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a b s t r a c t

This paper develops the Euler’s polygonal line method for the backward stochastic differential equa-
tions (BSDEs) with super-linearly growing generators. The generators are allowed to be super-linearly
growing in the first unknown variable y and sub-quadratic growing in the second unknown variable
z when the monotonicity condition is satisfied. The convergence rate of the Euler approximation is
derived, which also provides a simple proof for the existence of the solution to the monotone BSDEs.
The proof is very simple and short, without involving the conventional techniques of truncating and
smoothing on the generators.

© 2021 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we consider the Euler’s polygonal line method
or the following nonlinear backward stochastic differential equa-
ions (BSDEs):

dYt = −f (t, Yt , Zt) dt + Zt dWt , t ∈ [0, T ),
YT = ξ,

(1.1)

here the generator f : Ω ×R+
×Rk

×Rk×d
−→ Rk satisfies the

onotonicity condition in the first unknown variable y and sub-
uadratic growth in the second unknown variable z. Nonlinear
SDEs are initially introduced by Pardoux and Peng [1], who
stablish an existence and uniqueness result of solutions under
he uniformly Lipschitz assumption. Since then, much effort has
een given to weaken their classical assumption. The interest of
xtensions of the classical results is inspired by the fact that,
n many applications, the usual Lipschitz condition fails to be
atisfied.
The monotonicity condition for BSDEs appears for the first

ime in a paper by Peng [2], where the generators satisfy the
onotonicity condition in y, which is very helpful to study the BS-
Es with unbounded stochastic terminal times and super-linearly
rowing generators. Pardoux [3] and Pardoux and Rascanu [4]
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solve this kind of BSDEs in the space S2
T (R

k) × H2
T (R

k×d) by
using several operations on the generators, including truncation,
smoothing, passing to the limit and localization. These tech-
niques are also extended to allow the monotonicity coefficients
to be stochastic processes, and the BSDEs are solved in the space
Sp
T (R

k) × Hp
T (R

k×d) with p ̸= 2.
Systems of quadratic BSDEs, whose generators have a

quadratic growth with respect to the variable z, arise naturally in
stochastic optimal control and stochastic differential games, such
as linear quadratic optimal control with random coefficients and
risk-sensitive optimal control. For the scalar case, Kobylanski [5]
gives the existence result under the assumption that the gener-
ators quasi-linearly grow in y. The uniqueness result is derived
under the assumption that the derivatives ∂ f

∂y and ∂ f
∂z have some

ounded properties. Briand and Hu [6] extend these results. For
he existence of the solution, they use the truncating technique to
llow the generators to be monotone in y and the terminal value
o be unbounded. And they require the generators be convex or
oncave with respect to the variable z to get the uniqueness of the
solution. Recently, Hu and Tang [7] solve the multi-dimensional
quadratic BSDEs under the diagonally quadratic condition by
using the BMO martingale theory.

For most nonlinear BSDEs, explicit solutions are not available
in general. It is theoretically and practically appealing to develop
approximating methods for BSDEs. There have been many algo-
rithms for computing solutions of BSDEs. A four step scheme is
developed by Ma, Protter and Yong [8] to approximate forward
backward stochastic partial differential equations (FBSDEs) under
some regularity assumptions. Gobet, Lemor and Warin [9] and
Zhang [10] consider the decoupled FBSDEs with the assumption
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f uniformly Lipschitz continuity in (y, z). Under this assump-
ion, Peng and Xu [11] develop a simple Euler scheme to solve
he one-dimensional BSDEs in a time-discrete way. Richou [12]
nd Chassagneux and Richou [13] investigate the numerical ap-
roximation of Markovian BSDEs with generators of quadratic
rowth in z and uniform Lipschitz continuity in y. By study-
ng the corresponding BS∆Es, Cheridito and Stadje [14] propose
n approximating scheme for scalar BSDEs with sub-quadratic
rowth in z, and they give the convergence results without con-
ergence rate. All these results depend strongly on the uniformly
ontinuous assumption in y. The new features of this paper are
hat the generators f are allowed to be non-uniformly Lipschitz
ontinuous in y and the convergence rates are given.
Lionnet, Reis and Szpruch [15] consider the Markovian FBSDEs

ith polynomial growth in y, and prove that some implicit θ-
type schemes and a tamed version of the explicit Euler scheme
are convergent for their FBSDEs. Subsequently, they [16] pro-
pose some modified explicit schemes, which have the same rate
of convergence as standard implicit schemes and the similar
computational cost to the standard explicit scheme.

In this article, we establish the Euler’s polygonal line method
to approximate our non-Markovian BSDEs with monotone gener-
ators, which is different from the schemes in [15,16] designed for
the Markovian FBSDEs. Krylov [17] first used the Euler’s polygonal
line method to prove the solvability for monotone stochastic
differential equations (SDEs), and the proof is very simple and
short among the relevant literature. We shall show that this
method can be developed to solve monotone BSDEs in some
proper spaces, which seems to be new. We first consider the
scalar BSDEs with the generators being non-uniformly Lipschitz
continuous in the first unknown variable y and sub-quadratic in
the second unknown variable z (i.e., the growth in z is dominated
by 1 + |z|2−ε for a positive number ε ∈ (0, 2]). The proper space
to prove the convergence results is S∞

T (R)×BMO and the conver-
gence speed is at least ε4 . We also consider the multi-dimensional
SDEs with the generators being super-linearly growing in the
irst unknown variable y and uniformly Lipschitz continuous in
he second unknown variable z. Motivated by the explicit Euler
cheme for SDEs in [18], we show that the approximating solu-
ion (Y n, Zn) converges to the exact solution (Y , Z) in Sp

T (R
k) ×

Hp
T (R

k×d) with p ≥ 1 and the rate of convergence is 1
2 .

The rest of the paper is organized as follows. In Section 2, we
repare some basic notations. In Section 3, we state the Euler’s
olygonal line methods and their convergence theorems. The
roofs are given in Section 4.

. Preliminaries

The norm of a k × d matrix is given by |y| =
√

⟨y, y⟩, where
y1, y2⟩ := trace(y1y∗

2). Let (Ω,F , {Ft}t≥0,P) be a complete fil-
ered probability space on which a d′-dimensional Wiener process

= {Wt ; t ≥ 0} is defined such that {Ft}t≥0 is the natural
iltration generated by W , augmented by all the P-null sets in F .
he terminal time T is a fixed positive real number. For 0 ≤ T1 ≤

2 ≤ T and p ≥ 1,

(i) Lp
T1
(Rk) is the space of all FT1-measurable random vari-

ables X : Ω −→ Rk such that

∥X∥Lp
T1

(Rd) =
{
E
[
|X |

p]} 1
p < ∞;

and L∞

T1
(Rk) is the space of all essentially bounded FT1-

measurable random variables;
(ii) Hp

[T1,T2]
(Rk×d) is the space of all predictable processes φ :

Ω × [T1, T2] −→ Rk×d such that

∥φ∥Hp
[T1,T2]

(Rk×d) =

{
E

[(∫ T2

T1

|φt |
2 dt

) p
2
]} 1

p

< ∞;
2

(iii) Sp
[T1,T2]

(Rk) is the space of all adapted càdlàg processes φ :

Ω × [T1, T2] −→ Rk such that

∥φ∥Sp
[T1,T2]

(Rk) =

{
E
[

sup
T1≤t≤T2

|φt |
p
]} 1

p

< ∞;

and S∞

[T1,T2]
(Rk) is the space of all adapted càdlàg processes

φ such that

∥φ∥S∞

[T1,T2]
(Rk) =

 sup
T1≤t≤T2

|φt |


L∞

T2
(Rk)

< ∞;

(iv) BMO is the space of all uniformly integrable càdlàg martin-
gales M with M0 = 0 such that

∥M∥BMO :=

(
sup
τ

∥E [⟨M⟩T − ⟨M⟩τ |Fτ ]∥L∞
T (R)

) 1
2

< ∞,

where the supremum is taken over all stopping times τ ≤

T .

