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BMO martingale method for backward stochastic
differential equations driven by general cadlag local
martingales

YUNZHANG L1* AND SHANJIAN Tangf

In this paper we study time-discontinuous nonlinear multi-dimen-
sional backward stochastic differential equations (BSDEs) driven
by general cadlag local martingales. The Lipschitz coefficients of
the generators are allowed to be unbounded. The time-discontin-
uous BM O martingale theory, in particular Fefferman’s inequality,
is used to study the existence and uniqueness of solution in S? with
p € (1,00].
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1. Introduction

Backward stochastic differential equations (BSDEs) are widely connected
to various fields, such as stochastic control and optimization, mathematical
finance, theoretical economics, partial differential equations, differential ge-
ometry. See among others [8, 12] and the references therein. In this paper, we
use the time-discontinuous BM O martingale theory to study the following
multi-dimensional nonlinear BSDEs with jumps:

T T
Yi— &4 Jr—Ji4 / £(5, Yo )d[N1, No], + / o(s, Yo, Z,)d[Ns, M,
t+ t+
T T
(1) —/ stMs—/ dMZ+, te[0,7),
t+ t+

where J is a cadlag process, Ny, No, N3, and M are general cadlag local
martingales, and M= is strongly orthogonal to M.
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BSDEs are introduced by Bismut [2, 3, 4], in particular in its linear
form as an adjoint equation in the Pontryagin stochastic maximum princi-
ple and in a nonlinear form as the backward stochastic Riccati equation (an
equivalent matrix form of the stochastic Bellman equation) for the stochas-
tic linear quadratic optimal control problem. Pardoux and Peng [18] proved
the seminal existence and uniqueness theorem for nonlinear Lipschitz con-
tinuous BSDESs. Since then, BSDEs have been studied in different spaces of
solutions under different assumptions on the generators (see e.g. [5, 9] and
the references therein).

There are numerous efforts at the solution of BSDEs driven by discon-
tinuous local martingales. Tang and Li [21] obtain the existence of a unique
S? solution to a BSDE driven by a Poisson random measure independent of
the Brownian motion. For p € (1,2), Yao [22] shows that the above BSDE
admits a unique SP solution by approximating the monotonic generator by
a sequence of Lipschitz generators via convolution. By introducing stronger
integrability condition on the terminal value, Buckdahn [6] and El Karoui
and Huang [11] consider a general BSDE driven by a general cadlag martin-
gale and continuous increasing process in the generalized sense. Carbone et
al. [7] consider the above BSDE in the space S2, where the solution has the
same power p = 2 of integrability as the terminal value, but require that the
generators are uniformly Lipschitz continuous. Recently, Papapantoleon et
al. [17] propose a wellposedness result for BSDE with possibly unbounded
random time horizon and driven by a general martingale in a filtration that
may be stochastically discontinuous. See also [1, 13, 10, 16, 20] and the ref-
erences therein for BSDEs with jumps. However, solution of BSDEs driven
by general cadlag local martingales, with the same power p of integrability
as the underlying data (£, J) for p € (1, 00], still remains to be studied.

In 2010, Delbaen and Tang [9] use the theory of BMO martingales to
prove the unique solvability of BSDEs (1) for continuous local martingale
M, where the adapted solutions have the same power p of integrability to the
underlying data for p € (1, 00]. In this paper, we extend the preceding work
to allow M to be discontinuous. We have to develop some inequalities with
the discontinuous BM O martingale theory, which are essential to deal with
the unbounded Lipschitz coefficients and cadlag driving terms. In contrast
to the case of continuous M, BSDEs (1) driven by cadlag local martingales
have at least the following three novelties arising from the appearance of the
jump: Firstly, since the quadratic variation of a discontinuous process with
bounded total variation is no longer vanishing, the resulting new terms have
to be well dominated; Secondly, many useful tools in Kazamaki [15] have to
be adapted to our more general BM O martingale M (see the next section for
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details); Thirdly, in the discontinuous case, the covariation process between
two orthogonal processes M and M~ is only a local martingale, and is not
necessarily equal to zero any more (while [M, M*] = (M, M*) = 0 holds
in the continuous case), which leads us to consider BSDEs of the adjusted
form (9) for p # 2 and to introduce the condition of extreme point of I'(M)
to guarantee the strong property of predictable representation.

The rest of the paper is organized as follows. Section 2 consists of three
subsections. In the first two subsections, we provide some basic notations,
definitions and well-known inequalities. Fefferman’s inequality is crucial in
this paper. It will be used to prove some inequalities and properties in Sub-
section 2.3, which are essential to the proof of our main results. Section 3
consists of three subsections. In Subsection 3.1, we propose the unique ex-
istence result in 2 x (H?)? under some suitable sliceability assumption. In
Subsection 3.2, we obtain a new existence result in S*® x (BMO)? when
the data (J,§) € 8> x L. In Subsection 3.3, we study the general case of
p € (1,00). In Section 4, we get an improved result for the linear BSDE,
in which the unique existence of the BM O solution can be obtained via a
weak condition for the terminal value, i.e. £ € BMO.

