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1�Ù: VÇØÄ:

§1.1 S K

1. �A ´�f�8Ü, @o|F | = 2|A |. �fÒ´Ø¹k�ÿýf8����ÿ

8.

2. Þ~: Fn = σ({1}, · · · , {n}), @o
⋃
n Fn �ê, Ø�U´σ-�ê. 1�Ü©:

(M��ë¯�Jø
y², �ÑØ
�*, e¡�y²'��*, ·��@�y

²ATaquc¡��~, �´vk¤õ, �·w�ë¯�y²¥�Hn �½Â

â,kg´
.)

I shall split it as several parts.

claim 1. there exists a disjoint sequence {Fn} such that Fn ∈ Fn \Fn−1 for each

n. The proof is easy. Set

Hn := Fn ∩ σ(F1, F2, · · · )

as σ-algebra on (
⋃
n Fn) and then Fn ∈Hn \Hn−1. It suffices to prove that

⋃
n Hn

is not a σ-algebra. Since A ∈ σ(F1, F2, · · · ) if and only if there is a unique S ⊂ N

such that A =
⋃
i∈S Fi, we may assume that Ω is N, Hn is a strictly increasing

sequence of σ-algebras on N, and for each n, {n} ∈Hn \Hn−1.

claim 2. for each n, any finite subset of

{n+ 1, n+ 2, · · · , }

is not in Hn.

Proof. Suppose that this is not true. There exists 0 < k1 < · · · < kj such that

{n+ k1, · · · , n+ kj} ∈Hn.

Then it is also in Hn+k1 and then {n+ k2, · · · , n+kj} ∈Hn+k1 . Hence recursively

{n+ kj} ∈Hn+kj−1 , which is a contradiction.

claim 3. for k > n, there exists an atom in Hn containing {k}.
Proof. Define

a := inf{
∑
i∈I

i−2 : k ∈ I, I ∈Hn}.

Since {I ∈ Hn : k ∈ I} is closed under countable operation, there exists S ∈ Hn

with k ∈ S such that a =
∑
i∈S i

−2. Then S is the atom in Hn containing {k}.
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claim 4. There exists a subsequence {kn} such that for each n, any proper subset

of {kn+1, kn+2, · · · } is not in Hkn .

Proof. Set S̄ = S \ {minS} for S ⊂ N. Let S1 = N and S2 the atom in H1

containing min S̄1 = 2. Since S̄1 ∈ H1, S2 ⊂ S̄1. By claim 2, S2 is infinite. Then

S2 ∈ HminS2
and then S̄2 ∈ HminS2

. Let S3 be the atom in HminS2
containing

min S̄2. It follows that S3 ⊂ S̄2. By claim 2, S3 is infinite. Recursively we have

S1 ⊃ S̄1 ⊃ S2 ⊃ S̄2 ⊃ S3 ⊃ S̄3 ⊃ · · ·Sn ⊃ S̄n ⊃ Sn+1 ⊃ · · ·

satisfying that for any n, Sn+1 is the atom in HminSn containing min S̄n. Then

kn := minSn = minSn−1 is what we want.

Proof. Let

H ′
n = Hkn ∩ {k1, k2, · · · }.

Then H ′
n = σ({k1, · · · , kn} which is finite and it follows that

⋃
n H ′

n is countable

and hence not a σ-algebra. This implies that
⋃
n Hn =

⋃
n Hkn is not either.

3. B(R) = σ({(−∞, x) : x ∈ Q}), Ïd§�õ�¢ê�³, Lebesgue �ÿ8�

N´�¢ê��8�³�.

5. ���Ø��An ∈ F0,�
⋃
An ∈ F0,-Cn =

⋃∞
n Ai,@oCn ∈ F0�limCn =

∅, Ïdµ(
⋃
Ai) =

∑n
1 µ(Ai) + µ(Cn+1), �4�.

6. (2) ekA1 ∪ N1 = A2 ∪ N2, ��yµ(A1) = µ(A2). �N ′i ∈ F , Ni ⊂ N ′i ,

µ(N ′i) = 0. PN0 = N1∪N2, N ′0 = N ′1∪N ′2,Kµ(A1) = µ(A1∪N ′1) ≤ µ(A1∪N ′0) =

µ(A2 ∪N ′0) = µ(A2), íÑµ(A2) = µ(A1).