For simplicity, we set Hp
T (R

k×d) := Hp
[0,T ](R

k×d) and Sp
T (R

k) :=

Sp
[0,T ](R

k). For any fixed p ∈ [1,∞], q ∈ [1,∞), n ∈ N+, t ∈ [0, T )
and i = 1, 2, . . . , n, define

Ti :=
i
n
T , ϕ(n, t) :=

[ nt
T

]
+ 1

n
T , ϕ(n, T ) := T ,

nd
p,i(Rk) := Sp

[Tn−i,Tn−i+1](R
k), Hq,i(Rk×d) := Hq

[Tn−i,Tn−i+1](R
k×d).

Throughout the paper, by saying that a vector-valued or
atrix-valued function belongs to a function space, we mean
ll the components belong to that space. By C > 0, we denote
generic constant, which in particular does not depend on the
umber of meshes n and possibly changes from line to line. For
implicity of notations, we omit the argument ω of stochastic
rocesses if there is no danger of confusion.

. Euler approximation and the convergence results

.1. Sub-quadratic growth in z

In this section we state our main results. We first consider the
calar BSDEs with generators being sub-quadratic growing in z
nd non-uniformly Lipschitz continuous in y, such as f (t, y, z) :=

sign(y)
√

|y| + |z|
3
2 . Let k = 1. We make the following assump-

tions:

(Z1) (Monotonicity) There exists a constant K > 0 such that

2 ⟨y1 − y2, f (t, y1, z)− f (t, y2, z)⟩ ≤ K |y1 − y2|2 , (3.1)

for any (ω, t, y1, y2, z) ∈ Ω × [0, T ] × (R)2 × Rd;
(Z2) (Continuity in z) There exist a constant F > 0 and a

non-decreasing function ρ : R+ ↦→ R+ such that

|f (t, y, z1)− f (t, y, z2)| ≤ F (1 + ρ (|y|)+ |z1| + |z2|) |z1 − z2| ,
(3.2)

for any (ω, t, y, z1, z2) ∈ Ω × [0, T ] × R ×
(
Rd
)2;

(Z3) (Growth condition) There exist four constants α > 0, β ≥ 0,
γ > 0 and ε ∈ (0, 2] such that

|f (t, y, z)| ≤ α + β |y| +
γ

2
|z|2−ε , (3.3)

for any (ω, t, y, z) ∈ Ω × [0, T ] × R × Rd;
(Z4) The map y ↦→ f (t, y, z) is continuous from R to R for each

(ω, t, z) ∈ Ω × [0, T ] × Rd;
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(Z5) The terminal value ξ is in L∞

T (R).

Since the BSDEs satisfy the preceding assumptions, the solvability
is obtained from [6, Corollary 4] and [19, Theorem 2.1] as follows.

Lemma 3.1. Let Assumptions (Z1)–(Z5) be satisfied. Then BSDE
(1.1) admits a unique solution (Y , Z ◦ W ) in S∞

T (R) × H2
T (R

d).

The classical proof of the above result involves several techni-
al methods, including truncating, smoothing, passing to a limit
n the generators and localization technique. In the next section,
e will use the Euler approximation to prove the above result,
hich is very simple and seems to be novel.
Before giving the approximation equations, let us first consider

simple class of BSDEs with the generators f being independent
with y, i.e.,

f = f (t, z) : Ω × [0, T ] × Rd
→ R.

The solvability of such BSDEs can be found in Hu and Tang
[7, Lemma 2.1] as follows, which is the basic tool to design our
approximating scheme.

Lemma 3.2. Assume that ξ ∈ L∞

T (R) and there exist two positive
constants α, γ such that

f (t, z)
⏐⏐ ≤ α+

γ

2
|z|2 , |f (s, z1)− f (s, z2)| ≤ α (1 + |z1| + |z2|) |z1 − z2| ,

or all (ω, t, z, z1, z2) ∈ Ω × [0, T ]× (Rd)3. Then the BSDE (f , T , ξ )
has a solution (Y , Z ◦ W ) in S∞

T (R) × H2
T (R

d) such that

∥Y∥S∞
T (R) ≤ αT + ∥ξ∥S∞

T (R) .

Now we give the Euler’s polygonal line method. Consider the
following BSDE:

Y n,1
t = ξ +

∫ T

t
f
(
s,EFs [ξ ] , Zn,1

s

)
ds−

∫ T

t
Zn,1
s dWs, t ∈ [Tn−1, T ] .

(3.4)

The generator of BSDE (3.4) is

f n,1(s, z) := f
(
s,EFs [ξ ] , z

)
,

which is independent with y. Note that |z|2−ε ≤ 1+|z|2, we have⏐⏐f n,1 (s, z)⏐⏐ ≤ α+β ∥ξ∥L∞

T (R)+
γ

2
|z|2−ε ≤ α+

γ

2
+β ∥ξ∥L∞

T (R)+
γ

2
|z|2 .

ne can verify that f n,1 satisfies all the conditions in Lemma 3.2
ith the coefficients:

αn,1
= α +

γ

2
+ β ∥ξ∥L∞

T (R) , γ n,1
= γ .

y Lemma 3.2, BSDE (3.4) has a solution (Y n,1, Zn,1) in S∞,1(R)×
2,1(Rd) such that

Y n,1
∥S∞,1(R) ≤

(
α +

γ

2

) T
n

+

(
1 +

βT
n

)
∥ξ∥L∞

T (R) .

Next we consider the following BSDE:

Y n,2
t = Y n,1

Tn−1
+

∫ Tn−1

t
f
(
s,EFs

[
Y n,1
Tn−1

]
, Zn,1

s

)
ds −

∫ Tn−1

t
Zn,1
s dWs,

t ∈ [Tn−2, Tn−1] . (3.5)

The generator of BSDE (3.5) is

f n,2(s, y, z) := f
(
s,EFs

[
Y n,1
Tn−1

]
, z
)
,

which does not depend on y. Note that⏐⏐f n,2(s, y, z)⏐⏐ ≤ α +
γ

+ β
Y n,1

 +
γ

|z|2 .

2 S∞,1(R) 2

3

Thus f n,2 satisfies all the conditions in Lemma 3.2 with

αn,2
= α +

γ

2
+ β

Y n,1

S∞,1(R) , γ n,2

= γ .

By Lemma 3.2, BSDE (3.5) has a solution (Y n,2, Zn,2) ∈ S∞,2(R) ×

H2,2(Rd) such that

∥Y n,2
∥S∞,2(R) ≤

(
α +

γ

2

) T
n

+

(
1 +

βT
n

)Y n,1

S∞,1(R) .

Inductively in a backward way, one can use Lemma 3.2 to
show that for each i = 1, . . . , n, the following BSDE:

Y n,i
t = Y n,i−1

Tn−i+1
+

∫ Tn−i+1

t
f
(
s,EFs

[
Y n,i−1
Tn−i+1

]
, Zn,i

s

)
ds

−

∫ Tn−i+1

t
Zn,i
s dWs, t ∈ [Tn−i, Tn−i+1] ,

has a solution (Y n,i, Zn,i) in S∞,i(R) × H2,i(Rd), where Y n,0
T = ξ .

The generator is

f n,i(s, y, z) := f
(
s,EFs

[
Y n,i
Tn−i+1

]
, z
)

with the parameters

αn,i
= α +

γ

2
+ β

Y n,i−1

S∞,i−1(R) , β

n,i
= 0, γ n,i

= γ .

ThusY n,i

S∞,i(R) ≤

(
α +

γ

2

) T
n

+

(
1 +

βT
n

)Y n,i−1

S∞,i−1(R) . (3.6)

We define for t ∈ [0, T ],

Y n
t :=

n∑
i=1

Y n,i
t · χ[Tn−i,Tn−i+1) + ξ · χ{t=T }

and

Zn
t :=

n∑
i=1

Zn,i
t · χ[Tn−i,Tn−i+1) + Zn,1

T · χ{t=T }.