2. Preliminaries
2.1. Notations and definitions

In this subsection we introduce notations and definitions. Let (€2,.7,P) be a
complete probability space with a filtration {.%;,¢t > 0} satisfying the usual
conditions: (i) %y contains all the P-null sets of .%; (ii) % = Ng>4.Fs for
all ¢ > 0. Throughout this paper we assume that all the processes equal to
zero at t = 0—. Let M, o(P) be the space of all local martingales {M;,t >
0} under the probability measure P, with cadlag paths and My = 0. For
simplicity of notations, we write M, o for Mjeco(IP) if there is no danger of
confusion. The norm of a d; x dy matrix y is given by |y| := /trace(yy™). By
saying that a vector-valued or matrix-valued function belongs to a function
space, we mean all the components belong to that space. Let the terminal
time T be a positive number.
The quadratic covariation of M, N € M, is defined by

t t
[M,N], :== M;N, —/ M,_dN, —/ N,_dM,, t>0.
0 0
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The notation [M, M] is simplified as [M], which is called the quadratic
variation of M. Let AM denote the process

AM, = M, — M,_, t>0.

Then, we have
A[M,N] = AMAN.
Let p € [1,00]. For p € [1,00), denote by LP the space of all Zp-

measurable random variables £ such that

I€llLe == (EIEP])> < oo,

and L be the space of all essentially bounded and .#p-measurable random
variables, equipped with the canonical norm || - ||f~. The space SP is the
space of all cadlag adapted processes M such that

| M||sr == ||M7|l, < oo with M := sup |M;| for ¢t > 0.
0<s<t

The space H? is the space of all processes M € M. such that

IMll = |17 < ox.

Lr

For the predictable stochastic process H and X, the notation H o X
stands for the stochastic integral fo HydX;. For any stopping time 7 and o
with 7 < o < T, we define

TXO .— (X _X’T)O’—

with
X[7 = Xe - Xjor)(t) + Xo— - Xprry (B),
and
X7 = X¢ X)) + Xr Xy (£)-
Definition 2.1. The space BMO 1is defined as the set

{M € Mioeo ‘ | M || Bao == sup
T

e sl

1
<oo}.
Lo

We say that a random variable & lies in BMO if E[(|.7.] — E[{] € BMO.
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The following definition of sliceability is based on [19, page 254].
Definition 2.2. Let M = (M,...,M,) € (BMO)"™ and £ = (€1,...,€n)
with g > 0, 1 = 1,...,n. If there is a finite sequence of stopping times
satisfying

O=To< <...<Tp <Tpp1 =T
such that

<e, i=0,....k Il=1,...,n,

EEe
BMO

we say that M is €-sliceable in (BMO)™.

Definition 2.3. Let M € Moo and L(M) be the totality of all predictable
processes which are integrable with respect to M. Write

LM)={HoM : HeL(M)}.

If LIM) = Mg, we say that M has the strong property of predictable
representation.

Definition 2.4. Define
(M) := {IF" . P is a probability measure on F and M € Mzoc’O(IP’/)} )
Denote by I'c(M) the set of extreme points of T'(M), i.e.,
Le(M) = {P' € D(M): if P’ =aP1+(1—a)Py, P1,P, € T(M), a € (0,1)
then P' = P! = P?}.
2.2. Some inequalities and lemmas

In this subsection, we recall some well-known inequalities and lemmas, which
can be found in e.g. He et al. [14], Kazamaki [15] and Protter [19].

Lemma 2.1 (Doob’s inequality). Let M be a positive submartingale. For
p € (1,00) with q conjugate to p, we have

[M]|s» < ql| M|

Lemma 2.2 (BDG inequality). For p € [1,00), there exist two constants
Cp > ¢p > 0 such that

Col M |3 < | M| se < ¢ | M |30, VM € HP.
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Lemma 2.3 (Kunita-Watanabe inequality). Let H, K be measurable pro-
cesses and X,Y € Mo o. Then, one has almost surely

[ ([ mzan) ([ )

Lemma 2.4 (Fefferman’s inequality). Let M, N € M0, U be an optional
process and T be a stopping time. We have

(/ ' de[ms)% | ﬂ] Ty,

The dual space of continuous linear functional on H? is H?, where 1/p+
1/¢g=1,1 < p < oo. For the dual space of H!, we have the following lemma.

N[

E [/TTWSHd[M, .|

3@] <V2E

Lemma 2.5. For a fited N € BMO, define on(M) = E[[N, M]r] for
M € H'. Then N + oN is a one to one linear mapping from BMO onto
(H')" and Zlenll < INllsamo < Vallenll.

Lemma 2.6. Let M, N € H?. Define
Int(M):={HoM € L(M): |HoM|y <oo}.

Let L = Z o M be the projection of N onto Int(M). We have that M+ :=
N — L is orthogonal to Int(M), i.e., for any Ho M € Int(M), [M*, Ho M|
is a martingale.

Lemma 2.7. The following two assertions are equivalent.
(i) M has the strong property of predicable representation;
(i) P e Te(M).

2.3. Some important lemmas

We have the following Lemmas 2.8 and 2.9 as the discontinuous counterparts
of the results in Delbaen and Tang [9]. They play an essential role in the
proof of our main results.