7. (1) µ∗ �½Â´

µ∗(A) = inf{
∑

µ(Bn) : Bn ∈ F , A ⊂
⋃
Bn}.

Ïdµ∗ ≤ µ∗∗. ��é?Ûε > 0,

µ∗(A) + ε ≥
∑

µ(Bn) ≥ µ(
⋃
Bn) ≥ µ∗∗(A).

(3) duµ(Ω) <∞, �µ∗(A) = µ(Ω)− µ∗(Ac).
⇐: �yé?ÛE ⊂ Ω, kµ∗(E) ≥ µ∗(A ∩ E) + µ∗(Ac ∩ E). Ø���>k�, é

?Ûε > 0, �3B ∈ F , µ∗(E) + ε ≥ µ(B). Ïµ∗(Ω) < ∞, ��3A1, A2 ∈ F ¦

�A1 ⊂ A ⊂ A2 �µ(A2 \A1) < ε. K

µ∗(E) + ε ≥ µ(B) = µ(B ∩A2) + µ(B \A2)
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≥ µ∗(E ∩A) + µ(B \A1)− ε

≥ µ∗(E ∩A) + µ∗(E \A)− ε.

⇒: w,µ∗(A) ≥ µ∗(A). ��, XJA ∈ M , Kµ(Ω) ≥ µ∗(A) + µ∗(Ac). í

Ñµ∗(A) ≥ µ∗(A).

8. üNa½n: é?ÛE ∈ F , �8a[E] := {F ∈ F : E ∪ F,E \ F, F \ E ∈ F}.
@o[E] ´üNa. XJE ∈ A , @oA ⊂ [E], íÑm(A ) ⊂ [E], ùpm(A ) L

«A )¤�üNa. ù¿�XXJF ∈ m(A ), @oA ⊂ [F ], qíÑm(A ) ⊂ [F ].

�Ò´`m(A ) é¿��$�µ4, Ïd, §´σ-�ê, �σ(A ) ⊂ m(A ) ⊂ F .

10. ��Ã��σ-�êÙ�f��ê�½´Ã�õ�.

11. ⇒: XJA ⊃ B, @oA \B = (Ac ∪B)c. XJAn 4O, @olimAn =
⋃

(An \
An−1). ⇐: Ï�ω ∈ A , �§éÖµ4. 2yA éØ�¿µ4. �A,B ∈ A , Ø

�. KA ∪B = (Ac \B)c.

12. (1)Ï�ëY¼ê�½´Borel�ÿ�. (2)�Iy²�Ω´Ýþ�m�, A (Ω)

�¹¤km8½ö48. �G ´48, Kx ∈ G ��=�d(x,G) = 0. -f(x) :=

d(x,G). KG = {x : d(x,G) = 0}.
15. �x ∈ [−1, 1],

λξ−1([−1, x]) = λ({θ ∈ [0, 2π] : sin θ ≤ x}) = 2 arcsinx.

16. ��y²�3«mI ¦�

µ(I) <∞

Ò�±
. ��ÿ8E¦�0 < µ(E) <∞,��K;|8ëY¼êf ¦�
∫
f(x)dx =

1. @od²£ØC5

µ(E) =

∫ ∫
1E(x)f(y)µ(dx)dy

=

∫ ∫
1E(x+ y)f(y)µ(dx)dy

=

∫
1E ∗ f(x)µ(dx),

�´g = 1E ∗f ´�KëY¼ê. �Ò´`�3�K�²�ëY¼êg¦�µ(g) <

∞.

17. y²P([0, 1/4]) = 1/4. Ù§aq. ÄkdÿÝ��

P([0, 1/2]) + P([0, 1/4] ∪ [1/2, 3/4])



4

= P([0, 1/4]) + P([0, 3/4]) = 2P([0, 1/4]) + P([1/4, 3/4]).

d^��P([0, 1/4]) = 1/4.

18. (1) dJordan ©)íÑ. (2) w,ù��ÿÝXJ�37��. -µ ∨ ν :=

1D · ν+ 1Dc ·µ. w,§÷v(a),,	é?ÛA, µ∨ ν(A) = ν(D∩A) +µ(Dc ∩A) ≤
k(D ∩A) + k(Dc ∩A) = k(A), Ïd(b) ÷v.

