to get the coefficients u(w,t) = [w j(w,t)]ieqo,... k},je{0,..N+1}» V(w, 1) =
Vi (W, )]ieqo,...k},je{0,....N+13 and W(w,t) = [wy j(w, D)]icqo,....k}.jef0,..., N+1}-

3.2.1. Representation for v(w,t)
For j =1,2,..., N, by taking zj := ¢/ for m =0,1,...,k in equality (3.2b), we have

Ii n=o

+ Z W (W, 1)}, (%’%) e (%‘%)
n=0
k
- ,
- Z uy,-1(w, t)e), (fjfé) © (azj,%) .
n=0

k
> (/I Ph ()] ( )dx> vij(w,t) / Zun,y W, 1)@l () P () daz

The mass matrix A9 := [Afnl] with
K= [ oh@il@)da

is invertible, and its inverse is denoted by A7%~!.
It gives that

vii(w,t) = Vi (u(w,t)), (3.4)
where
k
Vl’J . / Z Un,j (pn Z A{r’n wmz dl‘

I n=0 m=0

‘ k

+Zum— n (%‘%) oAy ( : %)
n=0 m=0

k k
E j—1 E J,
_ un,j—l (p‘zl (.1?]_%) Alm ( _%) .
n=0 m=0

By periodicity, we have
Vio=Vin, Viny: = Vi1
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3.2.2. Representation for w(w,t)
For j =1,2,..., N, by taking py, := J, for m=0,1,...

g(f <>dx>wl,j<w,t):/lja<

,k in equality (3.2c), we have

k

thZuantwn Zvn’jwtcpn ))

n=0

szm w, 1)@l (x) ¢l () da.

It turns out that

wij(w,t) = Wy (w,t,u(w,t)), (3.5)

where

k

k
Wl’j(w’tvu) = /I |fl (w’x7t’zun,j@%($)7zvn,j(u)(p£<x)>

n=0
k

XZV

n=0

By periodicity, we have

k
Z A{"jlgam ] da.
m=0

W, o0=W;n, Wini1 =W .

3.2.3. Representation for u(w,t)
For j =1,2,...,N, by taking rj, := ¢/ for m =0,1,...

([ e

=0 I Ii n=0

,k in equality (3.2a), we have

( )d.’L’) dul,j(w>t) / an»] w t (pn )wmz( ) dzdt

© 3 W0l (51) o (7503)
n=0
_ wn,j(w,t)wzl( jﬁ) gpm( 7)} gt

J n=0

J n=0

Then we obtain the following SDE of u:

k
+/w<th2un]wt@n Zvnjwtgon )><pfn(x)dasdt
I
+/g<th2un]wtgan Zvnjwtgon ))apf,l(x)dxth.
I

du(t) = F(-,t,u(t)) dt + G(-, t,u(t)) dWs, (3.6)
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where for j =1,2,...,N and [ =0,1,...,k,

k 4 k
Fj(w,t,iu) = /I P (w,x,t, Z u, ;) (x), ZV"J (u) ) Z A i
- S Wos (o) 3 Al et () da

I n=0 m=0
k
+an7j+1(w7t7u)sogn+l (xj-i—%) Z AJ, ( _]+ )
n=0 m=0
k . k
_ ZWn)j(w,t,u)wﬁl (mF%) Z At (xj7,>
n=0 m=0

and

k k
G (w,t,u) = / g <w,x,t, Z u, ¢l (z), ZV"J (u) ) Z A e
I n=0 n=0

=F11,G10 =GN, and Gy nvy1 = G 1.

Lemma 3.2. Let assumptions (H2)-(Hj) hold. Then for any N € Ny, the functions F and G are locally
Lipschitz continuous in the variable u, i.e., for any M € N, there is a positive constant Ly (M) such that

|F (w,t,u) — F (w,t,0)| + |G (w,t,u) — G (w,t,u’)| < Ly(M
for all (w,t) € @ x [0,T] and all u,u’ € REFDXNE2) yith ju| v |u'| < M (where a V b = max(a,b)).

with periodic settings F; o = Fi v, Fi,N+1

) Ju—u|

Proof. We only show the local Lipschitz continuity of F' for fixed N € N, and that of G can be proved in a
similar way. The proof consists of the following three steps:

Step 1. We first show the uniform Lipschitz continuity of V for fixed N € N. For any u,u’ € R(E+Dx(N+2),

l=0,1,...,k,and j =1,2,..., N, we have
Vii(u) = Vi;(u') = By + By + By,
where
k k
l,j ,
‘ElJ = / Z Up,j — n] (pn Z Ajm @mcr dLL‘
Ij n= 0 m=0
k k
L . j )
By =3 (g~ ) oh (0501 ) 2 Al e (w501)
n=0 m=0

k

E:l,)’j = — Z (un,j_l —

n=0

Then we have

‘El]‘ < Z/ |<pn

n=0

k k
<Y Onlug;—w), ;| <Cy (Z | — “;m'|2> ’
n=0 n=0

) (514) 3 e o

no\»—A
N—

|Z|wmz )| da [A77H an — i

m=0

1
2
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where Cy is a positive constant which depends on N. Next, we have

k k
5] < 3 [o () 147 e 32 [ () T —
n=0 m=0
k k :
<Y COnlu,—u), ;| <Cy (Z |t — u;w‘|2> :
n=0 n=0

By similar calculation, we get that

2

k
<Cn (Z [t i1 = uiw‘—lf) :
n=0

It turns out that for any [ =0,1,...,k, j=1,2,..., N

Lj
g

"2 Lil? | a2
Vi) = Vi (o))" <3 (B +|EyY| + B
i 2 2
S CN Z (’unyj — u;7j| + |un,j,1 — u;,jfly ) . (37)
n=0
Then by the periodicity, it holds that
k N+1
2 2
V() = V@) =D [Vi(u) - Vi)
1=0 j=0
k N+1 k , ,
<D > R (|uw W+ [ g1 = | )
1=0 j=0 n=0
=2(k+1)C%u—u'l*. (3.8)

Step 2. Next we consider the local Lipschitz continuity of W with respect to the variable u for fixed N € N.
Note that for any I = 0,1,...,k, j =1,2,..., N, u,u’ € REFDXWN+2) with |u| v |u’| < M,

Wl’j (w’ t’ u) - lej (w7 t> u/) = Ezlfj + Eé7lj7
where

k k
Ei’j = /I a (w, z,t, Z un,j@%@% Z Vn,j(“)@%(@)
J n=0

n=0

k k
[CL (wa x, ta Z un,j@%(x)a Z VTLJ (u)sz(x)>

n=0 n=0

k k
—a (wv z,t, Z uiz7j(p%(x)’ Z Vn,j(ul)W%(x)>]

Eé’j = /
I.