Lemma 2.8. Let p € [1,00). If X € S and M € BMO, we have

1X- o Ml < VEIX 5ol M | 5310-
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Proof. (i) The case p € (1,00). From Fefferman’s and Hélder’s inequalities,
we have for any N € HY,

|E{[X_ o M,N|r}| < E{|[X_oN, M|}
< V2| X_o Nl |IM| Bro
<

V2| X || | N3 [|M || Baro-

Therefore,

IX— o M| = sup Ao M Nl

< V2[|X|ls || M| Brro-
NeHa |V (|40

(ii) The case p = 1. We have
T T
| xann. < x; [ xa,
0 0
T
= i (Xie — [ Dax; - (a7 ).

Since [M] and X* are nondecreasing processes, we have

(M), X" = > A[M],AX] >0,
0<s<T

It holds that
T T
[ xzann, < x; (xine - [ o.-ax;)
0 0

- i (| " (M) — M)y ax; + X[l ).

Therefore,
E </OTX§_d[M]S>1
< B|(xj) ( / " (Ml M) X +X5[M1T) ]
< Ixi{e|f CE[M]r — (M],_| 7 ix:] +X5EHMJT1}%
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IN

. T 3
X115 {E [ | 1Mo dx:} +X§HM||ZBMO}
0

IX[1&: 1M || aso (B [X7))2 < V2| X|ls:|[M ] Baso.

IN

This completes the proof. O
Lemma 2.9. Let p € [1,00). If X € HP and M € BMO, we have

|/ ", x),

Proof. For the case p = 1, it is immediate from Fefferman’s inequality to get
the desired results. In what follows, we consider the case p € (1,00). Take
¢ € L9 with 1/p+1/q = 1. Write Y; := E[|¢||.%] for t € [0, T]. According to
Fefferman’s inequality, it follows

'EK/OTM[M,XM)fH < E[/OTYSM[X,MM] |
va ([ Tﬁdms)zl |M]lp0.

In view of Hoélder’s inequality and Doob’s inequality, we have

< V2| X || || M || Brro-

Lp

IN

T
‘EWO 'd[M,Xu) 5” < VaIX | [M ] maro ¥ lse
< VIIX [l I€]] o | M || Baso-

The proof is complete. O
3. Nonlinear BSDEs with jumps

Throughout this section, Ny, Na, N3 and M are supposed to lie in M0,
the terminal value £ is an R™-valued .#p-measurable random variable, J is
an R™-valued {.%;, 0 <t < T'}-adapted cadlag process, and the R"-valued
random functions f and g are defined on € x [0,7] x R™ and Q x [0,T] x
R™xR"™, respectively. For each y, z € R", f(-,-,y) and g(-, -, y, z) are adapted.
Moreover, we assume that there are three adapted processes «, 3, v such
that for each (w,t) € Q x [0,77, it holds

f(,0) =0, |f(ty1) — f(t,y2)| < a(®)|yr — a2
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for any (y1,%2) € (R™)?, and
9(£,0,0) =0, |g(t,y1,21) = g(t, y2, 22)| < BE)|yr — g2l +7(B)|21 — 22
for any (y1,y2, 21, z2) € (R™)*.
3.1. The 8% x (H2)?2 solution

Let us first study the case of p = 2. The triple of processes (Y, Z o M, M=)
are called a solution of BSDE (1) if (i) they satisfy the equation (1) and are
{%#, 0 <t < T}-adapted, (ii) Z is a predictable process, and (iii) M and
M+ are strongly orthogonal (i.e., [M, M1] is a martingale). We have the
following existence and uniqueness result for S? x (H?)? solution.

Theorem 3.1. Let M € H?. Assume that (NQ,B% o M,vyo N3) is & =
(e1, €2, €3)-sliceable in (BMO)3 and (a0 Ny, 8% o N3) belongs to (BMO)?
such that

p2 1= O maX{2\/§€374 (”ao Nillgrpo €1+ &2 HB% ° NgHBMO)} <b

where Cq := 6Cy + 2, and Cy is the constant in BDG inequality for p = 2.
Then for any (€,J) € L? x 8?, BSDE (1) has a unique solution (Y, Z o
M, M*Y) € 82 x (H?)? such that
1Y llsz + 12 © M|z + [|M* |z < Ko ([l + 11T ]ls2) s

where Ky is a positive constant independent of (§,J).

Proof. For any y € S? and z o M € H?, we consider the following BSDE:

T
}/t = §+JT_Jt+/ f(Says—)d[NlaNQ]s
t+

T T T
(2) +/ g(s,ys_,zs)d[Ng,M]s—/ stMs—/ dMZ.
t+ t+ t+
Define
T
Ft = E|:£+JT+/ f(svysf)d[NlaNZ]s
0
T
(3) +/ g(s,ys_,zs)d[Ng,M]s Jt:|'
0
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By Doob’s inequality, we have