19. �f ∈ L1(R, µ), Ké?Ûε > 0, �3N ¦�µ(|f1{|x|>N}|) < ε. f1{|x|>N}

�±d{ü¼ê%C,¤±·��Iy²«5¼ê�±�ëY¼ê%C.é?Ûÿ

Ýk��Borel8B,�ε > 0,�3m8G�48F ,¦�F ⊂ B ⊂ G�µ(G\F ) <

ε. ½Â

f(x) =
d(x,Gc)

d(x,Gc) + d(x, F )

@of ëY, f |G = 0, f |F = 1 �µ(|1B − f |) < ε.

20. ¢Sþy²

F ⊂
⋃
J⊂I

σ({ξi : i ∈ J}),

Ù¥J �H¤k��f8. ù�I�ym>´σ-�êÒ

.

21. (ë�î\S�ÿÝØùÂ) w,y²1�é{Ò

. Put µ =
∑
n Pn/2n,

@oµ ´VÇÿÝ, �Pn � µ. ½Âd(A,B) = µ(A∆B), A,B ∈ F . @o(F , d)

´��Ýþ�m, Ï�{1A : A ∈ F} ´L1(µ) ¥�48. �a > 0, -

Lj = {A ∈ F : ∀n,m >≥ j, |Pn(A)− Pm(A)| < a},

du¼êA 7→ Pn(A) 3F þëY, �Lj ´48. d^��F =
⋃
j Lj . dBaire

j½níÑ, ,Lj kS:A. =�3h > 0 ¦�{B : µ(B∆A) < h} ⊂ Lj . dýé

ëY5, �3δ > 0 ¦�µ(C) < δ %¹Pi(C) < a, 1 ≤ i ≤ j. @oén ≥ j,

Pn(C) = Pn(A ∪ C)− Pn(A) + Pn(A)− Pn(A \ C)

≤ |Pn(A ∪ C)− Pj(A ∪ C)|+ |Pj(A ∪ C)− Pj(A)|+ |Pj(A)− Pn(A)|

+ |Pn(A \ C)− Pj(A \ C)|+ |Pj(A \ C)− Pj(A)|+ |Pj(A)− Pn(A)|

≤ 6a.

=íÑBk ↓ ∅ %¹supn Pn(Bk) ↓ 0. ¢Sþ1�é{�1�é{�d.

(,�«y²: ë¯�Jø) Let An decrease to empty set. We need to show

limk limn Pn(Ak) = 0. Suppose that limk limn Pn(Ak) = c > 0. Then when k

large enough,

9c/8 > lim
n

Pn(Ak) ≥ c.
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There exist n1 and k1 such that 9c/8 > Pn1
(Ak1) > 7c/8. Then there exists k2 > k1

such that Pn1(Ak2) < c/8. There exists n2 > n1 such that

9c/8 > Pn2
(Ak2) > 7c/8.

This procedure gives two sequences {ni} and {ki} satisfying

9c/8 > Pni(Aki) > 7c/8, Pni(Aki+1
) < c/8.

Therefore we may assume that {Pn} and {Ak} satisfies

9c/8 > Pn(An) > 7c/8, Pn(An+1) < c/8.

Set

A :=
⋃
n≥1

(A2n−1 \A2n).

Then

P2n−1(A) ≥ P2n−1(A2n−1 \A2n) ≥ 7c/8− c/8 = 6c/8

and

P2n(A) ≤ P2n(A1 \A2n) + P2n(A2n+1) ≤ 9c/8− 7c/8 + c/8 = 3c/8.

This contradicts to the existence of limit limn Pn(A).

§1.2 S K

2. |^Dynkin Úny²é?ÛA ∈ σ(A ), k1A ∈H .

3. ⇐: w,. ⇒: XJξ = 1A, @oA ∈ σ(η), �Ò´`�3Borel 8B ¦�A =

η−1(B), Ïdξ = 1A = 1B(η).

4. 3½n1.2.5 ¥®²y².

5. (1) d½n1.2.5 íÑ. ��±|^L«½n. ½Âφ(f) := 〈f, ν〉, f ∈ L2(λ). @

o|φ(f)| ≤ ||f ||L2(λ), Ïd�3g. (2) νs(B
c) = 0. ν(B) =

∫
B
gdµ + gdν = µ(B) +

ν(B), Ïdµ(B) = 0. é?ÛD, µ(D) = 0.
∫
f(1 − g)dν =

∫
fgdµ. -f = 1D, @

o
∫
D

(1− g)dν = 0,Ïdνa(D) = ν(D ∩A) = 0. (3) (1− g) · νa = (1− g) · ν = g ·µ.