J

n=0 n=0
k . k . .
X Z V., (u")pl (z) Z Al (2) da. (3.9)

n=0 m=0
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From (H2) and (3.7), we have
B < a3 [ fet @] X [eh@) do 497 Vi) = Vo a)
n=0"4j m=0

k k
< x|V (u) = Vi (u)| < Cy (Z Vij(u) — Vn,j<u’>|2>

n=0 n=0
1

k 2

> (g = W |+ a1 - u;’jlfﬂ : (3.10)

n=0

<Cn

Using Cauchy—Schwartz inequality, we have

l,2
sl <

k k
a <w7 z, tv Z un,j@%(f), Z Vn,J(u)SD?rz(‘rE)>

J n=0
k 2
—a<thzun3<ﬂn > Vo)) (@ )) da
n=0 :: ,
/ZVJ ZAfm—l dz
I |n=0

k k 2
2
< Cn V(1) /I La(M ( Z w, ;= w, ;) @h(@)| + Y (Viai() = Vi (@) @) (@) ) da
J 1=0 n=0
u 2 2
< On (M) Y ([ =ty [V () = Vi ()
n=0
b 2 2
<Cy(M)> (|un,j — T o - | ) ;
n=0
where L, (M) is the local Lipschitz constant of the function a.
For any I =0,1,...,k with 5 =1,2,..., N, we have
2 L2 L2
‘lej(w7t7 u) - Wl,j(wvtv u )| <2 ’E4l’]’ + ’E5,j’
u 2 2
< On(M) Y (g = |+ Jwngor =, 0 *) . @3
n=0

Thus
W (w, t,u) — W(w, t,u)]> < Cy (M) |Ju—1u')>.

Step 3. We are now ready to prove the local Lipschitz continuity of the function F' for fixed N € N. Note that
forany [=0,1,...,kand j=1,2,...,N

Ml )

Fij(w,t,u) — Fj(w,t,0') = EY + EY + EY + B,
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where
k
E(ljyj = 7/ Z (Wn,j(wat,u) - Wnyj(w’t’u Z Alm (pmx dz,
I p=0
k
By = Z (W1 (w ) = W (w0, 8, 0')) i, ( ) Z Al ( ) ’
n=0
Eé’J = — Z:O (Waj(w, t,u) = W, j(w, t,u)) ¢l (x];%) E;OA{;” ©l ( .7%) ,
. k . k .
EY = /I [w <w,x,t, > i eh(x),> Vi (w) w%(@)
J kn—O | kn 0 | i |
- (w,x,nzu;,j%(x),zw,,j (u) wi(@)] > AL el (x) da
n=0 n=0 m=0

Similar to (3.7), we have
Li|? Li|? Li|?
=] ]+ |
k
2 2
< On(M) 37 (W, ) = Wo (o, 0) 4 Wi (0,8 0) = Wi (w0, 0) ).
n=0
In view of the Lipschitz continuity of W (see (3.11)), we have

) k
< COn(M) Z (|un,j71 - 11%,%1’2

n=0

+ ‘unxj - u;’L,j’2 + ’un7j+1 - uln7j+1‘2) . (3.12)

1 2 1 2
‘Eﬁv] + ’E77] +

‘Eé’j

Similar to Step 2, using the Lipschitz continuity of ¥» and V, we have

9 k
< On Y ([uny = "+ Vi (w) = Vi) )

n=0

k
< O 3 (fumy — vy s — ).
n=0

Lj
=

At last, by the periodicity of the numerical solution wuj, we see that for any N, M € N, there exists a
constant Ly (M) such that, for all (w,t) € Q x [0,T] and all u,u’ € REFUXIN+2) with |u| Vv [u/| < M,

|F (w,t,u) — F (w,t,u’)| < Ly(M) [u—1u'].
The proof is complete. O

Similar to the proof of Lemma 3.2, we obtain that the coefficients of SDE (3.6) satisfy the linearly growing
condition.
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Lemma 3.3. Let assumptions (H2)-(H4) hold. Then for any N € Ny, F and G are linearly growing in the
variable u, i.e., there exists a positive constant Cy such that, for all (w,t) € Q@x[0,T] and allu € REFDX(N+2)

|F (w,t,u)| V|G (w,t,u)] < Cn (14 |u]),
where the constant Cn may depend on N.
Proof. We only show the linear growth of F' for fixed N € N, and that of G can be proved in a similar way.

Note that V(0) = 0. Then by (3.8), we know that there exists a constant Cn such that for any u €
R+ X (N+2)

IV(w)| < O [ul (3.13)

By the fact W(w,t,0) = 0, taking u’ = 0 in (3.9) and (3.10), we have for any [ =0,1,...,k, j=1,2,...,N

k
(W, ) < O 3 (Jung P + ).
n=0
Thus
k N+1
(W(w,t,w)* =YY" W, (w,t,u)]* < Cx |uf”. (3.14)
=0 j=0

Similar to the calculation in Step 3 of the proof of Lemma 3.2, by the linear growth of v, we have

M=

g (w,tw)* < O D7 (14 [ o (Vi (W) o (Wi, 60+ Wi (w1, w) )

n=0
k
<Cn Z (1 + |un,j—1|2 + |un,j|2 + |un7j+1|2)
n=0
for any I =0,1,...,kand j =1,2 , N. Therefore,

|F(w,t,u)] < Cn (14 |u]).

(Il
By (3.2d), the initial condition of the SDE (3.6) is determined by wug as follows:
w Z A [ wo(e)eh @) da. (315)
Since uyg is deterministic, we know that u(-,0) is a deterministic matrix. Thus for any p > 1, we have
E[Ju(-,0)|"] < oo. (3.16)

The following lemma is a classical result of stochastic differential equations. See e.g. [32], Chapter 3.

Lemma 3.4. If the initial value u(-,0) is LP(2)-integrable, and the coefficients F,G are locally Lipschitz con-
tinuous and linearly growing, then the underlying SDE admits a unique solution {u(t)}o<i<r such that for any
p=>1,

E { sup |u(t)|p] < 0. (3.17)
0<t<T
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Thus, by virtue of (3.16), Lemmas 3.2 and 3.3, we know that for any fixed N € Ny, SDE (3.6) has a unique
solution {u(t)}o<i<r such that (3.17) holds. By the linear growth of the functions V and W (see (3.13)
and (3.14)), we get that for any p > 1,

E[ sup |V(t)|p] < o0, E[ sup |W<t)|p:| < 0. (3.18)
0<t<T 0<t<T

4. STABILITY ANALYSIS FOR THE FULLY NONLINEAR EQUATIONS

We have known that the approximating equation (3.2) has a unique solution (up, vy, wp,) for any fixed N € Ny,
where (up, v, wp) T (w,-,t) € (Vi,)? for each (w,t) € Qx[0, T]. Next we show the stability result for the numerical
solutions. We first consider the nondegenerate case that 2a > C3.

Theorem 4.1. Suppose that the assumptions (H1)-(H4) are satisfied. Moreover, we assume that 2a > C?.
Then there ezists a constant C > 0 such that

sup E [[lun(,0)*] +E

0<t<

Awwmwzm]<co+wamﬂﬂ7

where the constant C is independent of h, and depends on the terminal time T .
Proof. For any N € N; and (w,t) € Q x [0,T], by setting r,, = up(w, -, t) in (3.2a), z5, = wp(w, -, t) in (3.2b),
and multiplying (3.2b) with d¢, adding the resulting equations, we have

/ up(x, t) dup (z,t) de + / vp (@, t)wp (z,t) de dt

I; I

= {/ V(b up(z,t), v (2, 1)) up(w, t) do

1;
_ _ .t +
/I wp, (2, 1) upg(z,t)de + wh$]+% U, B+t~ Wi Uh 1
J
- +
/Iuh (z,t) whe(z, t)d:c—i—uh j+1 hj+%—uh’j7%whﬁji% }dt
J
+/ g(z, t,up (2, t), vn (2, t)) up(z, t) de dWy,
IJ
where
h +1_uh( +1a )a wij+%:wh(w7xji+%at>'
For simplicity of notation, for j = 1,2,..., N and piece-wisely smooth functions u and v, we define
+ + — +
H (u,v) == — /I u(z) v (z)de +u (ijr%) v (xj+%) —u (xj,%) v (x;i%) . (4.1)
J

Thus we have

/uh(x,t)duh(z,t)dx—F/ vp(x, t)wp (z,t) de dt

I; I;

= {/ U(z, tup(z,t), v (2, b)) up (e, t) do

1;

(w0 ost) un (0001)) + (a0 0 (0-.0)

+/ g(x, t,un(z,t),vn(z, 1)) up(z,t) de dW,. (4.2)
I

J
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By taking pp = vp(w, -, ) in (3.2¢), it holds that

E [/Ot/OQWUh(x,s)wh(x,s)dmds} _E [/Ot/o%a(x,s,uh(x,s),vh(m,s))vh (2,9)? deds| .