T
IFlls < 2||5+JT||L2+2H [ sy v,

L2

T
+2‘ / g(svys—azs)d[N?)aM]s
0

L2

According to Lemmas 2.8 and 2.9, we have

IN

f(87 ys—) d[Nl, NQ]S

H/ 9 lyo_| [dINL, Mol
L2

L2

/ dlavo Ny, y—| o Nals|
0

L2

< 2V2|ly* o Na|lpe2llevo Nil|Baro
< 4fly|s2|IN2|lBarolla o N1l Bmo
and
T T . .
/ g(3>ysf>zs)d[N3aM]s < ‘/ |d[ﬁ50N3,|y,\055 OM]S|
0 L2 0 L2
T
+ / |d[y o N3, |z| o M]s|
0 L2
< Allylls=[|82 o M||srmol|B% o Nsllsmo

+2v/2||z 0 M||32 |7 o N pmo-

Therefore, F € S?. Then Lemma 2.6 implies that there exist a predictable
process Z and a martingale M+ orthogonal to Int(M), such that

t
F=F +/ ZsdM, + M;-.
0
It holds that

T T
Ft+/ ZSdMSJr/ dM} = Fr
t+ t+

T T
= §+JT+/O f(says—)d[NlaN2]8+/o g(Says—)Zs)d[NSaM}s'
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We define
t t
Yy =F —J — / f(saysf) d[N17N2]s - / g(s,ys,,zs) d[Ni’nM]&
0 0

Then the triple (Y, Z o M, M"1) is a solution of BSDE (2).
Note that

T
Y, = E[§+JT—Jt+/ f(8,ys—)d[N1, NoJs
t+

T
+/ g(s7y8—7zs)d[N37M]s gt:| .
t+
In view of Doob’s inequality, we have
Yls: < 20€+ Jrllg: + 1]
T
2 [ 15 vl
0 L2

T
+2‘ / |g(s,y8,,zs)|d[N3,M]s
0

L2

< | Jls2 +2[[€ + Il L2
+8|lylls= | N2l Barolla o N1l Bmo
+8l|ylls2182 o M||amol|B2 o N3||gao
+4v2||z 0 M||32|]7 o N3| smo-
Note that
T T
/ ZSdMS—i—/ AMY = —Y,+&+Jr—J,
t+ t+

T
+/t+ f(s,ys—) d[N1, Naos

T
+/ Q(S,ys—vzs) d[N?nM]s'
t+

Since M~ is orthogonal to Int(M), then [Z o M, M*] is a martingale. We
have

1Z oMz = E{[Zo M]r}
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IN

E{[ZOM]T'F[ML]T}
- E{[ZOM]T+[ML]T+2[ZOM,ML]T}
- E{[ZOMJrMi]T}

@) — 170 M+ MY

Using BDG inequality, we have

ot = oo,
T T

< 204 / ZSdM5+/ dM+
t+ t+

s

< 26(IVlls + g + Trllee + [ ls:
+4{lylls= | N2llBaolle o NillBao
+4llylls=18% o M zpollB% o Nallpo
+2v2|}z 0 Mllze: [y © Nallsaso ).

Combining the above, we have

[Ylls2 + 1 Z o Mgz < Coll§ + Iz + (14 4Co) ||| s2
+4C2 [lero Nill garo [IN2ll paro 119l s>
+4C5||8% o M| parol|B7 © N3l saolylls:
(5) +2v2C5 |y 0 N3l gpso | 20 M g0 -

Thus the solution (Y,Z o M, M*) of BSDE (2) lies in 82 x (H?)2. The
uniqueness can be easily proved if one estimates ||[Y! —Y?||s: +[|(Z! - Z?) o
M]|32 by the similar method of (5).

Since the martingale (/Va, Bz0M,~oNs, /B%ONg,) is &-sliceable in (BMO)?,
there is a finite sequence of stopping times {7;, ¢ =0,..., I+ 1} satisfying

0:T0<T1<T2<"'<TT<T'I“ T

+1 =

such that

| N2i |l Bao < €1, Hﬂ% o Mi|lBmo < €2,

1
|y o Nsi|lprmo < €3, ||B2 o Nsillpmo < €4,
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where
T nLi . Tin Ty Tz Ly TiagT;
Ny =TNEo Ny i=TNPS Ny o= NS My =TT,

are defined on [T}, T;41] for i = 0,1,--- .
Set for i =0,...,1,

S =81}, Tiya] and  H} = H2[T}, Tipa]

where the space S?[T;, T;1] (resp. H2[T;, T;11]) consists of all processes of
S? (resp. H?) restricted on [T}, T;+1]. Consider the transformation I; in the
Banach space 8? x H?: define for (y,z0 M) € S? x H2,

Ii(y,zo M) := (Y, Z" 0 M)

as the first two components of the unique adapted solution (Y, Z o M, M=)
to the following BSDE:

Ti+1

}/t = YYZ“:j + (JTi+1 - Jt) +/ f(svys—) d[NliaN%]s
t+

Tiy1
+/ g(saysfazs) d[N3i>Mi]s
t+

Tit1 Tit1 n
_/ Zs szs - / dMs , te [EaT’iJrl]
t+ t+

where YTT+1 = €. Let (y%,2F o M) € 8% x H? with k = 1,2. Denote by
(Yk Z0F o M) the image I;(y*, 2¥ o M) for k = 1,2. Proceeding similarly
as before, we have

[Yr = v*2 g + [1(2°7 = 2°%) 0 M|

H?