Thus we know that (Y n, Zn) is in S∞

T (R)×H2
T (R

d) and is a solution
of the following backward equation:

Y n
t = Y n

ϕ(n,t) +

∫ ϕ(n,t)

t
f
(
s,EFs

[
Y n
ϕ(n,s)

]
, Zn

s

)
ds −

∫ ϕ(n,t)

t
Zn
s dWs,

t ∈ [0, T ] , (3.7)

where Y n
T = ξ .

We can prove that the approximated solution {(Y n, Zn)}n≥1
defined by (3.7) is a Cauchy sequence, which gives the existence
result of solution and the error estimate as follows.

Theorem 3.1. Let Assumptions (Z1)–(Z5) be satisfied. Then {(Y n,

Zn)}n≥1 is a Cauchy sequence in S∞

T (R) × BMO, which converges to
the unique solution (Y , Z ◦ W ) of BSDE (1.1). Moreover, we haveY n

− Y

S∞
T (R) +

Zn
− Z


BMO ≤

C

n
ε
4
,

where C is a constant independent of n.

3.2. Super-linearly growth in y

Next we consider the Euler approximation for the BSDEs with
generators being super-linearly growing in y and uniformly Lip-
schitz continuous in z, such as f (t, y, z) := −ym + sin(z) with m
being any positive odd integer. We make the following assump-
tions:



Y. Li and S. Tang Systems & Control Letters 153 (2021) 104952

(

(

(

(

(

U
c

F
e

L
B

s
T
c
α

f

W
g
a

f

F

,

Y1) (Monotonicity) There exist two constants K > 0 and H > 0
such that

2 ⟨y1 − y2, f (t, y1, z)− f (t, y2, z)⟩ ≤ K |y1 − y2|2 , (3.8)

and

⟨y, f (t, y, 0)⟩ ≤ H
(
1 + |y|2

)
, (3.9)

for any (ω, t, y, y1, y2, z) ∈ Ω × [0, T ] ×
(
Rk
)3

× Rk×d;
Y2) (Continuity in z) There exists a constant L > 0 such that

|f (t, y, z1)− f (t, y, z2)| ≤ L |z1 − z2| , (3.10)

for any (ω, t, y, z1, z2) ∈ Ω × [0, T ] × Rk
×
(
Rk×d

)2.
Y3) (Continuity in y) There exist two constants J > 0 and l > 0

such that

|f (t, y1, z)− f (t, y2, z)| ≤ J
(
1 + |y1|l + |y2|l

)
|y1 − y2| ,

(3.11)

for any (ω, t, y1, y2, z) ∈ Ω × [0, T ] ×
(
Rk
)2

× Rk×d.
Y4) There exist a constant M > 0 such that

|f (t, 0, 0)| ≤ M, (3.12)

for any (ω, t) ∈ Ω × [0, T ].
Y5) The terminal value ξ ∈ Lp0

T

(
Rk
)
for some p0 > 1.

nder the above assumptions, we know there exists a positive
onstant C such that

|f (t, y, z)| ≤ C
(
1 + |y|l+1

+ |z|
)
. (3.13)

or this kind of BSDEs, we have the following uniqueness and
xistence of solution from [20, Theorem 4.2].

emma 3.3. Let the assumptions (Y1)–(Y5) be satisfied. Then
SDE (1.1) admits a unique solution (Y , Z) ∈ Sp0

T (Rk) × Hp0
T (Rk×d).

Motivated by Sabanis [18], we shall give the approximation
cheme when the generators are super-linearly growing in y.
o do this, we introduce the approximate generators {f n}n≥1 to
alculate the approximate solutions {(Y n, Zn)}n≥1. For n ∈ N+ and
∈ (0, 1), define

n (t, y, z) := f (t, y, z)−
n−α |y|l

1 + n−α |y|l
f (t, y, 0) .

e observe that the value of α is closely related to the conver-
ence rate of {f n}n≥1. We shall leave α to be determined later in
n optimal way. Note that

n (t, y, z) = f (t, y, z)− f (t, y, 0)+
f (t, y, 0)

1 + n−α |y|l
.

urther, we observe that for any (ω, t, y, z, z1, z2) ∈ Ω × [0, T ]×
Rk

× (Rk×d)3,

(i) for the constants C and L in (3.10) and (3.13), we have⏐⏐f n (t, y, z)⏐⏐ ≤ Cnα (1 + |y|)+ L |z| ;

(ii) for the constant L in (3.10), we have⏐⏐f n (t, y, z1)− f n (t, y, z2)
⏐⏐ ≤ L |z1 − z2| ;

(iii) for the constant H in (3.9), we have⟨
y, f n (t, y, 0)

⟩
≤ H

(
1 + |y|2

)
.

Now we give the Euler’s polygonal line method. Consider the
following BSDE:
4

Y n,1
t = ξ+

∫ T

t
f n
(
s,EFs [ξ ] , Zn,1

s

)
ds−

∫ T

t
Zn,1
s dWs, t ∈ [Tn−1, T ] .

(3.14)

The generator of BSDE (3.14) is

f n,1 (s, z) := f n
(
s,EFs [ξ ] , z

)
,

which does not depend on y and is uniformly Lipschitz continu-
ous in z. Moreover, we have

E

[∫ T

Tn−1

⏐⏐f n,1 (s, 0)⏐⏐p0 ds] < ∞

due to the linear growth property of f n(t, ·, 0). Thus BSDE (3.14)
has a unique solution (Y n,1, Zn,1) in Sp0,1(Rk)×Hp0,1(Rk×d) (see [21
Theorem 5.1]).

In a similar way, we show that the following BSDE has a
unique solution (Y n,2, Zn,2) in Sp0,2(Rk) × Hp0,2(Rk×d):

Y n,2
t = Y n,1

Tn−1
+

∫ Tn−1

t
f n
(
s,EFs

[
Y n,1
Tn−1

]
, Zn,2

s

)
ds

−

∫ Tn−1

t
Zn,2
s dWs, t ∈ [Tn−2, Tn−1] .

Inductively in a backward way, it follows that for each i =

1, . . . , n, the following BSDE

Y n,i
t = Y n,i−1

Tn−i+1
+

∫ Tn−i+1

t
f n
(
s,EFs

[
Y n,i−1
Tn−i+1

]
, Zn,i

s

)
ds

−

∫ Tn−i+1

t
Zn,i
s dWs, t ∈ [Tn−i, Tn−i+1] ,

has a unique solution (Y n,i, Zn,i) in Sp0,i(Rk) × Hp0,i(Rk×d), where
Y n,0
T := ξ .
We define

Y n
t :=

n∑
i=1

Y n,i
t · χ[Tn−i,Tn−i+1)(t) + ξ · χ{T }(t)

and

Zn
t :=

n∑
i=1

Zn,i
t · χ[Tn−i,Tn−i+1)(t) + Zn,1

T · χ{T }(t).

Thus, (Y n, Zn) lies in Sp0
T (Rk) × Hp0

T (Rk×d) and is the unique
solution of the following BSDE

Y n
t = ξ+

∫ T

t
f n
(
s,EFs

[
Y n
ϕ(n,s)

]
, Zn

s

)
ds−

∫ T

t
Zn
s dWs, t ∈ [0, T ].

(3.15)

For the approximated solution {(Y n, Zn)}n≥1 defined by (3.15),
we have the following convergence result.

Theorem 3.2. Let Assumptions (Y1)–(Y5) be satisfied with p0 >
2(2l + 1). Then for any p ∈ [1, p0

2l+1 ), we haveY n
− Y


Sp
T (R

k) +
Zn

− Z

Hp

T (R
k×d) ≤

C
√
n
,

where C is a positive constant independent with n.

Remark 3.1. For the special case that the generator f := f (t, y)
is independent with z, we could give an explicit formula for the
approximation solution

Y n
t := EFt

[
ξ +

∫ T

f n
(
s,EFs

[
Y n
ϕ(n,s)

])
ds
]

t
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i
r

4

S

I

S

=

I

φ

T

s

n an inductively backward way, which has the half-order accu-
acy ∥Y n

− Y∥Sp
T (R

k) ≤
C

√
n .

4. Proofs

4.1. Some auxiliary results

The following lemma is an extended dominated convergence
theorem (see Yan and Liu [22, page 130]).