Using It6’s formula, we have

\uh(x7t)|2 = |uh(;1c,0)|2 + 2/ up(x,s)dup(z, s) + (un(z, ), un(z,-)), -
0

Thus, after summing over j from 1 to N in (4.2), integrating in time from 0 to ¢ and taking expectation, we
have

2
{Huh( || +2E[// :L‘ ),'Uh(x75))|vh(1'75)|2dzd5
= lun (-, 0)[* + T () + Ta(t) + Ta(t) + Ta(t),

where
70 =8| e, 0],
T5(t) = 2E [/Ot /0%g(:v,s,uh(x,s),vh(x,s)) up(z, ) ddeS} ,
70 =2 [ [ [ bl 00 (05) o) s
and

t N
Tu(t) = 2E /OZ{H;‘(wh(w,-,s),uh(w,-,s))—l—Hj_(uh( s),wp (w,-,s))} ds

The terms 7Z;(t) for i = 1,...,4 are estimated as follows.

— The estimate of 7 (¢).

In view of (3.2a) and (3.2d), we have for any r, € Vj,

/1 rr(x)up(z,t) de = E(w, t) —1—/0 /I g(z, s,un(z,s),vn(z, s)) rp(z) dz dW,.

J

where

t
E(w, t) ::/O {—/I‘wh(w,m,s)rhx(x) dz + w1 (w,s)7 (x]_+%) —W;_1 (w,s)rh( ;r

+/I w(w,x,s,uh(w,m,s),vh(w,x,s))rh(x)dx}der/I i () uo(z) dz.

J

)

M\»—A

J

Note that Z is a continuous stochastic process with bounded total variation. By (

2.5), for any continuous
semimartingale Y, we have



S202 LI, SHU AND TANG

which leads to for any 7, € V4,

t

<//'xSW$S%$W?mMM%mw»,

= t

where {(p{,l =0,1,..., k} is a basis of P*(I;).
According to (2.4) and the properties of the L? projection, we have

k t ]
/Ij (un(z,-),up(z,-)), de = Z/ /I g(x,s,uh(m, s), vp(x, s)) o] (z) dzd (W, u;(-)),

k

:Z/O /1 P lg(s,unl-s),vn(,8))] (2) ¢ (x) dw d (W,ay ;(0)),

// - sun(8),on(+ )] () @l (@) d (W, ug5(), de
0 =0

/ / 8, un (), vn (-, )] (2) d <W,l§;ul,j(~)¢{(x)>s da
/ </ P lg(ss,unl:,s),on(-,5))] (fﬂ)dWs,uh(:ﬂ7~)>t da.

Since P [g(-, s, un(:, 8),vp(:, 8))] € Vi for any (w, s) € Q x [0, T], we have

P [g(w, 8, up(w, -, 8), vp(w, ,s))] (z) = Zgl,j(w,s) cp{(z), z € ;.

By (4.3), we get

.k
l@MwmmMMM=L<Agamwmwmﬂmn%w

J
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</ / x, s, up(x, ), vp(z, s))gpl dxdWs,/ gi,;(s dW>
// (2, 5. un (. 5), 1 (@, 5)) o () do g1 () d (W, WD),

// x, 8, up(x,s),vp(x, s) Zgl] <pl x)dxds

/ / z,s,up(x,s), on(x,9))P [g(; s, un(-, 8), v, 8))] (@) deds.  (4.4)

t

Mw M=

H~O

After summing over j from 1 to N, by the Cauchy—Schwartz inequality we have

/02” (un(x, ), un(z,-)), do < /Ot /027r |9(z, 5, un(, 5), vn(z, 5))|* dads.

According to (H4), after taking expectation, we have

Ti(t) = E [/ (un(. ) n, ), ]

<E[/ /% (2,5, un(z, s), vh(x,s))fdzds}
< C2E U /2ﬂ1+|uh(m8)|)dxds]+0E[/ /2W|vhxs|2dxds}

— 2nTCE 4 C2 / E [Jlun (- 9)7] ds + 3 / [lon . )]] ds.

— The estimate of 75(t).
From (3.17) and (3.18), we have for any fixed N € Ny,

B | sup, {lunCol + s} < o0

0<s<

Thus by (H4) and the Cauchy—Schwartz inequality we know that

T s
: [</O ds) ]
<E (/0 Huh(-,s)”z/o ' ’g(:c,s,uh(x,s)yvh(x,smz dxdg)

<CE sup llun (-, 9| </OT /02” (1 + |un (z, 8)]* + \vh(ﬂc,s)|2) dxds)

0<s<T
/OT (1 + [lun (-, 91 + ||Uh(~,s)||2) dSD < .

coel i) (s

2w
/0 g(x, s, up(z, s), vp(x, s)) up(z, s) dz

1

2

Nl

N
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According to Lemma 2.1, the process

t 2
{/ / g(ﬁU,S,U}L(.T,S),U}L(,T,S)) Urh(ﬂ?,s) dl’de, 0 StST}
0 Jo

is a martingale. It turns out that

To(t) = 9E [/Ot /OZﬂg(sc,s,uh(x,8),vh(x,8))uh(a:,s) dxdWs} ~0.

— The estimate of 73(t).

Note that according to (H3), for any £ > 0, it holds that

27
/o 1/1(x,t,uh(x,t),vh(z,t)) up(x,t) dz

27 2
1
< 5/ |0 (@, b, un (@, t), o (2, 1)) |° dx+f/ up (2, 1) dz
2 Jo 2e Jo

2T
€ 1
= 5/0 (B3 + B3 lun(z,t)|* + Bilo(z,1)]?] dz + % [un (-, )|

eB2 eB3 1
=S o0l + x50 4 5 ) BunC 0P

Then
t) =2E [/Ot /OQWw(m,s,uh(x,s),vh(x,s)) up(z, ) dxds]

t 1 t
< eBZE [/0 vh(~,s)|2ds] + 2emB2T + (sB§+€)/O E [Huh(-,s)||2] ds

— The estimate of 7y(¢).

According to the periodicity, we have for any u,v € V},

iv: [H;r(u, v) + H (v, u)}

N
+ o+ + - + ot -
E ul 4 v UL U, — Ul 4 U] VUL — U
( w3 T Vi T LY TV Uy -
Jj=1

N
Z (—u v +uTot +utoT —utot 407w —v_u+> =0.
i=1 J+

<.