< Cymax {2\/5 17 o Nsill garo » 03}
<[l = vllse + 1" = 22 0 Ml
for the constant

G = 4{ oo Nulo Ialao + | 3300|930 ma

BMO)'

o
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Since

oo Nullpaso < llaco Nillppro and [|[B5oNg|| < [|gtong|

BMO BMO’

we have
C max{2\/§|wo Nsill gaso ,03} < py < 1.
Then for any (y*, 2¥) € S? x H? with k = 1,2, we have
HIi(yl’ 2') - Ii(vaZQ)HsngL?
pr (9" =97l ss + 11 = 22) 0 M)

Thus I; is a contraction on Sf X 7—[22 fori =0,... ,f. Iteratively in a backward
way, the BSDE

. Tita
i = YJZ“J: + (i, — ) +/ f(8,Y52) d[N1i, Noils
t+

Tiv1

s [ gt Yo 20y g b,
t+
Tita Tit1

—/ Zy dMis—/ dM},  t € [Ty, Tiy)
t+ t+

has a unique solution (Y?, Z¢o M;, M¥+) € 82 x H? x H? for i = 0,1,--- , .
Then, the triple (Y, Z o M, M=) defined by

T
(Y;thth Z Yt 7Zt) t’ X[T T+1)(t) te [OuT]
i=0

is the unique adapted solution to BSDE (1). Moreover, we have

(1= p2) (¥ lls2 + 112 0 Mll3z)
< Col€+ Jrllg: + (4C + 1) || /]| s- -

The proof is complete. O
3.2. The 8 x (BMO)? solution

In this subsection, the unique solution (Y, Zo M, M+) of BSDE (1) is further
proved to lie in S x (BMO)? when the data (£, .J) is essentially bounded
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and N3 = M as follows:

T T
Yim €+ dp— it | f(s, Yo )dlN, Nl [ gl Yo Z0)d[M,
t+ t+
T T
(6) —/ stMs—/ M, t€10,T].
t+ t+

Theorem 3.2. Let M € H?. Assume that (Ng,ﬁ% o M,yo M) is € =
(€1, €2, €3)-sliceable in (BMO)? and oo Ny lies in BMO such that

pr 1= (6C +2) max {2v2eg,4 (loo Nill g1 + B)} < 1

and
V2
ng =4 (51||a o N1||lBmo +€%) + 6—283 <1,

where co and Cy are the constants in BDG inequality for p = 2.
Then for any (§,J) € L x 8%, BSDE (6) admits a unique adapted
solution (Y, Z o M, M*) € S x (BMO)?.

To prove Theorem 3.2, we consider the dual equation of BSDE (6), which
is the following n x n matrix-valued SDE:

t

St = T+ / © S(s—) Aud[Ne, Nol, + / S(s—) Bod[M]s
to+ tot

(7) + S(s—)DsdMs,
to+

where Z is the n x n identity matrix and ¢y € [0,7] is a fixed number. In
the following Corollary, we prove that the SDE (7) admits a unique solution
S(-) € SP.
Corollary 3.1. Let p € [1,00). Assume that
(i) The R™"-valued processes A, B and D are bounded by the real valued
nonnegative adapted processes a, B and 7y, respectively;

(ii) (Na, 8% o M,y o0 M) is €= (e1,e2,e3)-sliceable in (BMO)? and oo Ny
is in BMO such that

V2
Np 1= 2p (61”040 N1l Bmo —l—E%) + C—Eg < 1.
P
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Then SDE (7) admits a unique solution S(-) such that

E| sup [S(t)]"

tE(to,T]

'gzto S Bp7

where By, is a positive constant independent of t.

Proof of Corollary 3.1. Firstly, we use the contraction mapping principle to
prove the existence and uniqueness of the solution. Note that the martingale
(No, B0 M,~o M) is &sliceable in (BMO)? with the corresponding finite
sequence of stopping times {7;, i = 0,...,I +1}. We consider the following
map ; in the Banach space 8", i =0,...,1. For S € S,

t t

S(S—)Asd[Nh"NQi]S + L S(S—)Bsd[MZ]S
i+

L(S) = ST+ [
T+
t
+ S(S—)Ddeis,
Ti+

where S~ = Z. According to Lemmas 2.8 and 2.9, it follows

‘ SP

< 2 (INaillzao o Nusllpaso + 18% © Millaso ) 1Slsr-

t

/t S(S—)Asd[Nli,Ngi]s —|—/ S(S—)Bsd[Mi]s
T+ Tit

According to the BDG inequality, we have

V2

2
< — v o M| BmollS
st ‘p

t
S(s—)Dyd M
T+

sr-

It follows
| :(S") — Ii(SQ)Hsf <mpl|St - S2H$§ :

Thus the map I; is a contraction map and satisfies the following estimate:
17:(S) sz < 15°H(T0)llze + nmpllSlsr-

Therefore, we get that the stochastic equation

¢
Sty = SN+ S(s—)Asd[N1i Nojs
T+
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t t
+ S(S—)Bsd[Ngi, Mi]s + S(S—)DSdN?ﬂ'S,
has a unique solution S*(-) in SPfori=0,... ,f Then, the process
f .
S(t) = Z S"OX1,,1,,,) (1),
i=0

lies in SP and is the unique solution to equation (7). Moreover, we have

E| sup [S(t)

tE(to,T]

Fi,| < By

with B, := n(1 —n,)~!. The proof is complete.