Lemma 4.1. Let {Xn}n∈N be a series of random variables and
{Un}n∈N a series of integrable non-negative random variables. If

(i) |Xn| ≤ Un and Xn −→ X a.s.;
(ii) There is an integrable random variable U such that Un −→ U

a.s., and
∫
Un −→

∫
U.

Then we have
∫

|Xn − X | −→ 0. In particular, we have
∫
Xn −→∫

X.

From the dominated convergence theorem and the BDG in-
equality, we have the following lemma.

Lemma 4.2. For p ≥ 2, if (Y , Z) ∈ Sp
T (R

k) × Hp
T (R

k×d), then{∫ t

0
|Ys|

p−2
⟨Ys, ZsdWs⟩ , 0 ≤ t ≤ T

}
is a martingale.

The following lemma plays a crucial role in the proof of
Theorem 3.1, and can be found in Hu and Tang [7, Lemma A.4].

Lemma 4.3. For K̃ > 0, there are two positive constants c1 and c2
depending only on K̃ such that for any BMO martingale M, we have

c1 ∥M∥BMO(P) ≤ ∥M̃∥BMO(̃P) ≤ c2 ∥M∥BMO(P) ,

for any one-dimensional BMO martingale N with ∥N∥BMO(P) ≤ K̃ ,
where M̃ := M − ⟨M,N⟩ and d̃P := E (N)T0 dP.

The following lemma is used to prove Theorem 3.2, and is
available in Gyöngy and Krylov [23, Lemma 3.2].

Lemma 4.4. Let T ∈ (0,∞), f := {ft}0≤t≤T and g := {gt}0≤t≤T
be non-negative continuous F -adapted processes such that, for any
constant c > 0,

E
[
fτχg0≤c

]
≤ E

[
gτχg0≤c

]
,

for any stopping time τ ≤ T . Then, for any stopping time σ ≤ T and
γ ∈ (0, 1), we have

E
[

sup
0≤t≤σ

f γt

]
≤

2 − γ

1 − γ
E
[

sup
0≤t≤σ

gγt

]
.

.2. The proof of Theorem 3.1 .

The proof consists of the following four steps.
tep 1: We give a prior estimation for supn∈N

{
∥Y n∥S∞

T (R)

}
.

Fix n ∈ N. According to (3.6), for any i = 1, 2, . . . , n we have

∥Y n,i
∥S∞,i(R) ≤

(
α +

γ

2

) T
n

+

(
1 +

βT
n

)Y n,i−1

S∞,i−1(R)

≤

(
α +

γ

2

) T
n

+

(
1 +

βT
n

)[(
α +

γ

2

) T
n

+

(
1 +

βT
)Y n,i−2


S∞,i−2(R)

]

n

5

=

(
α +

γ

2

) T
n

[
1 +

(
1 +

βT
n

)]
+

(
1 +

βT
n

)2 Y n,i−2

S∞,i−2(R)

≤ · · ·

≤

(
α +

γ

2

) T
n

[
1 +

(
1 +

βT
n

)
+ · · · +

(
1 +

βT
n

)i−1
]

+

(
1 +

βT
n

)i

∥ξ∥L∞(R) .

f β = 0, it is obvious that

Y n,i

S∞,i(R) ≤

(
α +

γ

2

)
T + ∥ξ∥L∞(R) := M0.

If β ̸= 0, we haveY n,i

S∞,i(R) ≤

(
α +

γ

2

) T
n

[
1 + · · · +

(
1 +

βT
n

)n−1
]

+

(
1 +

βT
n

)n

∥ξ∥L∞(R)

≤
1
β

(
α +

γ

2

)[(
1 +

βT
n

)n

− 1
]

+ eβT ∥ξ∥L∞(R)

≤
1
β

(
α +

γ

2

) (
eβT − 1

)
+ eβT ∥ξ∥L∞(R) := M.

et M := max{M0,M}. Then we obtain that

sup
n∈N

{Y n

S∞
T (R)

}
≤ M.

Step 2: We prove that {Zn
◦W }n≥1 ⊆ BMO are uniformly bounded,

which leads to the fact that the local error tends to zero uniformly
in [0, T ] ×Ω when n goes to ∞. To do this, we define

φ(y) := γ−2 [exp(γ |y|) − γ |y| − 1] , y ∈ R.

One can verify that

φ′(y) = γ−1 [exp(γ |y|) − 1] sgn (y), φ′′(y) = exp(γ |y|),
φ′′(y) − γ |φ′(y)| = 1.

For any bounded stopping time τ , using Itô’s formula to com-
pute φ(Y n

τ ), we have

φ(Y n
τ ) +

1
2
EFτ

[∫ T

τ

φ′′(Y n
s )|Z

n
s |

2 ds
]

EFτ [φ(ξ )] + EFτ

[∫ T

τ

φ′(Y n
s )f (s,E

Fs
[
Y n
ϕ(n,s)

]
, Zn

s ) ds
]

≤ φ(∥ξ∥L∞

T (R)) + EFτ

[∫ T

τ

|φ′(Y n
s )|
(
α +

γ

2
+ βM +

γ

2
|Zn

s |
2
)
ds
]
.

t holds that

(Y n
τ ) +

1
2
EFτ

[∫ T

τ

|Zn
s |

2ds
]

≤ φ(∥ξ∥L∞
T (R))

+EFτ

[∫ T

τ

|φ′(Y n
s )|
(
α +

γ

2
+ βM

)
ds
]

≤ φ(M) +
⏐⏐φ′(M)

⏐⏐ (α +
γ

2
+ βM

)
T :=

N2

2
< ∞.

hus, we have

up
n∈N

∥Zn
◦ W∥BMO ≤ N.

According to (3.7), we have

Y n
t = ξ+

∫ T

t
f
(
s,EFs

[
Y n
ϕ(n,s)

]
, Zn

s

)
ds−

∫ T

t
Zn
s dWs, t ∈ [0, T ] . (4.1)

Define the local error
n Ft

[ n ] n [ ]
pt := E Yϕ(n,t) − Yt , t ∈ 0, T .
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T{
S

p

I

|

N
n
S

=

=

w
h

≤

(

w
T

f

B

|

T
{

n

w{
i
p

d

≤

≤

hen BSDE (4.1) reads

dY n
t = −f

(
t, Y n

t + pnt , Z
n
t

)
dt + Zn

t dWt , t ∈ [0, T );
Y n
T = ξ .

(4.2)

ince Zn
◦ W is a BMO martingale, we have

n
t = −EFt

[∫ ϕ(n,t)

t
f
(
s,EFs

[
Y n
ϕ(n,s)

]
, Zn

s

)
ds
]
, t ∈ [0, T ] .

(4.3)

t yields that

pnt | ≤ EFt

[∫ ϕ(n,t)

t

⏐⏐f (s,EFs
[
Y n
ϕ(n,s)

]
, Zn

s

)⏐⏐ ds]
≤ (α + βM)

T
n

+
γ

2
EFt

[∫ ϕ(n,t)

t

⏐⏐Zn
s

⏐⏐2−ε ds]
≤ (α + βM)

T
n

+
γ

2
EFt

[(∫ ϕ(n,t)

t

⏐⏐Zn
s

⏐⏐2 ds)1− ε
2

(ϕ (n, t)− t)
ε
2

]

≤ (α + βM)
T
n

+
γ

2
(N2

+ 1)
(
T
n

) ε
2

:= δn. (4.4)

ote that {δn}n∈N is a sequence of deterministic non-negative
umbers with δn ≤ Cn−

ε
2 .

tep 3: We prove that {(Y n, Zn
◦ W )}n∈N is a Cauchy sequence in

S∞

T (R) × BMO. Define ψ(t) := e−2K (T−t). For each n,m ∈ N, using
Itô’s formula, we have