Thus

t N
t) =2E /OZ{H;'(wh(w,.,s),uh(w,~,s))+Hj_(uh(w,.vs),wh(w”s))}ds
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Concluding the above, we get that for any € > 0,
t 2m
E {Huh(,t)Hﬂ +2E {/ / a(z, s, up (x,5), vy (z,5)) lvg (z,5)|? dxds}
o Jo
1 t
<E [Huh(., 0>H2} +20TC3 + 2enB3T + <c§ +eB2 + 6) / E [||uh(., S)HQ} ds
0

+(C} +<B})E [ / onC 9l ds} . (4.6)

By (H2) we know that a(w, z, s, u,v) > a. Since 2a > C?, we take

1 1,

Then there exists a positive constant C' which is independent of h, such that for any ¢t € [0, 77,

3

B [lun 0] + (o= 365 ) E[ [ IonCol?as] < a0 +.€ 4+ [ [funte)1?] as.

Using Gronwall’s inequality, we have for any ¢ € [0, T,

B [l 1] + 2 [ [ lonts1?as] < € (1 funt 0)) e

This completes the proof. O

Our above stability result does not involve the regularity of the solution of the original SPDEs, and applies to
the degenerate case of 2a = C%. In particular, it applies to the special case of a = 0, as long as the constants Cj
and Bjs vanish. When the function 1 is uniformly bounded with respect to the last argument, as an immediate
consequence of (4.6) with € = 1, we have the following stability result for the degenerate case.

Theorem 4.2. If the assumptions (H1)-(Hj) hold with 2ac = C? and B3 = 0, then there exists a constant
C > 0 such that

sup_ E [[fun( )] < O (1+ Jun- 0)F)

0<t<
where the constant C is independent of h and depends on the terminal time T.
Remark 4.3. The inequality 2o > C%, used to derive our stability of the numerical schemes, is the so-called

stochastic parabolicity, which is crucial in the theory of parabolic SPDEs (see e.g. [37,39]). The numerical
experiments in Section 7 also illustrate its necessity.

Remark 4.4. Following the ideas in [26,30], we can extend our method to the more general SPDEs with a
nonlinear convection term f(-):

du = {[a(~,x,t,u,uz)uzh - f(u)m + w("xvtauv ur)} dt +g('7xataU,uz) tha
(2,t) € [0,27] x (0, T7;
u(z,0) = uo(x), x € (0,27,

where f(-) is locally Lipschitz continuous and can be super-linearly growing, such as f(u) = “72 considered in
Section 7.3. Using the monotone numerical flux for the nonlinear convection term f(-), we can also get similar
stability results even for the degenerate case. A numerical test is reported for the stochastic viscous Burgers

equation in Section 7.3.
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5. OPTIMAL ERROR ESTIMATES FOR SEMILINEAR EQUATIONS

In this section, we consider the convergence of numerical methods for strong solutions with enough smoothness
and integrability. We prove the optimal error estimates (O(h**1)) for the following semi-linear SPDE :

{du = [aum + 1/)(-,3:,t,u,ux)} dt + g(-, z, t,u,ug ) AWy, (x,t) € [0,27] x (0,T7; 5.1)
u(z,0) = ug(z), z € [0,2n7]
when the leading coefficient a is a positive constant. We rewrite (5.1) as follows:

du = [avy + (-, z,t,u,0)] dt + g(-, 2, t,u,0) dW,,  (x,t) € [0,27] x (0,T];

v(x,t) = ug(z,t), (z,t) € [0,27] x (0,T; (5.2)

u(z,0) = up(z), x € [0, 27].

From (3.2c), we have that w, = awvy. Then the LDG method (3.2) is written as follows. For any (w,t) €
Q x [0,7T], find up(w, -, t),vp(w, -, t) € V3 such that for any r, 2z, € Vi,

/ rp(x) dup(w, z,t) de = {aHj(vh(w,-,t)mh)—&—/ Y(w, z, t,up(w, z,t), vp(w, 2, 1)) 7 () do| dt

I; I
+/ g(w, z, t,up(w, ,t), v (w, 2, t)) 7 (z) dw dW;, (5.3a)
I.
/ vp(w, @, t)zp(z) de = Hj (up(w, -, 1), 2n), (5.3b)
I;

where the bilinear functionals H ]i are defined by (4.1). Then, we state the error estimates of the semi-discrete
LDG scheme (5.3).

Theorem 5.1. Suppose that ug € H**', assumptions (H3) and (H{) hold with 2a > C2, and equation (5.1)
has a unique strong solution uw such that

(H5) we L* (@ x [0, 7] H**#) 8% (@ x [0, T]; L2) N L% (0,75 L*( HY 1)) ;
(H6) ¢ (7u()7uw())7 g (7“()7“90()) € L? (Q X [O,T];H]H—l).

Then, there is a positive constant C such that

1
2

T
/0 Huﬂﬁ(vs) - Uh('75)||2 dS]) < Chk_Ha

tel0,T

sup. (]E [Hu(.,t) . uh(-,t)HQD% n (]E

where the constant C is independent of h and depends on the terminal time T and the exact solution u.

Proof. Note that the scheme (5.3) is also satisfied when the numerical solution (up(-),vn(-)) is replaced with
the exact solution (u(-),v(+)): for any (w,t) € Q x [0,T] and rp, 2, € V}, we have

/Th(z)du(~,x,t)d:r:aHj(v(~,',t),rh)dt+/ w(~,x,t,u(',x,t),v(~,x,t))rh(:€)dxdt
I; I

+/ g(',$,t7u('7$7t), U(',I,t)) Th(JC) dx th:
I;

/ v(w,x, t)zp(z) dz = H; (u(w, 1), zn).

I
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Define
eulw, ;) = (u = up)(w, 2, 1) = (§u = 1) (W, 2, 1),
and
eo(w, 7, 1) := (v —vp) (W, 2, 1) = (& — 1) (W, 2, )
with
§uw, o, 1) i= (Qu —un)(w, 2, 1), Mu(w,z,t) := (Qu —u)(w, z,1)
and

E(w,x,t) := (R —vp)(w, x,t), ny(w,z,t) = (Rv—v)(w,x,t),

where R and Q are the projections from H**1 onto V}, defined in Section 2.
Then the error equation is

/ rp(z)dey(x,t) de = {aH;r(ev(-,t)mh) +/ [1/)(~,u7v) - 1/J(~,uh,vh)] (x,t) rp(x) dx} dt

I I

+/I [g(w,t,u(%t),v(x,t)) - g(:v,t,uh(x,t),vh(x,t))} rp(z)dedWe,  (5.4a)

J

/1 ev(z,t)zn(z) de = H; (eu(-st), 2n). (5.4b)

J

Taking rp, = &, (w, -, t) in (5.4a) and 2z, = a &, (w, -, t) in (5.4b), we have
/ Eu(z, t)dEy (2, 1) dx+a/ & (2, 8)|” dadt
I I

= / Eu(z, t)dny(z,t) de + a/ Mo(x, )&, (2, t) de dt
I; I

J

+a|:H;r(£v('7t)a£u('at)) - H;r(nv("t)vgu('Vt))] dt

+/ [w(x,t,u(x,t),v(m,t)) z/;(a:,t,uh(x,t),vh(z,t))} Eu(z,t)dadt
I

J

+a|:Hj (gu('at)va(’vt)) - Hji (nu(',i),fv(‘,t)):| dt

+/1 [g(x,t,u(x,t),v(x,t)) — g(z,t,uh(z,t),vh(:c,t))] Eu(z, t) da dW,.