6. (1) Ø��Ω = [0, 1], -f(x) := P(A ∩ [0, x]), ù´ëY¼ê. (2) �3A1 ⊂ A

¦�0 < P(A1) < P(A). �A1 �A \ A1 ÿÝ�ö, UYù�L§. Ù¢�3A �

4~�ÿf8�An ÷vP(An) < 1/n. (3) k�µ(A) < +∞. A ��ÿf8xA

¡�G, XJ(a) A ⊃ {An}, Ù¥An Xþ; (b) A ¥�?Ûü�8ÜA1, A2, ½
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öA1 ⊂ A2 ½öA2 ⊂ A1 (�Ñµ-"ÿ8). dZorn Ún, ���4��GA , ·�

y²{P(B) : B ∈ A } �H[0,P(A)] ¥�¤k�. -

a = sup{P(B) : B ∈ A ,P(B) ≤ x},

b = inf{P(B) : B ∈ A ,P(B) ≤ x}.

Äkþ¡þ(e)(.3A ¥�±��. Ï��3Bn ¦�P(Bn) ↑ a, duA ´

�G, �Bn 4O, K
⋃
Bn ∈ A �P(

⋃
Bn) = a. �P(A′′) = b,P(A′) = a, X

Ja < x < b, @o�0 < c < b − a = P(A′′ \ A′), �3B′ ⊂ A′′ \ A′ ¦�0 <

P(B′) < c, @oP(A′) < P(A′ ∪ B′) < P(A′′), ¤±rA′ ∪ B′ �3A ¥E,´�

�G, �A �4�5gñ. ��I�y²XJµ(A) = +∞, @o�3A ��ÿf

8A′ ¦�x < µ(A′) < +∞. ¯¢þ, A��ÿf8xA ¡���G,XJA ¥�

8ÜÿÝk��?Ûü�8Ük�¹'X(�Ñ"ÿ8ØO). G��N÷vZorn

Ún�^�,Ïdk�4�G,P�A . XJA ¥kÿÝ�ux�8Ü,@oy�.

Ø,, b := sup{µ(B) : B ∈ A } ≤ x, d���\5, �3B ∈ A ¦�µ(B) = b. @

oµ(E \ B) = +∞. �3B′ ⊂ E \ B ¦�0 < µ(B′) < +∞. ½ÂA′ = B ∪ B′, @
oA′ �¹
A ¥�¤k8Ü, µ(A′) > b. ÏdA ∪ {A′} �´��G, �A �4

�5gñ.

,�«�{(ë¯�Jø): ��U
y²e¡�äóÒ

: é?ÛÿÝk��

8ÜA, �?Ûε > 0, A �±��k��ÿÝØ�Lε �Ø��ÿ8Ü�¿. ¯¢

þ, ½Â

µε(B) = sup{µ(B′) : B′ ⊂ B, 0 < µ(B′) ≤ ε}.

d(2)íÑµ(B) > 0 %¹µε(B) > 0. �3A1 ⊂ A, ¦�µε(A)/2 < µ(A1) ≤ ε. X

Jµ(A\A1) > ε. �3A2 ⊂ A\A1 ¦�µ(A\A1)/2 < µ(A2) ≤ ε. UY,��{An},
÷vAn ⊂ A \ (

⋃n−1
i=1 Ai), �

µε(A \ (

n−1⋃
i=1

Ai)/2 < µ(An) ≤ ε.

-B =
⋃
An. µ(B) ≤ µ(A), �

µε(A \B) ≤ µε(A \ (

n−1⋃
i=1

Ai) ≤ 2µ(An) −→ 0,

Ïdµ(A \B) = 0. �3n ¦�µ(
⋃
i>nAi) ≤ ε, �A y©�A1, · · · , An,

⋃
i>nAi.

8. (ë�î\S�ÿÝØùÂ) -H ∗
+ ´�H ¥��K4O��4��N. ½

ÂI∗(f) = sup{I(g) : g ∈ H , f ≥ g ≥ 0}. �H ¥4OÂñuf ��K¼ê
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�fn, w,I∗(f) ≥ limn I(fn), �L5, é?Ûg ∈ H , 0 ≤ g ≤ f , kfn ∧ g ↑ g,

�limn I(fn) ≥ limn I(fn ∧ g) = I(g). ÏdI∗(f) = limn I(fn). I∗(f) �fn �ÀJ

Ã'.