ψτ |Y n
τ − Ym

τ |
2
+

∫ T

τ

ψs|Zn
s − Zm

s |
2 ds

+2
∫ T

τ

ψs(Y n
s − Ym

s )(Zn
s − Zm

s ) dWs

2
∫ T

τ

ψs(Y n
s − Ym

s )
[
f (s, Y n

s + pns , Z
n
s ) − f (s, Ym

s + pms , Z
m
s )
]
ds

−2K
∫ T

τ

ψs|Y n
s − Ym

s |
2ds

2
∫ T

τ

ψs(Y n
s − Ym

s )
[
f (s, Y n

s + pns , Z
n
s ) − f (s, Y n

s + pns , Z
m
s )
]
ds

−2K
∫ T

τ

ψs|Y n
s − Ym

s |
2ds

+2
∫ T

τ

ψs
[
(Y n

s + pns ) − (Ym
s + pms )

] [
f (s, Y n

s + pns , Z
m
s )

−f (s, Ym
s + pms , Z

m
s )
]
ds

−2
∫ T

τ

ψs(pns − pms )
[
f (s, Y n

s + pns , Z
m
s ) − f (s, Ym

s + pms , Z
m
s )
]
ds,

here τ is an arbitrary bounded stopping time. Furthermore, we
ave

ψτ |Y n
τ − Ym

τ |
2
+

∫ T

τ

ψs|Zn
s − Zm

s |
2 ds

+2
∫ T

τ

ψs(Y n
s − Ym

s )(Zn
s − Zm

s ) dWs

K
∫ T

τ

ψs|(Y n
s + pns ) − (Ym

s + pms )|
2 ds − 2K

∫ T

τ

ψs|Y n
s − Ym

s |
2 ds

+4
∫ T

τ

ψs|pns − pms |

(
α + βM +

γ

2
+
γ

2
|Zm

s |
2
)
ds

+2
∫ T

τ

ψs(Y n
s − Ym

s )
[
f (s, Y n

s + pns , Z
n
s ) − f (s, Y n

s + pns , Z
m
s )
]
ds

≤ 2K
∫ T

ψs|pns − pms |
2 ds + 4

∫ T

ψs(|pns | + |pms |)

τ τ

6

×

(
α + βM +

γ

2
+
γ

2
|Zm

s |
2
)
ds

+2
∫ T

τ

ψs(Y n
s − Ym

s )
[
f (s, Y n

s + pns , Z
n
s ) − f (s, Y n

s + pns , Z
m
s )
]
ds

≤ 4KT (δ2n + δ2m) + 4T
(
α + βM +

γ

2

)
(δn + δm) + 2γ (δn + δm)

×

∫ T

τ

|Zm
s |

2ds

+2
∫ T

τ

ψs(Y n
s − Ym

s )
[
f (s, Y n

s + pns , Z
n
s ) − f (s, Y n

s + pns , Z
m
s )
]
ds.

For any fixed n,m ∈ N, we define Ln,ms =
(
(Ln,ms )1, . . . , (Ln,ms )i,

. . . , (Ln,ms )d
)T as follows:

Ln,ms )i :=

⎧⎨⎩
f (s, Y n

s + pns , Z̄
n,m
i (s)) − f (s, Y n

s + pns , Z̄
n,m
i+1 (s))

(Zn
s − Zm

s )i
if (Zn

s − Zm
s )i ̸= 0,

0 if (Zn
s − Zm

s )i = 0,

here Z̄n,m
i (s) :=

(
(Zm

s )1, . . . , (Zm
s )i−1, (Zn

s )i, (Z
n
s )i+1, . . . , (Zn

s )d
)T.

hen we have

(s, Y n
s + pns , Z

n
s ) − f (s, Y n

s + pns , Z
m
s ) = ⟨Zn

s − Zm
s , L

n,m
s ⟩.

y virtue of (3.2), we get

Ln,ms | ≤ C(1 + ρ(M) + |Zn
s | + |Zm

s |).

hus Ln,m ◦ W ∈ BMO. Moreover, there is a uniform bound for
Ln,m ◦ W }n,m≥1 in BMO,

sup
,m∈N

∥Ln,m ◦ W∥BMO ≤ K̃ ,

here K̃ := CT [1 + ρ(M)] + 2CN . Thus

W n,m
t := Wt −

∫ t

0
Ln,ms ds, 0 ≤ t ≤ T

}
s a standard Brownian Motion with respect to the equivalent
robability measure Pn,m defined by

Pn,m
:= E(Ln,m ◦ W )T0 dP.

It follows that

ψ0|Y n
τ − Ym

τ |
2
+ ψ0

∫ T

τ

|Zn
s − Zm

s |
2 ds

+2
∫ T

τ

ψs(Y n
s − Ym

s )(Zn
s − Zm

s ) dW n,m
s

4KT (δ2n + δ2m) + 4T (α + βM +
γ

2
)(δn + δm)

+2γ (δn + δm)
∫ T

τ

|Zm
s |

2 ds.

Denote by EFτ
n,m [ · ] the expectation operator with respect to the

probability measure Pn,m, conditioned on Fτ . Thus

ψ0|Y n
τ − Ym

τ |
2
+ ψ0EFτ

n,m

[∫ T

τ

|Zn
s − Zm

s |
2 ds

]
4KT (δ2n + δ2m) + 4T (α + βM +

γ

2
)(δn + δm)

+2γ (δn + δm)EFτ
n,m

[∫ T

τ

|Zm
s |

2 ds
]
.
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T

≤

B
d

≤

≤

S

w

G

T
).

I
i
p

R
a

=

his implies thatY n
− Ym

 2
S∞
T (R) +

Zn
◦ W n,m

− Zm
◦ W n,m

 2
BMO(Pn,m)

4KTe2KT
(
δ2n + δ2m

)
+ 2e2KT

[
2T
(
α + βM +

γ

2

)
+γ ∥Zm

◦W n,m
∥
2
BMO(Pn,m)

]
(δn + δm).

y Lemma 4.3, there are two constants c1 > 0 and c2 > 0
epending only on K̃ such thatY n

− Ym
2
S∞
T (R) + c21∥Z

n
◦ W − Zm

◦ W∥
2
BMO(P)

4KTe2KT (δ2n + δ2m) + 2e2KT
[
2T
(
α + βM +

γ

2

)
+γ c22∥Z

m
◦W∥

2
BMO(Pn,m)

]
(δn + δm)

4KTe2KT (δ2n + δ2m) + 2e2KT
[
2T
(
α + βM +

γ

2

)
+γ c22N

2
]
(δn + δm). (4.5)

Thus (Y n, Zn
◦ W )n∈N is a Cauchy sequence in S∞

T (R) × BMO.
There exists (Y , Z ◦ W ) ∈ S∞

T (R) × BMO such that

∥Y n
− Y∥S∞

T (R) + ∥Zn
◦ W − Z ◦ W∥BMO ≤ δ

1
2
n ≤

C

n
ε
4
.

tep 4: Finally, we take limits of Eq. (4.2). For any t ∈ [0, T ], we
have

Yt −

(
ξ +

∫ T

t
f (s, Ys, Zs) ds −

∫ T

t
Zs dWs

)
= (Yt − Y n

t ) +

∫ T

t

[
f (s, Y n

s + pns , Z
n
s ) − f (s, Ys, Zs)

]
ds

+

∫ T

t
(Zs − Zn

s ) dWs,

which leads to that

E
[
sup

0≤t≤T

⏐⏐⏐⏐Yt −

(
ξ +

∫ T

t
f (s, Ys, Zs) ds −

∫ T

t
Zs dWs

)⏐⏐⏐⏐]
≤ ∥Y n

− Y∥S∞
T (R) + E

[∫ T

0

⏐⏐f (s, Y n
s + pns , Z

n
s ) − f (s, Ys, Zs)

⏐⏐ ds]
+C∥Zn

− Z∥H1
T (R

d). (4.6)

It is easy to see that the first term and the third term in the
right-hand side of (4.6) tend to zero when n goes to ∞ because
of the conclusions in step 3. For the third term, we can extract
subsequences of (Y n)n∈N, (pn)n∈N and (Zn)n∈N (for the sake of
simplicity of notations, we still denote these subsequences by
(Y n)n∈N, (pn)n∈N and (Zn)n∈N respectively) such that

lim
n→∞

Y n
t = Yt , lim

n→∞
Zn
t = Zt , lim

n→∞
pnt = 0, a.s. a.e.