Using the [t6’s formula, we have
d (@, )" = 26, (2, t) dEy (@, 1) + d (ul, ), Eul, ), -

Then, we have

t 2
E [Ilﬁu(»t)\lﬂ + 2aE UO /0 € (2, 5)|* dads
= 1€ 0)I* + Ta(t) + To(t) + To(t) + Ta(t) + T(t) + To(t) + Tr(1)
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where
2] [ [ s,
E(t) =E [/O ' <£u($7 ')7£u(xa )>t dl‘] s
T5(t) := 2aE [/0 /0 7r777J(;1c,s)§1,(:1:,5) dxds] ,
t N
,Zl(t) = 2aE [A Z [H;r(gv(78)7fu(78)) + H; (gu('as)agv('a 5))] dS] 5
j=1
+ N
T5(t) := —2aE [/0 Z [Hj(nv(~,s)7§u(~,s)) +H; (nu(-,s),gv(',s))] ds] ,
j=1
Ts(t) :=2E {/0/0 ! [V (2, s,u(, s),v(z,s) — ¥ (z, s, un(x,s), vn(z,5)) |€ula, s) dz ds] )
and -
T:(t) :==2E [/0/0 [9 (z,s,u(z,s),v(z,s)) — g (z,s,up(®,s),vn(z,5)) |Eulz, s) dz dWS} .
The terms 7;(t) fori =1,..., 7 are estimated as follows.

— The estimate of 71 (t).

In view of (5.1), we have

dy(Qu)(-,t) = Q(deu)(-,1)
=0Q [auzz("t)] dt +Q [w('7t7u("t)7uz('at))} dt+Q [g(~,t,u(-,t),uz(-,t))] dW;.

Therefore,

dnu (1) = a(Qugy — Uge) () dt + (Q — D) (-, t, ul, t), uz (-, t)) dt
+(Q_Z)g('vt’u('vt)7uz('at))th

with Z being the identity operator.
It turns out that

/ "l 1) g, 1) do = / (00 Quar — ] (1) + (Q = T) [ty 1), 0)] ()} et
0 0
27
+ / £u(21) (Q = T) [g(stsul-, 1), (- 1))] () dae AV

According to Lemma 2.1, by virtue of (3.17), g(-,u(-),us(-)) € L?*(2x[0,T];L*) and u(-) €
8% (Q x [0,T]; L?), we get that the process

/0/0 7rfu(x, $)(Q—1) [g(,s,ul-, s), ug (-, 8)|(x) dedW,, 0<t<T
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is a martingale. Thus according to the property of the projection (2.3), we have
t p2m
Ti(t) = QaE[// &u(@, 8) [ Quag — gy (w,5) dx ds}
0J0
t p2m
+2E[// €u(2,9) (Q = T) [0, 5,ul 8), ual, )] () dxds}
to 0 2 2
< | [ (169 + Qs = ) (9 )]
0

v [ [ (el + | @- D st uatosp) )]

<c / Ble, (19)|7ds + 1% 25 | / i (9 05

+Ch*HE [/0 (5,0, 8), (- 8)) s ds} :

Since
uwe L? (Qx[0,T]; H*?), ¥ (ul-), ug () € L (Q x [0, T); H*)

we have

t t
Ti(t) < C / B¢, (-, 9)]|* ds + Ch** 2R U [ (-, 8) || 2ss ds}
0 0
t
L ORHE [ / 10 554 8), 1 (e 8)) e ds}
<c/ E ||, (-, )])° ds + C h2F+2,

— The estimate of 75(t).
In view of (5.5), we have that for any r, € V;,

/ ri(z)dQu(z, t) dz = / rh(x){Q[aum(-7t>}<x)+Q[w(-,t7u<nt>7v<-,t>>]<w>}dwdt

I I

+/ rr(2)Qlg(-, t u(-, ), v(-, 1) (z) dz dW,. (5.6)
I
From (5.3a) and (5.6), we obtain that for any rp € V4,

/ rp(z)dé,(x,t) de = {a/ rh(2) Qfugs (-, 1) (x) dz — aHJ‘-"(vh(~,t),7“h)
I

j I
+/}7ﬂh {Q[ ( t),’U(,t))] _¢(at7uh(’t)7vh(7t))} (x)dx} de

+ /] ’I“h(J?) {Q[g('atau('vt)7v("t))} _g('vtauh('vt)’vh("t))} (Z‘) dz dW;. (57)

J

Since &, (w, -, t) € V3, for any (w,t) € Q x [0,T], &, should have the form

w(w, z,t) Zfl]wtgol x € Ij.
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Similar to (4.4), we have from (5.7) that
/ o — // (7»{@ J5,u N~ (s un8). o, 9) } (@)
x {Q[o(s, <~,s>,v<~,s>>}—g<~,s,uh<-,s>,vh<~,s>>}<x>) dz ds

<[ 10003512 5D] =g ) v ) @)

Then, we have for any € > 0,

E[/:W@u( als ), d ]

EU /%]Q s, u( }g(-,s,uh(.,s),vh(.,s))f(x)dxds]
( ) U /2W|QI (-, s ul-, -))|2(m)dxds}
+

2
(1+e)E {// |g z, s,u(z, s),v(z, s ) g(:c,s,uh(m,s),vh(m,s))|2dxds] .

According to (H4) and the property of the projection, we have
1 t
70) < (14 2) 1242 | [ gt ool ]
0
t 2m 1
+(1+ E)IE/ / [012 (1 + > lew(,8)]* + C2(1+¢) |ev(x,s)2] dz ds
o Jo €
t
< (14 2) 0228 | [ttt e |
0
1 t
s242) (14 2) G [ 00242 JuCo) s + a9 s
0
t
(1 + 5) ( ) Cg]E |:/ Ch2k+2 ||’U(‘,S)||§.[k+1 d$:|

(1+¢)° C2E U 160(, 9)] ds}.

Since u € L? (2 x [0, T]; H**3), we have

Tx(t)

IN

IN

v=u, € L (Q x [0,T); H**?) C L* (Q x [0,T]; H*'),
which yields that

L) <C (1 + i_) [14+ (1 +¢)+ (1+¢)?] n?+2

oo (1+2) [Bflacar]as+ a+or ce] [ el o).

Since 2a > C3%, taking

1
2a+C’22 3
= -1
c ( 202 >0,
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we have

T <o o | B [t )] ds + (a+3c2)E|[ s as).

— The estimate of 73(¢).

Since v € L? (2 x [0, T]; H*1), we have

7o) =2 | [ / (e 5)6 (0.9 o]

4a> L 2 2a—C’22 ¢ 2
< . .
< ot | [ Il as] + 2% et as
M Ch? 2R / [0(-, 8) || 3441 ds a_CQQE /t||g (-,9)]* ds
= 24— C2 e 1 [l

< Ch2kH2 4 CQ]EU 1€, )1 ds]

— The estimate of 7y(t).

In view of (4.5), we see that for any u,v € V4,

Z[H+uv + Hj (v, )}:o.

Therefore,
¢ N
Tu(t) = [ i Z HJr §U ,8 (,s)) —|—Hj_(§u(-,s),§v(-,s))]d3] =0.

— The estimate of 75(¢).

By the definition of the projections Q and R (see (2.1) and (2.2)), we see that for any (w,s) € Q x [0,7],
j: 1a2a"'aN7 and ThsZh € Vh7

H;(Uu(w )rh) 0, Hf(nv(-, )zh) 0.