9. ⇒: �y{, �3An ¦�µ(An) < n−2, ν(An) ≥ ε. -A =
⋂
n

⋃
k>nAk, ØJ�

yµ(A) = 0, �ν(A) > ε.

10. �3Ø��Ωn ¦�
⋃
n Ωn = Ω �0 < µ(Ωn) <∞. -f =

∑
n

1
2nµ(Ωn)1Ωn .

N\K:�Ω´Ø�ê8, F ´Ω�ü:f8)¤�σ-�ê. y²: é��{(ω, ω) :

ω ∈ Ω} 6∈ F ×F

½ÂF þ�ÿÝµ,XJA��, µ(A) = 0,XJAc ��, µ(A) = 1. @o(Ω,F , µ)

´VÇ�m. �y{,XJé��D�ÿ,@oFubini½n�^. ù�N´O�1D

�\gÈ©´". 2�µ× µ(D), CXD �?ÛÝ/�ÿ8�¥7,k��Ý/

´ü�Ø��8�¦È, Ïdµ× µ(D) = 1. gñ.

§1.3 S K

2. Ï�F ëY, F−1(x) = inf{y : F (y) ≤ x} = inf{y : F (y) = x}, �F (F−1(x)) =

x, ÏdP(F (ξ) ≤ x) = P(ξ ≤ F−1(x)) = x.

4. F ÷v(F̂ (x/
√
n))n = F̂ (x).

18. (2) �an > 0,
∑
n an = 1, y²: {

∑
n∈A an : A ⊂ N} ´48. In fact, put

µ({n}) = 2−n and d(A,B) = µ(A∆B) for A,B ⊂ N, g(A) =
∑
n∈A an. Then d is

a metric on 2N. Two things need to check: (1) (2N, d) is compact; ^é��{y

²: é?ÛS�,�1�©þÑ´0(½1,o´�±)�f�,2Ù¥�1��©þÑ

´0(½1)�f�, UY, ,�<Ñé���, Ùn �©þl1n ����Ñ´��

�,¤±§Âñ. (2) g is continuous. We know that the image of compact set under

continuous mapping is compact. That completes the proof. ��/, Ω = A∪Ac, P
3AþlÑ,3Acþ��f. @oP����u{P(B) : B ⊂ A}+{P(B) : B ⊂ Ac}
´48�Ú.

25. k�½ω2 éω1 �Ï", Eξη − ξ(ω2)Eη − η(ω2)Eξ + ξ(ω2)η(ω2) ≥ 0, ,�2

éω2 �Ï", �Eξη − EξEη ≥ 0.

26. ξ =
∑
n 1An , Eξ =

∑
n P(An),dBorel-CantelliÚn, Eξ = +∞%¹XP(lim supAn) =

1, =P(ξ = +∞) = 1.

27. F = σ (
⋃
n σ(ξ1, · · · , ξn)).

28. (ë¯�Jø) �A ´�σ-�ê. -ξn = 1An ,

Ã := {
⋃
n≥1

⋂
k≥n

{ξk = ak} : ak ∈ {0, 1}}.
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@o(1)d^�íÑÃ ¥¤k8ÜVÇ�"; (2)¤k8ÜpØ��,Ù¿�Ω,Ï

dÃ Ø��; (3) Ã ⊂ A �Ã ¥�8Ü´A ¥��f.

It is easy to verify that if A ∈ σ(X1, · · · , Xn, · · · ), then Xn(ω) = Xn(ω′) for all n

and ω ∈ A implies that ω′ ∈ A.

½Âω ∼ ω′, XJ�3k ¦�n ≥ k �ξn(ω) = ξn(ω′). XJA ∈ A , ω ∼ ω′, @

oω ∈ A implies ω′ ∈ A. (3) follows.

�A ´��)¤�, A = σ(B1, · · · , Bn, · · · ). Let B = (
⋃
Bn)

c
. Then it is easy

to check that B is an atom in A . By Kolmogorov 0-1 law, we may assume that

P(Bn) = 0. Then there exists infinite many elements in Ã which are contained in

B. This contradicts with the fact that B is an atom in A .

§1.4 S K

1. dE
∑
|ξn| <∞, Ïd

∑
ξn ýéÂñ. 2|^��Âñ½nEξ =

∑
Eξn.