We are now in a position to prove Theorem 3.2.

277

Proof of Theorem 3.2. In view of assumption (i), Theorem 3.1 tells us that
BSDE (6) has a unique adapted solution (Y, Z o M, M+) € S? x (H?)2. The

rest of the proof is divided into the following two steps.

Step 1. We show that Y € §*°. Note that BSDE (6) can be written into

the following form:

T

Y;‘, = €+JT<]1§+/ Asstd[NlaNZ}s
t+

T

T
(8) +/ (BsYs— + Dy Zy) d[M]S - / ZsdMs,
t+ o

where the matrix-valued processes A, B, and D are defined by

A — fis, Y1) — fi(s, Y2
. S— . iy
(Bs)ij = 9'(s,YL,0) —g'(s, Y o)
N v X{v7_ 40}
Ss— . .
Dy, = $EYe B =gV BT
N 77 X{zi0)
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with Y7 := (0,...,0,Y7, Y7+t ' y")T and Z7 := (0,...,0,27, 27} ...,
Z™T. By the Lipschitz assumption on the coefficients, we know that

[As| < als), [Bsl < B(s), [Ds| <7(s).
Then by the assumption (i) and Corollary 3.1, we know that SDE (7) has

a unique solution S(-) € S2. Fix an arbitrary to € [0,T]. Applying the Itd’s
formula for S(t)(Y; + J;), we have

Yt J, = E [sm(u Jr) ﬂ]
T
—-E [ S(S—)ASJS_ d[Nl,NQ]S yt0:|
to+
E [ / " (s )Bulod[M), y}o] .
to+

It follows

Yol < [Tl +E[S(TE + Jr|[F2,)]

T
Il s~E (Sup |S($)>/ |asd[ N1, Nols| 3‘}0]
s€[to,T] to+
T
+Jlls=E || sup [S(s)] Bsd[M]s | F4, | -
sG[to,T] to+

According to Holder’s inequality and Kunita-Watanabe inequality, we have

Yi,| < [ lls~ + Ba (l€llze + [ 7]ls)

1

Ay
1/2
A}

where Bs is the constant in Corollary 3.1 for p = 2. Consequently, we have

T T
+8a s~ {E [fao M} + Ml

+821 715 {B |13 o 01|

Yllge < lls=+ B2 ([[€ll + 1 ]ls)

BJOC<N N HMH )
+Ba|| s (llaoN1l garo + N2l garo + ||B2 0 B
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Step 2. We show that Z o M € BMO. To simplify the exposition, we set
Cyyi=[[Yls= + [|/]ls>-
In view of BSDE (8), using It6’s formula and standard arguments, we have
ZoM M7 = (e + TP = Yoo 4 Jof
T
12 / (Yie + Ji) T AY;d[N, No),
T
42 [ (Ve + 3T (BiYe+ DiZdM)
T
—2/ Yie + . )Yd(Z o M + M™),,
g
for any stopping time ¢ < T'. It follows that
E [[Z o M] \f_yg?g} < E [[Z o M + M4 \f_y%,}

T
< C%,+20y,E [/ | Ys||d[ N1, No]s|

T
20y JE [ / B[Yld[M],

®

T
120y JE [ / ol Zold[M], ,%} .

According to Kunita-Watanabe inequality and Young’s inequality, we have

E[[ZOM]\Z_\%} < 03J+203,JE[<[040N1HZ)%([NQHZ)% 5&:,]
vacg & i3t w7 | 7]
+20y 2| (o u)])* (zo0n)7) | 2]

IN

3 (1+ llace Millaso + | Nellaso)
+2C%; (Il o Mlbaso + 18% © M0

+%IE [[Zo M|
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It holds that
1ZeMlsyo = supE |[ZoM]|]_|%,]
< 208, (1+ llao MilBsaso + [ Vallaro)
+46%; (18% o Mo + v o Mlbaro)
Thus Z o M € BMO. This completes the proof. O
3.3. The SP x HP solution with p € (1, 00)
In Section 3.1, the inequality
12 o Ml < 112 0 M + M|

is shown to be important in the construction of the contraction map. In the
general case of p € (1,00), for continuous M, we have that

[Z oM, MY =(ZoM M) =0,
and the norm ||Z o M||» can be estimated via the inequality
1Z o Mllgr < 11Z 0 M + M~ |30,

which has been well addressed by Delbean and Tang [9] in 2010. However,
for discontinuous M, both norms ||Z o M||»» and |[M=|3» could not be
separately estimated as in (4), and we can only get that [Z o M, M"1] is a
martingale and

1Z o M 4+ M*|j3r < 0.