Since &, (w, -, 5), &y (w, -, 8) € V3, we have

— The estimate of 74(¢).
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We have from (H3) and Young’s inequality that
t p2m
Ts(t) = 2E [// [z/) (z,s,u(x, s),v(x,s)) — ¢ (z,s,up(z, ), vp(z, s))]fu(m,s) dz ds]
0Jo
t p27m

<2BE [ L] 6w o)l + InaGes) 416 s)] + ) et s) dxds]
0Jo
t p2m

< BiE [/0/0 [1nu(z, 8)|* + no(z, s)|°] dz ds]

t 27 SBl 2a_02
B{E 4 2 P 9

< B [ (It + )17 + a1 s+ 225 B [P as].

Using the property of projection (2.3), we have

t t
To(t) < Ch2H2E [/ IIu(-,s)Iik+1ds]+ch2’“+2E [/ Iv(»s)imds}
0 0

+ e[ [ el as] + 25 %8 [ el o]

Therefore,

70 < w2 [ B flet o] as+ 2B | el as].

— The estimate of 77(t).

According to Lemma 2.1, by virtue of (3.17), (3.18), g(-,u(-),us(-)) € L2 (2 x[0,T];L?) and u(-) €
S? (Q x [0, T]; L2), we see that the process

t p27
/0 /0 (9 (. 5,u(z, ), 0(z, ))) — g (2, 5, un (2, 8), va(2, 8))] €ulz, 5) dz dWs, 0<t<T

is a martingale. Thus,

To(t) = 2E [ /0 t/O% (g (2, 5,u(z,5),0(x,5)) — g (2,5, un(x, 8), V4 (7, 5)) | €u (2, 5) dar dWs] ~0.

Concluding the above, we have

Bfiacol] + 25 [ [T e oP aral

< I6 GO +0n 4. [ B[l 9] as

Since ||€,(+,0)|| = || Quo — Puol| < ChF*1 ||ug|| yrs1, we have from Gronwall’s inequality that

(B [ll€a(- )I2]) 2 < ChE+eCt,
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which yields

t 2 %
(E [/ / € (2, 5)|° da dsD < ChF+Lelt,
0 JO

Since u € L™ (0,T; L?(Q; H**1)), we have

(E [l O] <€ (a0l Z]) | 1551 < cnib,

It turns out that

1
2

(E [0 — un017])* < B LI 01P) + (8 [lmale 0lP])F < CeCthis

Since v € L? (2 x [0, T]; H**1), we have

(]E Uot/o% o (2, 5)|? dgcds])é <c (IE [/Ot 1oC )2 ds]>2 B < CRRH

Thus, we have

(B[ 1ot = o dsp;
< (E Uot /OQW 7z, 5)|° dggdSDé + (E Uot /OQW 1€, (2, 8)| de dSD; e

Remark 5.2. The error estimate is optimal regarding the polynomial degree k but may be not optimal regard-
ing the required high-regularity of the exact solution u in assumption (H5), whose integrability and differen-
tiability are used to derive our error estimate. Note that the high regularities required in (H5) can be found
in [18,24] for some special SPDEs (1.1), like the linear SPDEs (1.1) in [18] and the semilinear SPDEs (1.1)
in [24] where a(+) does not depend on (u,u,) and g(-) does not depend on u,.

-

O

6. TIME DISCRETIZATION

The LDG method incorporates the spatial discretization and reduces the primal SPDE into a system of SDEs,
which needs to be coupled with a high-order time discretization. We will propose a numerical scheme which
avoids the usage of derivatives in much the same way that Runge-Kutta schemes do in the deterministic setting.
For notational simplicity, we shall mainly state the schemes for the autonomous case. Consider the following
matrix-valued SDE:

dX}7 = ab (X)) dt 4+ b7 (X,) dW,, > 0;
Xid = g,
where i = 0,1,...,k and j = 0,1,...,N + 1. We aim to use Y,»/ to approximate Xt” Define Eﬁ’j = xé’j.
Suppose we already have {Y,»/ :i =0,1,...,kand j =0,1,..., N + 1}.

We use an explicit derivative-free strong scheme of order 1.5 from Kloeden and Platen [27]. For convenience
of the reader, we give a detailed description here.
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Define
tnt1
Api=tnp1r —tn, AW =Wy  —Wy,, AZ,:= / W = W) de.
t"l
We set
P = Y @ (V) A £ 5 (Vo) VA,
and
¢7in,l =y ’rnl + pm l( )\/Kn
Then, an explicit order 1.5 strong scheme has the form
Yz,gl = Y5 4 b (Y,)A, + b5 (V) AW,
(order 0.5)
’L,j _ 'LJ 2 —
1) ()
(order 1.0)
1. .. o I
- {aw (v4) — 24" (Vo) + a™ (v )} Ay,
al ] fy — a AZ
m (@9(1) — a2}
+ oA {b“(v =207 (V,) + b () {AWR A, — AZ, )
. o 1
{bw = 0" (p—) = 0 (v4) + 6 (1)} {3 (AW,)* — An} AWn.
(order 1.5) (6.1)

Here, the additional random variable AZ,, is normally distributed with the following mean, variance and corre-
lation:

E[AZ,]=0, E [(AZ,,)Q} - %Ag, E[AW,AZ,] = %Ai,

respectively. We note that there is no difficulty in generating the pair of correlated normally distributed random
variables AW, and AZ, using the transformation

1 1 1
AWn - §n,1An7 AZn - 5 (Cn,l + \/§Cn,2) An

where (, 1 and (, 2 are independent and N(0;1) distributed random variables.

7. NUMERICAL EXPERIMENTS

In this section we consider the application of the numerical method, which we have defined in section 3, on
some model problems. Here, M is the number of realizations of the stochastic approximate solutions. We use the
average of M realizations to approximate the mathematical expectation. The degree of the piecewise polynomial
space V}, is k. The positive real number T is the terminal time. Since the considered problems are second order
SPDEs, in all experiments, we need to adjust the time step to At ~ (Ax)2 to guarantee the stability for the
explicit time discretization. Moreover, by setting At ~ (Am)2, the scheme in time is effectively third-order.
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TABLE 1. Verification of optimal convergence for nondegenerate linear SPDEs (7.1) with mul-
tiplicative noise: k =1, M = 1000.

b=0.1 b=0.5 b=1.0
N L? Error Order L? Error Order L% Error Order
10 3.87TE-02 — 3.91E-02 - 4.06E-02 -
T—01 20 9.65E-03 2.01 9.76E-03  2.00 1.01E-02 2.01
40 2.41E-03 2.00 2.44E-03  2.00 2.53E-03  2.00
80 6.03E-04 2.00 6.10E-04 2.00 6.35E-04 2.00
160 1.51E-04 2.00 1.53E-04 1.99 1.60E-04 1.99
10 2.60E-02 - 2.76E-02 - 3.36E-02 —
T—05 20 6.48E-03  2.00 6.86E-03 2.01 8.17E-03 2.04
40 1.62E-03  2.00 1.72E-03  2.00 2.01E-03 2.02
80 4.05E-04 2.00 4.31E-04 2.00 5.22E-04 1.95
160 1.01E-04 2.00 1.09E-04 1.99 1.30E-04 2.01
10 1.58E-02 - 1.79E-02 - 2.67E-02 —
T—=10 20 3.94E-03 2.00 4.41E-03  2.02 6.17E-03 2.11

40 9.85E-04  2.00 1.10E-03  2.00 1.46E-03 2.08
80 2.46E-04  2.00 2.79E-04 1.98 4.04E-04 1.85
160 6.18E-05 1.99 7.02E-05 1.99 9.71E-05 2.06

7.1. Nondegenerate linear SPDEs
We consider the following linear equation
du = Uy, dt + budW, in Q x [0, 27] x (0,T7;
{u(m,()) = sin(z), z € [0, 27].
The exact solution of (7.1) is
u(w, x,t) = sin(x)ebwt(w)*%b%*t.