2. E|ξ| =
∑
n E(|ξ|;n ≤ |ξ < n+ 1), nP(n ≤ |ξ| < n+ 1) ≤ E(|ξ|;n ≤ |ξ| < n+ 1) <

(n + 1)P(n ≤ |ξ| < n + 1), �´
∑∞

1 nP(n ≤ |ξ| < n + 1) =
∑∞

1

∑n
k=1 P(n ≤ |ξ| <

n+ 1) =
∑∞
k=1

∑
n≥k · · · =

∑∞
k=1 P(|ξ| ≥ k).

3. -ξ =
∑

1An , @oG = {ξ ≥ m}, ,�Chebyshev Ø�ª.

4. (1)ky²��·K:XJ{ξn}��È�η ���ξn
p−→ξ,@oξn

L1

−→ξ. ¢Sþ,

E|ξn − ξ| ≤ ε+ E(|ξn − ξ|; |ξn − ξ| > ε)

≤ ε+ 2E(η; |ξn − ξ| > ε),

,�A^η �ýéëY5.

(2) w,(ξ − ξn)+ ≤ ξ �(ξ − ξn)+ p−→0, Ïd(ξ − ξn)+ L1

−→0.

(3) d(2) Ú^�, E|ξ − ξn|− = E[(ξ − ξn)+ − (ξ − ξn)] = E(ξ − ξn)+ − (Eξ − Eξn)

ª�u0.

5. �Fn 3D þÂñ, PF̄ (x) := limFn(x), x ∈ D. ^F L«F̄ �mëYz, =

F (x) := lim
y∈D,y↓↓x

F̄ (y), x ∈ R.

y3·�y²FnfÂñuF . �½x ∈ R,�x1 < x < x2, x1, x2 ∈ D,w,F̄ (x1) ≤
F (x) ≤ F̄ (x2), @oFn(x1) ≤ Fn(x) ≤ Fn(x2), �

F̄ (x1) = limFn(x1) ≤ lim inf Fn(x) ≤ lim supFn(x) ≤ limFn(x2) = F̄ (x2).
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XJF 3x :ëY, é?Ûε > 0, �½�3x′1 < x < x′2 ¦�F (x′2) − F (x′1) < ε.

Ï�D È�, �±��x′1 < x1 < x2 < x′2, Ïd

F̄ (x2)− F̄ (x1) ≤ F (x′2)− F (x′1) < ε.

ddíÑlimn Fn(x) �3�uF (x).

6. �Fn
w−→F . é?Ûg,êN , -

F (N)
n := 1[N,∞) + Fn · 1[−N,N),

F (N) := 1[N,∞) + F · 1[−N,N).

@oF (N)
n

w−→F (N). Ïü>Ñ´©Ù¼ê, éf ∈ C∞(R), ½n2.4.9 íÑ∫
fdF (N)

n −→
∫
fdF (N).

�½ε > 0, �3N , ¦��|x| > N �, |f(x)| < ε. ∣∣∣∣∫ fdF (N)
n −

∫
fdFn

∣∣∣∣ ≤ f(−N)Fn(−N) + f(N)(1−Fn(N)) +

∫
|x|≥N

|f |dFn ≤ 2ε.

Ïd ∣∣∣∣∫ fdFn −
∫
fdF

∣∣∣∣ ≤ 4ε+

∣∣∣∣∫ fdF (N)
n −

∫
fdF (N)

∣∣∣∣ .
7. Äk, ëY�©Ù¼ê7½��ëY. é?Ûε > 0, �3N > 0 Úδ > 0 ¦

�F (−N) < ε, 1 − F (N) < ε ���x < y ´[−N,N ] ¥ål�uδ �ü:,

KF (y)− F (x) < ε. y3�−N = x0 < x1 < · · · < xu−1 < xu = N ¦�ëYü:

�ål�uδ. ,�n ¿©�(��ε k'), ¦�é¤ki, Fn(xi) − F (xi)| < ε. y

3�±y²é¤kx, |Fn(x)− F (x)| < 5ε. �x < −N �(x > N aq),

|Fn(x)− F (x)| ≤ Fn(x) + Fn(x) ≤ Fn(−N) + F (−N) ≤ ε+ 2F (−N) < 3ε,

�x ∈ [−N,N ], @o�3i ¦�xi ≤ x < xi+1,

|Fn(x)− F (x)| ≤ Fn(x)− Fn(xi) + |Fn(xi)− F (xi)|+ F (x)− F (xi)