We define

F n
s := |f (s, Y n

s + pns , Z
n
s ) − f (s, Ys, Zs)|.

It turns out that limn→∞ F n
s = 0, a.s., a.e. since f is continuous in

the last two arguments (y, z). Note that

|F n
s | ≤ |f (s, Y n

s + pns , Z
n
s )| + |f (s, Ys, Zs)|

≤ α +
γ

2
+ βM +

γ

2
|Zn

s |
2
+ α +

γ

2
+β∥Y∥S∞

T (R) +
γ

2
|Zs|2 ≤ Gn

s ,

ith
n

:= 2α + γ + β(M + ∥Y∥S∞(R)) +
γ
(|Zs|2 + |Zn

|
2).
s T 2 s

7

Define

Gs := 2α + γ + β(M + ∥Y∥S∞
T (R)) + γ |Zs|2.

We have

(i) |F n
s | ≤ Gn

s , a.s., a.e.;
(ii) For any n ∈ N, Gn is integrable with respect to dP ⊗ dt;

limn→∞ Gn
s = Gs, a.s., a.e.;

(iii) limn→∞ E
[∫ T

0 Gn
s ds

]
= E

[∫ T
0 Gs ds

]
.

According to Lemma 4.1, we know that

lim
n→∞

E
[∫ T

0
|f (s, Y n

s + pns , Z
n
s ) − f (s, Ys, Zs)| ds

]
= E

[∫ T

0
lim
n→∞

F n
s ds

]
= 0,

which implies that

E
[
sup

0≤t≤T

⏐⏐⏐⏐Yt −

(
ξ +

∫ T

t
f (s, Ys, Zs) ds −

∫ T

t
Zs dWs

)⏐⏐⏐⏐] = 0.

Therefore, we have

Yt = ξ +

∫ T

t
f (s, Ys, Zs) ds −

∫ T

t
Zs dWs.

he existence of solution is proved.
The uniqueness of solution is an immediate consequence of (4.5

n fact, it is sufficient to let (Y n, Zn
◦W ) be the solution (Y , Z ◦W )

f n is even and be another solution (Y ′, Z ′
◦ W ) if n is odd with

n
≡ 0. The proof is complete. □

emark 4.1. According to (4.4), we see that the sub-quadratic
ssumption ε > 0 is essential to prove that the local error pn

tends to zero uniformly in [0, T ] ×Ω when n goes to ∞.

4.3. The proof of Theorem 3.2

The proof consists of the following three steps.
Step 1: We give an a priori estimate for supn∈N

{
sup0≤t≤T

E
[
|Y n

t |
p0
]}

.
Fix n ∈ N. Due to p0 ≥ 2(2l+ 1) ≥ 2, we can use Itô’s formula

to get that

|Y n
t |

p0 +
p0(p0 − 1)

2

∫ T

t
|Y n

s |
p0−2

|Zn
s |

2 ds

= |ξ |p0 + p0

∫ T

t
|Y n

s |
p0−2 ⟨Y n

s , f
n(s,EFs

[
Y n
φ(n,s)

]
, Zn

s )
⟩
ds

−p0

∫ T

t
|Y n

s |
p0−2 ⟨Y n

s , Z
n
s dWs

⟩
.

Since (Y n, Zn) ∈ Sp0
T (Rk)×Hp0

T (Rk×d), using Lemma 4.2, we know
that the process{∫ t

0
|Y n

s |
p0−2 ⟨Y n

s , Z
n
s dWs

⟩
, 0 ≤ t ≤ T

}
is a martingale. Thus, we have

|Y n
t |

p0 +
p0(p0 − 1)

2
EFt

[∫ T

t
|Y n

s |
p0−2

|Zn
s |

2 ds
]

EFt
[
|ξ |p0

]
+ p0EFt

[∫ T

t
|Y n

s |
p0−2

⟨Y n
s , f

n(s,EFs
[
Y n
ϕ(n,s)

]
, Zn

s )

−f n(s,EFs
[
Y n
ϕ(n,s)

]
, 0)⟩ ds

]
+p0EFt

[∫ T

|Y n
s |

p0−2
⟨EFs

[
Y n
ϕ(n,s)

]
, f n(s,EFs

[
Y n
ϕ(n,s)

]
, 0)⟩ ds

]

t
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≤

≤ I

−

+p0EFt

[∫ T

t
|Y n

s |
p0−2

⟨EFs
[
Y n
s − Y n

ϕ(n,s)

]
, f n(s,EFs

[
Y n
ϕ(n,s)

]
, 0)⟩ ds

]
≤ EFt

[
|ξ |p0

]
+ p0EFt

[∫ T

t
|Y n

s |
p0−2L|Y n

s ||Zn
s |ds

]
+CEFt

[∫ T

t
|Y n

s |
p0−2

(
1 +

⏐⏐EFs
[
Y n
ϕ(n,s)

]⏐⏐2) ds]
+p0EFt

[∫ T

t
|Y n

s |
p0−2EFs

[∫ ϕ(n,s)

s
|f n(r,EFr

[
Y n
ϕ(n,r)

]
, Zn

r )|dr
]

×
⏐⏐f n(s,EFs

[
Y n
ϕ(n,s)

]
, 0)
⏐⏐ ds].

By Young’s inequality, we have

|Y n
t |

p0 +
p0(p0 − 1)

2
EFt

[∫ T

t
|Y n

s |
p0−2

|Zn
s |

2 ds
]

EFt
[
|ξ |p0

]
+ p0EFt

[∫ T

t
|Y n

s |
p0−2

(
L2

p0 − 1
|Y n

s |
2
+

p0 − 1
4

|Zn
s |

2
)

ds
]

+CEFt

[∫ T

t
(1 + |Y n

s |
p0 + EFs

[⏐⏐Y n
ϕ(n,s)

⏐⏐p0]) ds]
+CEFt

[∫ T

t
|Y n

s |
p0−2

∫ ϕ(n,s)

s

{
n2α
(
1 +

⏐⏐EFs
[
Y n
ϕ(n,s)

]⏐⏐2)
+

p0(p0 − 1)
8CT

EFs
[⏐⏐Zn

r

⏐⏐2]} drds
]

EFt
[
|ξ |p0

]
+

p0(p0 − 1)
4

EFt

[∫ T

t
|Y n

s |
p0−2

|Zn
s |

2 ds
]

+
p0(p0 − 1)

8T
EFt

[∫ T

t
|Y n

s |
p0−2EFs

[∫ ϕ(n,s)

s

⏐⏐Zn
r

⏐⏐2 dr] ds]
+C

(
1 + n2α−1)EFt

[∫ T

t
(1 + |Y n

s |
p0 + EFs

[
|Y n
ϕ(n,s)|

p0
]
) ds
]
, (4.7)

for all t ∈ [0, T ].
We set

2α − 1 ≤ 0. (4.8)

Temporarily, we let p0 = 2. It follows

1
2
EFt

[∫ T

t
|Zn

s |
2 ds

]
≤ EFt

[
|ξ |2

]
+

1
4T

EFt

[∫ T

t

∫ ϕ(n,s)

s

⏐⏐Zn
r

⏐⏐2 drds]
+CEFt

[∫ T

t

(
1 + |Y n

s |
2
+ |Y n

ϕ(n,s)|
2
)
ds
]
.

Integrating by part, we have∫ T

t

∫ ϕ(n,s)

s

⏐⏐Zn
r

⏐⏐2 drds ≤

∫ T

t

∫ T

s

⏐⏐Zn
r

⏐⏐2 drds =

∫ T

t
(s − t)

⏐⏐Zn
s

⏐⏐2 ds
≤ T

∫ T

t

⏐⏐Zn
s

⏐⏐2 ds.
It yields that

EFt

[∫ T

t
|Zn

s |
2ds
]

≤ CEFt
[
|ξ |2

]
+CEFt

[∫ T

t

(
1 + |Y n

s |
2
+ |Y n

ϕ(n,s)|
2
)
ds
]
.