This difference turns out to be a stumbling block to the definition of the
contraction map in our general case. To sidestep the trouble, we assume
that the strong predictable representation property holds and consider the
BSDEs of the following form:

T T
Y, = €4+ Jr—Jit f(S,Ys)d[N1,N2]s+/ o(s, Yo, Z.)d[Na, M,
t+ t+

T
(9) —/ Z dMs, t e [0, 7).
t+

By a solution (Y,Z o M) to BSDE (9), we mean that (i) (Y,Z o M)
satisfies the equation (9) and (ii) (Y, Zo M) is adapted and Z is predictable.
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Theorem 3.3. Let P € T'.(M) and p € (1,00) with q being its conjugate
number. Assume that (Ng,ﬁ% o M,y o Ns3) is & = (e1,€9,e3)-sliceable in
(BMO)3 and (a o Ny, B2 o N3) is in (BMO)? such that

pp = C) maX{\@pfs,?p (51 lao Nillparo + €2 HB% ON3HBMO)} <t

where Cp := 2(q + 1)Cy, + q, and C), is the constant in BDG inequality.
Then for any (§,J) € LP x SP, BSDE (9) has a unique solution (Y, Z o
M) € §P x HP such that

Yllso + 112 0 Mllyp < Kp ([[€lle + (1] 57) 5

where K, is a positive constant independent of (§,J).

Proof. The proof is very analogous with Theorem 3.1. Now let us sketch the
proof. For any (y,z o M) € SP x HP, consider the following BSDE

T
Y, = §+JT—Jt+/ £(5,9s-) dIN1, ol
t+

T T
(10) +/ g(s,ys_,zs)d[Ng,M]s—/ Z. dM..
t+ t+

We define F' as (3). According to Doob’s inequality, we have

T
T q||5+JT||Lp+qH /0 F(s,ys-) [Ny, Nol,

Lr

T
+q‘ / o5, ys, 28) d[ N3, M),
0

Lr

In view of Lemmas 2.8 and 2.9, we have

T
/0 F(s,95_) [N, Nols

< 2p|lylls» || N2l Baollec o N1l Bao,

Lr

and

T
/ 9(s,ys—, zs) d[N3, M| < 2pllyl|lse||B2 o M||Brmol|Bz o N3||Baro
0

Lr
+v/2pl|z o M||3» |y o N3|l Buo,
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which leads to that F' € SP. Since P € I'. (M), by Lemma 2.7, we know that
M has the strong property of predicable representation. Thus there exists a
predictable process Z such that

t
F,=F +/ Zs dM.
0

This implies

T T
Ft+/ stMs = £+JT+/ f('S?ySf)d[NlaNQ]s
t+ t+

T
—I-/ 9(8,ys—, zs)d[N3, M|s.
t+

We define
t t
Y, = Ft—Jt—/ f(s,ynd[Nl,Nﬂs—/ 9(5, Y, 26) d[Na, M]s.
0 0

It follows that (Y, Z o M) is a solution of BSDE (10).
Note that

T
v = —Jt+E[§+JTy%]+E[/ f(8,ys—) d[N1, N,
t+

T
+E |:/ g(s7y8—725) d[N37M]S ﬁo}\t:| .
t

+

In view of Doob’s inequality, we have

1Ylsr < [ Jllse + qll§ + JrllLe
+2pqlla o N1||Bamol|N2|lBaollylls»

+2pq||B2 o M||BymollB2 o N3l Bumollylls»
+V2pql|y o Ns| srrollz © M]3

T
/ Z dM;
tt+ Sp

< 2G,|IY |lsr + 2Cp |16 4 Jrl| e + 2Cp ]| |50

According to BDG inequality, we have

1Zo Ml < CypllZoMls, <2C,

+4pCyllylls»[| N2l sarolla o NillBao
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ApChllylls» 8% o M| Brmol|B% o Ns|lBao
+2v2pCy||z 0 M |l340 ||y © N3|| rro-

Concluding the above, we have

1Ylse +11Z o Mllgr < Cpll€+ Jrlle + (1 +4Cy) || |s»
+2pCy [l o N1l gaso N2l garo 19lls»

200y |8t o] [ 85]  I015
w20y [Brom flgrons|lulls
(1) V30, 17 © Nallgaso 12 © Ml

Then we get that the solution (Y, Z o M) of BSDE (10) is in 8P x HP. The
uniqueness can be easily proved if one estimates ||V —Y?|s» +||(Z! — Z?) 0
M||y» via a similar calculation to the one that led to (11).

We shall still use the contraction mapping principle to prove the exis-
tence and uniqueness of the solution. Similar to the proof of Theorem 3.1,
since the martingale (Na, Bé oM,~yo Ns, Bé o N3) is é-sliceable in (BMO)*
with the corresponding finite sequence of stopping times {T;, ¢ =0,... ,f +
1}, we can show that the BSDE

. TZ+1
Vi = Vi (n,, - J)+ / F(5,Ys_) d[Nus, Nois
t+
Tit1

Tita
+/ g(s,Y;_,ZS) d[N3i7Mi]s - / Zs dMi87
t+ t+

has a unique solution (Y%, Z%o M;) in S x HY fori = 0,1, - ,f, inductively
in a backward way. Then, the process (Y, Z o M) given by

I

T
Y= Yixmar,)(t) and Ze=3 Zixigm,o(0)
=0 =0

lies in SP x HP and is the unique adapted solution to BSDE (9). Moreover,
we have

(1= pp) (IVllse + || 27 0 M]|,,,)
(12) < Cpllé+ Il + (4C, + 1) |10 -

This completes the proof. ]
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4. Linear BSDEs with jumps

In this section, we consider BSDE (1) with f = 0,J = 0 and g being linear
with z and independent of y:

T

(13 vi=¢+ [

T T
’y(s)st[Ng,M]s—/ stMs—/ dM}, te[0,T).
t+ t+

t+

In Theorem 3.2, the terminal value £ is assumed to be essentially bounded
to get that Z o M € BMO. For the special BSDE (13), it is sufficient to
assume that £ € BMO so as to guarantee that Z o M € BMO.