≤ 2ε+ Fn(xi+1)− Fn(xi)

≤ 2ε+ |Fn(xi+1)− F (xi+1)|+ F (xi+1)− F (xi) + |F (xi)− Fn(xi)|

≤ 5ε,

8. dHölder Ø�ª, E(|xin|; |ξn| > a) ≤ (E|ξn|p)1/p[P(|ξn| > a)]1/q. 2wP(|ξn| >
a) ≤ E|ξn|p/ap.
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12. (ë��Wk�y�VÇØÄ:) (1)N´�y{Sn/n}���È,��Iy(Sn−
ESn)/n

p−→0. (2) d���È5

E

∣∣∣∣∣ 1n
n∑
1

ξi − ξ1{|ξi|<n}

∣∣∣∣∣ ≤ 1

n

n∑
1

(|ξi|; |ξi| ≥ n)→ 0,

�Iy 1
n

∑n
1 (ξi1{|ξi|<n} − Eξi1{|ξi|<n}) �VÇÂñu0. (3) dChebyshev Ø�ª

�Õá5

P

(
1

n

∣∣∣∣∣
n∑
1

(ξi1{|ξi|<n} − Eξi1{|ξi|<n})

∣∣∣∣∣ > δ

)
1

δ2n2

∑
E(ξi1{|ξi|<n} − Eξi1{|ξi|<n})

2.

�Iy 1
n2

∑n
1 (ξi1{|ξi|<n})

24��0. (4)w, 1
n2

∑n
1 (ξi1{|ξi|<n})

2 ≤ 1
n supi E(ξ2

i ; |ξi| <
n), dFubini ½n

E(ξ2
i ; |ξi| < n) = 2E(

∫ ∞
0

1{|ξi|>y}ydy; |ξi| < n)

= 2E
∫ n

0

1{y<|ξi|<n}ydy

≤ 2

∫ n

0

yP(|ξi| > y)dy ≤ 2

∫ n

0

E(|ξi|; |ξi| > y)dy,

2d���È5íÑ¤I(Ø.

13. �ξn Ñlb(n, x). @oξn/n �VÇÂñux �Bnf(x) = Ef(ξn/n). df �

��ëY5, E|f(ξn/n) − f(x)| ≤ 2||f ||P(|ξn/n − x| > δ) + ε, P(|ξn − x| > δ) ≤
nx(1−x)
δ2n2 ≤ 1/(4nδ2).

14. ky²: e(Ω,F , µ) ´k�ÿÝ�m, f �K�ÿ, @o

||f ||Ln(µ) −→ ||f ||L∞(µ).

≤ ´w,�. ��, �||f ||L∞ < ∞, @oé?Ûδ > 0, �3A ∈ F , µ(A) > 0 ¦�

3A þf ≥ ||f ||L∞ − δ. @o

||f ||Ln ≥ (

∫
A

fndµ)
1
n ≥ (||f ||L∞ − δ)(µ(A))

1
n ,

Ïd(Ø¤á. |^ù�(Ø

(P(Xn ∈ A))
1
n =

(√
n

2π

∫
A

e−
ny2

2 dy

) 1
n

−→
∣∣∣∣∣∣∣∣e− y22 ∣∣∣∣∣∣∣∣

L∞(1Ady)

.
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íÑ�y(J.

§1.5 S K

1. (1) ��3t0 6= 0, ¦�|φ(t0)| = 1. k�φ(t0) = 1, @oE cos t0X = 1, ?

�h ∈ (0, 1),

E cos t0X ≤ hP(cos t0X ≤ h) + P(cos t0X > h),

íÑP(cos t0X ≤ h) = 0, ÏdP(cos t0X < 1) = 0 ½öP(cos t0X = 1) = 1,

=X ©Ù3{x : cos t0x = 1} þ, �©Ù�. ��/, �3θ0 ¦�eiθ0φ(t0) = 1,

=Eei(θ0/t0+X)t0 = 1, ÏdX + θ0/t0 ´�©Ù�, X �´�©Ù�.

(2)y3d(1), |φX(x)| = 1%¹X�3θ¦�xX+θ©Ù32πZ; |φX(x′)| = 1%¹

X�3θ′ ¦�x′X+ θ′ ©Ù32πZ. �y{,XJX Ø´~ê,@o�3k1, k2 ∈ Z

¦�X ±�VÇ©Ù3(2k1π− θ)/x�(2k2π− θ)/xþ. g,/�3k′1, k
′
2 ∈ Z¦

�
2k1π − θ

x
=

2k′1π − θ′

x′
,

2k2π − θ
x

=
2k′2π − θ′

x′
.