(4.9)

Now we let p0 ≥ 2(2l + 1). According to (4.7), we have

E
[
|Y n

t |
p0
]

≤ C + C
∫ T

t

(
E
[
|Y n

s |
p0
]
+ E

[
|Y n
ϕ(n,s)|

p0
])

ds

≤ C + C
∫ T

t
sup
s≤r≤T

E
[
|Y n

r |
p0
]
ds.

According to the backward Gronwall’s inequality, there is a con-
stant MY > 0 such that

sup sup E
[
|Y n

t |
p0
]

≤ MY .

n∈N 0≤t≤T

8

Step 2: We prove that {Y n
}n≥1 converges to Y in Sp

T (R
k).

Set p1 :=
p0

2l+1 and note that p1 > 2. By Itô’s formula, we obtain

−d|Y n
t − Yt |

p1 +
p1(p1 − 1)

2
|Y n

t − Yt |
p1−2

|Zn
t − Zt |

2 dt

+p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , (Zn

t − Zt )dWt
⟩

= p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , f n(t,EFt

[
Y n
ϕ(n,t)

]
, Zn

t ) − f (t, Yt , Zt )
⟩
dt

= p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , f n(t,EFt

[
Y n
ϕ(n,t)

]
, Zn

t ) − f n(t,EFt
[
Y n
ϕ(n,t)

]
, Zt )

⟩
dt

+p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , f n(t,EFt

[
Y n
ϕ(n,t)

]
, Zt ) − f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt )

⟩
dt

+p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt ) − f (t, Y n

t , Zt )
⟩
dt

+p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , f (t, Y n

t , Zt ) − f (t, Yt , Zt )
⟩
dt.

According to the Lipschitz condition and monotonicity condition,
we have

−d|Y n
t − Yt |

p1 +
p1(p1 − 1)

2
|Y n

t − Yt |
p1−2

|Zn
t − Zt |

2 dt

+p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , (Zn

t − Zt )dWt
⟩

≤ p1|Y n
t − Yt |

p1−2
(
p1 − 1

4
|Zn

t − Zt |
2
+

L2

p1 − 1
|Y n

t − Yt |
2
)

dt

+p1|Y n
t − Yt |

p1−1 ⏐⏐f n(t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt )

⏐⏐ dt
+p1|Y n

t − Yt |
p1−1 ⏐⏐f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt ) − f (t, Y n

t , Zt )
⏐⏐ dt

+
p1K
2

|Y n
t − Yt |

p1dt.

t holds that

d|Y n
t − Yt |

p1 ≤ −
p1(p1 − 1)

4
|Y n

t − Yt |
p1−2

|Zn
t − Zt |

2 dt

−p1|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , (Zn

t − Zt )dWt
⟩

+C |Y n
t − Yt |

p1dt

+C |f n(t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt )|

p1dt

+C |f (t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t, Y n

t , Zt )|
p1 dt. (4.10)

Define

φ(t) := exp [C(t − T )] , t ∈ [0, T ] ,

where C > 0 is the constant in (4.10). Note that e−CT
≤ φ(t) ≤ 1.

We get
−d(φ(t)|Y n

t − Yt |
p1 ) = −Cφ(t)|Y n

t − Yt |
p1 dt − φ(t) d|Y n

t − Yt |
p1

≤ −
e−CTp1(p1 − 1)

4
|Y n

t − Yt |
p1−2

|Zn
t − Zt |

2 dt

−p1φ(t)|Y n
t − Yt |

p1−2 ⟨Y n
t − Yt , (Zn

t − Zt ) dWt
⟩

+C
⏐⏐f n(t,EFt

[
Y n
ϕ(n,t)

]
, Zt ) − f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt )

⏐⏐p1 dt
+C

⏐⏐f (t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t, Y n

t , Zt )
⏐⏐p1 dt. (4.11)

Since (Y n
− Y , Zn

− Z) ∈ Sp0
T (Rk)×Hp0

T (Rk×d), Lemma 4.2 tells
us that{∫ t

0
φ(s)|Y n

s − Ys|
p1−2 ⟨Y n

s − Ys, (Zn
s − Zs)dWs

⟩
, 0 ≤ t ≤ T

}
is a martingale. Then for any stopping time τ ≤ T , we have

E
[
φ(τ )|Y n

τ − Yτ |
p1
]

≤ C [M1 (n, p1)+ M2 (n, p1)] ,

where

M1(n, p1) := E
[∫ T

0

⏐⏐f n(t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt )

⏐⏐p1 dt]

= E

⎡⎢⎣∫ T

0

n−αp1
⏐⏐EFt

[
Y n
ϕ(n,t)

]⏐⏐lp1(
1 + n−α

⏐⏐EFt
[
Y n
ϕ(n,t)

]⏐⏐l)p1 ⏐⏐f (t,EFt
[
Y n
ϕ(n,t)

]
, 0)
⏐⏐p1 dt

⎤⎥⎦
≤ Cn−αp1E

[∫ T

0

⏐⏐EFt
[
Y n
ϕ(n,t)

]⏐⏐lp1 (1 +
⏐⏐EFt

[
Y n
ϕ(n,t)

]⏐⏐l+1
)p1

dt
]

≤ Cn−αp1

∫ T (
1 + E

[⏐⏐Y n
ϕ(n,t)

⏐⏐p1(2l+1)
])

dt ≤ Cn−αp1 ,

0
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M2(n, p1) := E
[∫ T

0

⏐⏐f (t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t, Y n

t , Zt )
⏐⏐p1 dt

]
≤ E

∫ T

0

{
J
(
1 +

⏐⏐EFt
[
Y n
ϕ(n,t)

]⏐⏐l + ⏐⏐Y n
t

⏐⏐l) ⏐⏐EFt
[
Y n
ϕ(n,t) − Y n

t

]⏐⏐}p1 dt

≤ CE

[∫ T

0

(
1 +

⏐⏐EFt
[
Y n
ϕ(n,t)

]⏐⏐lp1 + |Y n
t |

lp1
)

×

⏐⏐⏐⏐EFt

[∫ ϕ(n,t)

t
f n(s,EFs

[
Y n
ϕ(n,s)

]
, Zn

s ) ds
]⏐⏐⏐⏐p1dt

]

≤ CE

[∫ T

0

(
1 + |EFt

[
Y n
ϕ(n,t)

]
|
lp1

+ |Y n
t |

lp1
)

×

(
EFt

[∫ ϕ(n,t)

t

[
nα
(
1 + |Y n

ϕ(n,t)|
)
+ |Zn

s |
]
ds
])p1

dt

]

≤ Cn(α−1)p1

∫ T

0

(
1 + E

[⏐⏐Y n
ϕ(n,t)

⏐⏐p1(l+1)
]

+ E
[⏐⏐Y n

t

⏐⏐p1(l+1)
])

dt

+CE

⎡⎣∫ T

0

(
T
n
EFt

[∫ T

t
|Zn

s |
2ds
]) p1(l+1)

2

dt

⎤⎦
≤ Cn(α−1)p1 + Cn−

(l+1)p1
2 ≤ Cn(α−1)p1 + Cn−

p1
2 ,

n which (4.9) is used. By Lemma 4.4, we get that for any γ ∈

(0, 1),

E
[
sup

0≤t≤T
φ(t)

⏐⏐Y n
t − Yt

⏐⏐p1γ] ≤ C(n−αp1 + n(α−1)p1 + n−
p1
2 )γ . (4.12)

In view of (4.8), the parameter α is optimally chosen to be 1
2 .

hen, for any p ∈ [1, p0
2l+1 ), we have

E
[
sup

0≤t≤T

⏐⏐Y n
t − Yt

⏐⏐p]) 1
p

≤
C

√
n
.

tep 3: We prove that {Zn
}n≥1 converges to Z in Hp

T (R
k).

Taking p1 = 2 in (4.11), we have

e−CT

2

∫ T

0
|Zn

t − Zt |
2 dt

≤ −2
∫ T

0
φ(t)

⟨
Y n
t − Yt , (Zn

t − Zt )dWt
⟩

+ C
∫ T

0
|f n(t,EFt

[
Y n
ϕ(n,t)

]
, Zt ) − f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt )|

2dt

+ C
∫ T

0
|f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt ) − f (t, Y n

t , Zt )|
2 dt.