In both Tables 1 and 2, we show the L2-errors for the linear equation (7.1) with M = 1000 realizations.
We see that the scheme has (k + 1)-th order of accuracy. The L2-error increases as the stochastic coefficient b
increases. All the numerical results coincide with the conclusion of Theorem 5.1.

7.2. Linear SPDEs with derivative in the diffusion term
In the following we test the accuracy of the LDG method on the linear equation with first order spatial

derivative involved in the diffusion term as follows,

1 .
dU = iumx dt + bux tha m Q X [O? 27'['] x (07 T]’ (72)

u(z,0) = ugp(z), x € [0, 27].
If b =1, then (7.2) is a degenerate linear SPDE satisfying 2 = C%. The exact solution is

u(w,z,t) = ug(z + Wy(w)).

In Table 3, we show the L2-errors for the linear equation (7.2) with b = 1, M = 100 realizations and smooth
initial condition ug(x) = sin(x). For different terminal time T, the scheme has the expected (k + 1)-th order of
accuracy.
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TABLE 2. Verification of optimal convergence for nondegenerate linear SPDEs (7.1) with mul-
tiplicative noise: k =2, M = 1000.

b=0.1 b=0.5 b=1.0
N L? Error Order L? Error Order L% Error Order
10 1.94E-03 - 1.96E-03 — 2.03E-03 -
T—01 20 2.43E-04 3.00 2.47E-04 2.98 2.58E-04 2.97
40 3.03E-05 3.00 3.07E-05 3.01 3.20E-05 3.01
80 3.80E-06  3.00 3.85E-06  3.00 4.02E-06  2.99
160 4.75E-07 3.00 4.83E-07 2.99 5.056E-07 2.99
10 1.30E-03 - 1.38E-03 — 1.67E-03 —
T—05 20 1.64E-04 2.99 1.75E-04 2.97 2.12E-04 2.97
40 2.04E-05 3.01 2.17E-05 3.01 2.64E-05 3.01
80 2.55E-06  3.00 2.73E-06 2.99 3.41E-06 2.95
160 3.19E-07 3.00 3.43E-07 2.99 4.18E-07 3.03
10 791E-04 - 8.90E-04 — 1.32E-03 -
T—=10 20 9.96E-05 2.99 1.14E-04 2.97 1.71E-04 2.95

40 1.24E-05 3.01 1.41E-05 3.01 2.09E-05 3.03
80 1.55E-06  3.00 1.79E-06 2.98 2.83E-06 2.88
160 1.94E-07 3.00 2.23E-07  3.00 3.26E-07  3.12

TABLE 3. Verification of optimal convergence for degenerate linear SPDEs (7.2) with smooth
initial value: b = 1, M = 100, ug(z) = sin(z).

k=1 k=2
N L? Error Order L? Error Order
10 4.27E-02 - 2.29E-03 -
T—=01 20 1.07E-02  2.00 2.73E-04 3.07
40 2.66E-03  2.00 3.36E-05 3.02
80 6.65E-04 2.00 4.20E-06  3.00
160 1.66E-04 2.00 5.24E-07  3.00
10 4.32E-02 - 2.27E-03 -
T—=05 20 1.07E-02 2.02 2.74E-04 3.05
’ 40 2.67E-03  2.00 3.39E-05 3.01
80 6.66E-04 2.00 4.19E-06 3.02
160 1.66E-04 2.00 5.24E-07  3.00
10 4.43E-02 — 2.23E-03 —
T—=10 20 1.07E-02 2.05 2.75E-04 3.02

40 2.67E-03  2.01 3.43E-05  3.00
80 6.66E-04  2.00 4.20E-06  3.03
160 1.66E-04 2.00 5.24E-07  3.00

We also consider the case that the initial condition is discontinuous
1, if Z<z<3
ug(z) = s (7.3)
0, if 0<z<For=f<z<2m

For this discontinuous case, we compute the solution up to 7' = 1.0 with only one realization M = 1. The
results are shown in Figure 1. We observe that the scheme converges to the true solution when N increases.
There are oscillations arising near the discontinuities of the solution.
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FIGURE 1. Performance of LDG scheme for degenerate linear SPDEs (7.2) with discontinuous
initial value (7.3) and one fixed path: b=1, M =1, T = 1.

Remark 7.1. If we set b > 1 in our codes, i.e., the condition 2a — CZ > 0 in Theorems 4.1 and 4.2 is not
satisfied, then we find that the L2-norm of the numerical solutions would explode, which confirms the necessity
of the stochastic parabolicity condition.

Remark 7.2. The L2-stability is very helpful in this discontinuous case, but is not enough to control the
spurious numerical oscillations near the discontinuous region. In practice, it is worth trying to use limiters to
control oscillations for the problems containing strong discontinuities, which will be investigated in the future.

7.3. Stochastic viscous Burgers equation

Although we cannot give error estimates for fully nonlinear equations, it is worth trying to apply the LDG
method to solve some nonlinear equations. The next example is the stochastic viscous Burgers equation,

o? 1,4
du = 5 Use = 5 (u )x dt + (ouy +b) dWy,

5 in 2 x [0,27] x (0,T7;

(7.4)

u(z,0) = sin(x), x € [0, 27].
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TABLE 4. Verification of optimal convergence for stochastic viscous Burgers equation (7.4) with
linear multiplicative noise: b =0 = 1, M = 100.

k=1 k=2
N L? Error Order L? Error Order
10 4.21E-02 - 2.40E-03 -
T—01 20 1.07TE-02 1.97 2.90E-04 3.05
40 2.65E-03  2.02 3.62E-05 3.00
80 6.69E-04 1.99 4.54E-06  3.00
160 1.69E-04 1.99 5.65E-07 3.01
10 5.87TE-02 - 5.83E-03 -
T—04 20 1.46E-02 2.01 8.48E-04 2.78
40 3.64E-03 2.00 1.01E-04 3.07
80 9.10E-04 2.00 1.22E-05 3.06
160 2.29E-04 1.99 1.51E-06 3.02
10 2.21E-01 - 7.98E-02 -
T =08 20 9.94E-02 1.15 2.57E-02 1.63
40 3.74E-02 1.41 5.97E-03 2.11
80 1.14E-02 1.71 1.05E-03  2.50
160 2.83E-03 2.01 9.00E-05 3.55
10 5.58E-01 — 4.02E-01 -
T—19 20 4.31E-01 0.37 3.16E-01 0.35

40 3.37E-01  0.36 2.38E-01 0.41
80 2.62E-01  0.36 1.91E-01 0.32
160 2.20E-01 0.25 1.56E-01  0.29

The exact solution of (7.4) is

¢
w(w,z,t) =v (m—b/ Weds + oWy, t) + W5,
0

where v is the solution of the following deterministic inviscid Burgers equation
dv+ 3 (v?) dt =0 in [0,27] x (0,7,
{ v(z,0) = sin(zx), x € [0, 27].
Note that the solution of (7.5) has an infinite slope - the wave “breaks” and a shock forms at
-1
T~ ooy~ &
See [29]. So the exact solution of the stochastic viscous Burgers equation (7.4) also has a shock at T, = 1.