Theorem 4.1. Assume that 7y o N3 is e-sliceable in BMO such that
e < (4V5 +V10e; ™,

where c1 is the constant in the BDG inequality for p = 1. Then for any £ €
BMO, BSDE (13) has a unique solution (Y, ZoM, M*) € 0 SP x (BMO)?
p>
such that
ZoM || <k
1Z o M|[gpr0 + BUO = 1€l Baro
where K s a positive constant independent of &.

To prove Theorem 4.1, firstly we need to prove the following lemma.

Lemma 4.1. If X, M € BMO, we have
11X, M)zl sro < (4V5 + V10e )| X || sro | M || Baso

where ¢y is the constant in BDG inequality for p = 1.

Proof of Lemma 4.1. Take Y € H!. Using stopping times {r,,n =1,2,...}
to make all the processes mentioned in this lemma bounded for any fixed n,
we have

E |[v,E”[X, M]r]%]
|

= [ [vpEPr (X, M)r

T T
= | [ vravean. - [X,MJs_dY;w[Yﬂ,[x,MnT]
0 0

= |E[Y™ o X, Mlp+ Y™, [X, M]lr]|
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E[[Y™oX,Mr]+E| > AY"A[X,M],
0<s<T

< |[E[YToX,M7]|+E | sup |[AX,[ > |AY["AM,||,
0<s<T 0<s<T
where E7¢[-] := E[-|.%], 0 < t < T. According to the discontinuous

BMO martingale theory (see e.g. [19, page 200]), if X € BMO, then X
has bounded jumps satisfying

sup |AX5| S 2\/§||X||BMO'
0<s<T

Thus we have

‘IE [[Y, E7[X, M]T]?]

< |E[[YT o X, M]7]|

+2v2|| X | smo |E

/ ' e |

According to Fefferman’s inequality and Lemma 2.9, we have

E[VE7 (X, MIrl7]| < VRV o Xlha Ml zaro
+4|[ X | Baro|Y ™ [l [| M| Brro
VY™ [ls: | Xl maso 1M | aro

+4[| X | Bro|Y ™ |l [| M || Baro-

IN

Using Lemma 2.8 and the BDG inequality, it follows

< V2 MYl [ X || 3ol M || Bro
+4[| X[ srmo Y™ I3 | M| Bro
V2 Y 01X | Bacol| M || Baro
+4[| X BmollY [l | M || Byo-

’IE [[Y, E”[X, M]T];L]

IN

In view of the well-known Fatou’s Lemma, we can get that

B [EZ 1, Mllr ]| < (4+ V2O X sasol Y o 1M paso.
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Using Lemma 2.5, we have

X, Mlrllzmo = |E” (X, Mlr|zamo
< V5 sw {[E[v. 71X, M |}
Y152 <1
< (V5 + V10 )X | Brol| M || Buo-
This completes the proof. O

Proof of Theorem 4.1. For any z o M € BMO, consider the following BS-
DEs:

T T T
(14) Yt:§+/ 'y(s)zsd[Ng,M]s—/ stMS—/ dMZ.
t t+

+ t+
5‘].

By Doob’s inequality and Lemma 2.9, we know that F' € SP for any p €
(1,00). According to Lemma 2.6, we know that BSDE (14) admits a solution
(Y, Z o M, M~*) such that

We define

F=E [E + /OT'V(S)ZS d[N3, M]s

Vi =E [& + /tT’V(S)Zs d[N3, M]s

+

ft:| e SP
for any p € (1,00), and

T
(Zo M+ M), =E[¢|7] +E [ [ i

34 Y
According to Lemma 4.1, we have

|Z o M||Bro 1Z o M+ M~ ||ro

<
< [¢llsmo + Iy o N3,z 0 M| gao
< |léllBmo + (4V5 + V10 1) |1y o Ns| parollz © M| pyo-

We are going to use the contraction mapping principle to prove the
existence and uniqueness of the solution. Consider the following map I in
the Banach space BMO: for z o M € BMO, define I(z o M) to be the
component Z o M of the unique adapted solution (Y,Z o M, M L) of the
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BSDE (14). Let 2z o M € BMO with i = 1,2. Denote by Z' o M the image
I(2* o M) for i = 1,2. Similar to the above arguments, we can show that

(2" = Z%) o M|| 1o < (AV5+ V106 [l 0 Nall a0

X[z = 2%) 0 M| 5y

The rest of the proof is identical to that of Theorem 3.1. This completes the
proof. O
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