If p ∈ [2, p0
2l+1 ), we get[(∫ T

0
|Zn

t − Zt |
2 dt

) p
2
]

≤ CE

[⏐⏐⏐⏐∫ T

0
φ(t)

⟨
Y n
t − Yt , (Zn

t − Zt )dWt
⟩⏐⏐⏐⏐

p
2
]

+ CE
[∫ T

0

⏐⏐f n(t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t,EFt

[
Y n
ϕ(n,t)

]
, Zt )

⏐⏐pdt]
+ CE

[∫ T

0

⏐⏐f (t,EFt
[
Y n
ϕ(n,t)

]
, Zt ) − f (t, Y n

t , Zt )
⏐⏐p dt

]
≤CE

[(∫ T

|Y n
t − Yt |

2
|Zn

t − Zt |
2dt
) p

4
]

+ C[M1(n, p) + M2(n, p)]

0

9

≤ E

[
C2

2
sup

0≤t≤T
|Y n

t − Yt |
p
+

1
2

(∫ T

0
|Zn

t − Zt |
2dt
) p

2
]

+ Cn−
p
2 ,

which yields that(
E

[(∫ T

0
|Zn

t − Zt |
2 dt

) p
2
]) 1

p

≤
C

√
n
.

If p ∈ [1, 2), we can use Jensen’s inequality to get

E

[(∫ T

0
|Zn

t − Zt |
2 dt

) p
2
]

≤

(
E
[∫ T

0
|Zn

t − Zt |
2 dt

]) p
2

≤

(
C

√
n

)p

.

This completes the proof. □

CRediT authorship contribution statement

Yunzhang Li: Methodology, Investigation, Writing - original
draft. Shanjian Tang: Conceptualization, Investigation, Supervi-
ion, Validation, Writing - review & editing.

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared
o influence the work reported in this paper.

eferences

[1] E. Pardoux, S. Peng, Adapted solution of a backward stochastic differential
equation, Systems Control Lett. 14 (1990) 55–61.

[2] S. Peng, Probabilistic interpretation for systems of quasilinear parabolic
partial differential equations, Stoch. Stoch. Rep. 37 (1991) 61–74.

[3] E. Pardoux, Backward stochastic differential equations and viscosity so-
lutions of systems of semilinear parabolic and elliptic PDEs of second
order, in: Stochastic Analysis and Related Topics VI, Vol. 42, Progr. Probab.,
Birkhäuser Boston, Boston, MA, 1998, pp. 79–127.

[4] E. Pardoux, A. Rascanu, Stochastic differential equations, backward
SDEs, partial differential equations, in: Stochastic Modelling and Applied
Probability, Vol. 69, Springer, Cham, 2014, p. xviii+667.

[5] M. Kobylanski, Backward stochastic differential equations and partial
differential equations with quadratic growth, Ann. Probab. 28 (2000)
558–602.

[6] Ph. Bri, Y. Hu, Quadratic BSDEs with convex generators and unbounded
terminal conditions, Probab. Theory Related Fields 141 (2008) 543–567.

[7] Y. Hu, S. Tang, Multi-dimensional backward stochastic differential equa-
tions of diagonally quadratic generators, Stochastic Process. Appl. 126
(2016) 1066–1086.

[8] J. Ma, P. Protter, J. Yong, Solving forward-backward stochastic differential
equations explicitly-a four step scheme, Probab. Theory Related Fields 98
(1994) 339–359.

[9] E. Gobet, J. Lemor, X. Warin, A regression-based Monte Carlo method to
solve backward stochastic differential equations, Ann. Appl. Probab. 15
(2005) 2172–2202.

[10] J. Zhang, A numerical scheme for BSDEs, Ann. Appl. Probab. 14 (2004)
459–488.

[11] S. Peng, M. Xu, Numerical algorithms for backward stochastic differential
equations with 1-d Brownian motion: convergence and simulations, ESAIM
Math. Model. Numer. Anal. 45 (2011) 335–360.

[12] A. Richou, Numerical simulation of BSDEs with drivers of quadratic growth,
Ann. Appl. Probab. 21 (2011) 1933–1964.

[13] J. Chassagneux, A. Richou, Numerical simulation of quadratic BSDEs, Ann.
Appl. Probab. 26 (2016) 262–304.

[14] P. Cheridito, M. Stadje, Bs∆es and BSDEs with non-Lipschitz drivers:
comparison, convergence and robustness, Bernoulli 19 (2013) 1047–1085.

[15] A. Lionnet, G. dos Reis, L. Szpruch, Time discretization of FBSDE with
polynomial growth drivers and reaction–diffusion PDEs, Ann. Appl. Probab.
25 (2015) 2563–2625.

[16] A. Lionnet, G. dos Reis, L. Szpruch, Convergence and qualitative properties
of modified explicit schemes for BSDEs with polynomial growth, Ann. Appl.
Probab. 28 (2018) 2544–2591.

http://refhub.elsevier.com/S0167-6911(21)00082-7/sb1
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb1
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb1
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb2
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb2
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb2
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb3
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb3
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb3
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb3
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb3
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb3
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb3
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb4
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb4
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb4
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb4
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb4
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb5
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb5
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb5
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb5
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb5
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb6
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb6
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb6
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb7
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb7
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb7
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb7
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb7
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb8
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb8
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb8
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb8
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb8
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb9
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb9
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb9
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb9
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb9
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb10
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb10
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb10
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb11
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb11
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb11
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb11
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb11
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb12
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb12
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb12
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb13
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb13
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb13
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb14
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb14
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb14
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb15
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb15
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb15
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb15
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb15
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb16
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb16
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb16
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb16
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb16


Y. Li and S. Tang Systems & Control Letters 153 (2021) 104952
[17] N. Krylov, A simple proof of the existence of a solution to the Itô equation
with monotone coefficients, Theory Probab. Appl. 35 (1990) 583–587,
translation in.

[18] S. Sabanis, Euler approximations with varying coefficients: the case of
super-linearly growing diffusion coefficients, Ann. Appl. Probab. 26 (2016)
2083–2105.

[19] Ph. Briand, J. Lepeltier, J. Martin, One-dimensional backward stochastic dif-
ferential equations whose coefficient is monotonic in y and non-Lipschitz
in z, Bernoulli. 13 (2007) 80–91.
10
[20] Ph. Briand, B. Delyon, Y. Hu, E. Pardoux, L. Stoica, Lp Solutions of backward
stochastic differential equations, Stochastic Process. Appl. 108 (2003)
109–129.

[21] N. El Karoui, S. Peng, M.C. Quenez, Backward stochastic differential
equations in finance, Math. Finance 7 (1997) 1–71.

[22] S. Yan, X. Liu, Measure and Probability, second ed., Beijing Normal
University Publishing Group, Beijing, 2005.

[23] I. Gyongy, N. Krylov, On the rate of convergence of splitting-up approx-
imations for SPDEs, in: Stochastic Inequalities and Applications, Vol. 56,
Progr. Probab., Birkhäuser, Basel, 2003, pp. 301–321.

http://refhub.elsevier.com/S0167-6911(21)00082-7/sb17
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb17
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb17
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb17
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb17
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb18
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb18
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb18
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb18
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb18
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb19
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb19
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb19
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb19
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb19
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb20
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb20
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb20
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb20
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb20
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb21
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb21
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb21
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb22
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb22
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb22
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb23
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb23
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb23
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb23
http://refhub.elsevier.com/S0167-6911(21)00082-7/sb23

	Approximation of BSDEs with super-linearly growing generators by Euler's polygonal line method: A simple proof of the existence
	Introduction
	Preliminaries
	Euler approximation and the convergence results
	Sub-quadratic growth in z
	Super-linearly growth in y

	Proofs
	Some auxiliary results
	The proof of thm2 .
	The proof of thm3 

	CRediT authorship contribution statement
	Declaration of competing interest
	References