’LL2

We use the simple Lax-Friedrichs flux for the nonlinear convection term f(u) = -,

~, 1 N2 2 1 _
Flomut) = {@)+ @)} - jo(uwt —u),
where
a:mjax{ u;+% , u;r+% }

In Table 4, we show the L?-errors for equation (7.4) with b = 0 = 1 and M = 100 realizations. We see that
the order of accuracy converges to k + 1 when 7' < T}. The scheme loses the order of accuracy as T' = 1.2 since
the problem involves a shock when T" > Tj,.
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FIGURE 2. Performance of LDG scheme for stochastic viscous Burgers equation (7.4) with
linear multiplicative noise and one fixed path: b=1, 0 =1, M =1,T =1.2.

To see the behavior of numerical solution with T > T}, we plot the approximate solution and the true solution
at T = 1.2 with b = 0 = 1 and only one realization M = 1 to get Figure 2. We observe that the LDG scheme
converges nicely to the exact solution for fixed stochastic path w. Again, some oscillations appear near the
discontinuous region.

7.4. Numerical test for studying the necessity of the stochastic parabolicity condition
20 > C’Z for the LDG scheme

Next we examine our numerical scheme on the following nonlinear SPDE to investigate the necessity of the
stochastic parabolicity condition

2

b .
du = (“2“I)x — g+ 3ud — (2 + 2) u] dt + bu, AWy, in Q x [0,27] x (0,T]; (7.6)

u(z,0) = sin(x), x € [0, 2m].
One of the exact solutions of (7.6) is

u(w, z,t) = sin (x + bWy — t). (7.7)
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TABLE 5. Verification of stability and convergence for nonlinear SPDEs (7.6) with multiplicative
noise: k=1, M = 100.

b=10.05 b=0.1 b=0.5
N L? Error Order L? Error Order L? Error Order
10 3.17E-02 - 3.17E-02 — 3.25E-02 -
T =001 20 1.04E-02 1.61 1.04E-02 1.61 1.06E-02 1.62
40 2.73E-03 1.92 2.74E-03  1.92 3.95E-03 1.42
80 7.02E-04 1.96 7.11E-04 1.94 1.43E-03  1.47
160 1.77E-04 1.99 1.78E-04  2.00 1.69E-04 3.08
10 4.83E-02 — 4.83E-02 - 4.94E-02 -
T—01 20 1.21E-02 2.00 1.22E-02 1.99 1.41E-02 1.81
’ 40 3.03E-03 2.00 3.11E-03 1.97 1.03E-02 0.45
80 7.54E-04 2.01 8.01E-04 1.96 1.01E-02 0.03
160 1.82E-04 2.05 1.84E-04 2.12 1.79E-01 -4.15
10 5.52E-02 — 5.57E-02 — 6.44E-02 —
T—05 20 1.27E-02 2.11 1.29E-02 2.11 1.79E-02 1.85
40 3.15E-03  2.02 3.22E-03  2.00 1.62E-02 0.15
80 7.84E-04 2.00 8.33E-04 1.95 2.36E-01 -3.87
160 1.94E-04 2.01 2.51E-04 1.73 5.92E-01 -1.33

TABLE 6. Verification of stability and convergence for nonlinear SPDEs (7.6) with multiplicative
noise: kK =2, M = 100.

b=0.05 b=0.1 b=0.5
N L? Error Order L? Error Order L? Error Order
10 1.78E-03 — 1.78E-03 — 1.88E-03 —
T = 0.01 20 2.67TE-04 2.74 2.68E-04 2.74 3.08E-04 2.61
40 3.65E-05 2.87 3.67TE-05 2.87 1.02E-04 1.60
80 4.57E-06  3.00 4.67E-06  2.97 2.71E-03 -4.73
160 5.57E-07 3.04 5.91E-07 2.98 2.51E-01 -6.53
10 4.70E-03 - 4.71E-03 - 5.33E-03 -
T—=01 20 4.46E-04  3.39 4.52E-04 3.38 1.13E-03 2.23
40 4.44E-05 3.33 4.50E-05 3.33 2.38E-02 —4.39
80 4.84E-06  3.20 5.03E-06 3.16 4.62E-01 —4.28
160 5.61E-07 3.11 2.48E-06 1.02 6.09E-01 —0.40
10 4.18E-03 - 4.30E-03 - 8.15E-03 —
T—05 20 4.35E-04  3.26 4.60E-04 3.23 2.15E-02 —1.40
’ 40 4.62E-05 3.24 4.73E-05 3.28 5.43E-01 —-4.66
80 4.89E-06 3.24 5.70E-06 3.05 NaN NaN
160 5.72E-07 3.10 3.53E-03 -9.27 6.97E-01 NaN

Notice that in this case « is equal to 0 and |b| is greater than 0, so the stochastic parabolic condition
2ac > C% in Theorems 4.1 and 4.2 is not satisfied, and instability appears for our scheme in this numerical test.
Tables 5 and 6 display the L2-errors for the nonlinear equation (7.6) with M = 100 realizations. We see that the
LDG scheme works well when the terminal time 7" and the stochastic coeflicient b are small, in which the order
of accuracy is k + 1. When T and b are large enough, similar to the situation we described in Remark 7.1, we
lose the order of accuracy and the scheme seems unstable, which again suggests the necessity of the stochastic
parabolicity condition 2a > C3.
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TABLE 7. Verification of optimal convergence for nondegenerate nonlinear SPDEs (7.8) with
multiplicative noise: b =1, M = 100.

k=1 k=2
N L? Error Order L? Error Order
10 4.37TE-02 - 2.18E-03 —
T—01 20 1.07E-02 2.03 2.69E-04 3.02
40 2.67E-03 2.01 3.36E-05 3.00
80 6.66E-04 2.00 4.19E-06  3.00
160 1.66E-04 2.00 5.24E-07  3.00
10 4.75E-02 - 2.19E-03 -
T—05 20 1.09E-02 2.12 2.70E-04 3.02
’ 40 2.68E-03 2.03 3.36E-05 3.01
80 6.67E-04 2.01 4.19E-06  3.00
160 1.66E-04 2.00 5.24E-07  3.00
10 1.74E-01 - 2.42E-03 -
T—=10 20 1.79E-02 3.28 2.87TE-04  3.08

40 3.30E-03 2.44 3.62E-05  2.99
80 7.17E-04 221 4.45E-06  3.02
160 1.70E-04 2.08 5.56E-07  3.00

7.5. Nondegenerate nonlinear SPDEs
Note that (7.7) is also the exact solution of the following nondegenerate nonlinear equation,

2

du = [(uQuI)x + (2 + b2> Ugy — Uy + 3u3} dt 4+ bu,dW; in Q x [0,27] x (0,T];

u(z,0) = sin(x), z € [0, 27].

(7.8)

We see that in this case the constant « equals to 2 + %, which implies that the condition o — % =2>0is
satisfied.
In Table 7, we show the L?-errors for the equation (7.8) with b = 1 and M = 100 realizations, which indicates

that the LDG method gives the expected (k+1)-th order of accuracy for the nondegenerate nonlinear problems.

8. CONCLUDING REMARKS

In this article, we present a semi-discrete LDG scheme for fully nonlinear parabolic SPDEs. The L2-stability
results of the scheme are obtained, and the optimal error estimates of order O(h**!) for semilinear stochastic
equations are proved. We combine an explicit derivative-free order 1.5 time discretization scheme to perform
several numerical experiments on some model problems to confirm the analytical results.
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