Ïd(k1 − k2)/x = (k′1 − k′2)/x′, �Ø�úÝ�^�gñ.

2. (1) �φ ´�Ýf �A�¼ê. k�f ∈ C∞c (R), ù�©ÜÈ©,

φ(x) =

∫
eixyf(y)dy =

1

ix

∫
eixyf ′(y)dy,

Ïd|φ(x)| ≤ 1
|x|‖f

′‖L1 −→ 0. é��f , Ú?Ûε > 0, �3g ∈ C∞c (R) ¦�‖f −
g‖L1 < ε. ,�

|φ(x)| ≤ ‖f − g‖+ |
∫

eixyg(y)dy|

4�´". (2) A^Fubini ½n∫
1√
2π

e−
t2

2σ2 |φ(t)|2dt =

∫
R2

f(x)f(y)dxdy

∫
R

∫
1√
2πσ

e−
t2

2σ2 eit(x−y)dt

=

∫
R2

f(x)f(y)σe−
σ2

2 (x−y)2dxdy

=

∫
R2

e−z
2/2f(z/σ + y)f(y)dzdy,

k�f �´ëY�k.�, �σ −→∞�, m>�4�´
√

2π‖f‖L2 , dFatouÚn

íÑ|φ|´²��È�. 2^��Âñ½níÑ(Ø.��^%C��{y²(Ø

é����Ý¼ê¤á.
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13. �φ ´ξ �A�¼ê, XJφ 30 :�g��, Kξ ²��È�Eξ2 = −φ′′(0).

¯¢þ, dFatou Ún

−φ′′(0) = lim
h→0

2φ(0)− φ(h)− φ(−h)

h2

= lim
h→0

1

h2

∫
2(1− cosxh)dF (x)

≥ 2

∫
lim inf

1− cosxh

h2
dF (x) =

∫
x2dF (x) = Eξ2,

Ïdξ ²��È.

XJφ(x) = e−|x|
n

´A�¼ê, @oφ′′(0) = 0, Ïd�Eξ2 = 0, =ξ = 0, gñ.

14. Ï�(X +Y ) + (X −Y ) = 2X,�φ(2x) = φ(x)2 ·φ(x) ·φ(−x) = φ(x)2 · |φ(x)|2.

(1) φ Ø¬�u0. XJφ(a) = 0, @oíÑφ(a/2) = 0, �φ(a/2n) = 0 íÑφ(0) =

0 gñ. (2) -p(x) = φ(−x)/φ(x), @op(2x) = p(x)2. �p(x) = (p(x/2n))2n .

φ(x) = 1− 1
2x

2 + o(x2), @op(x) = 1 + o(x2). Ïdp(x) = limn(p(x/2n))2n = 1,

=φ ´¢�. (3) y3φ(x) = φ(x/2)4 = φ(x/2n)4n −→ exp{− 1
2x

2}.
16. ∫ T

−T

e−iax − e−ibx

ix
Eeiξxdx = E

∫ T

−T

ei(ξ−a)x − ei(ξ−b)x

ix
dx

= E
∫ T

−T

sinx(ξ − a)− sinx(ξ − b)
x

dx

|^ð�ª

lim
T→∞

∫ T

−T

sin ax

x
dx = πsgn(a)

�

lim
T

∫ T

−T

e−iax − e−ibx

ix
Eeiξxdx = πE[sgn(ξ − a)− sgn(ξ − b)]

= π[P(ξ = b) + 2P(ξ ∈ (a, b)) + P(ξ = a)].

§1.6 S K

1. �3[0, 1] þBorel �ÿ�g ¦�E(X|Y ) = g(Y ), d½ÂE(X;Y ≤ x) =

E(g(Y );Y ≤ x), =
∫ x
−xX(w)dw =

∫ x
−x g(|w|)dw = 2

∫ x
0
g(w)dw. ¦�X(x) +

X(−x) = 2g(x), ÏdE(X|Y ) = 1
2 (X(|w|) +X(−|w|)).
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2. XJa1 = a2 = 0, @oE(X|Y ) = ρσ1Y/σ2.

4. E(X;Y ∈ A,Z ∈ B) = E(X;Y ∈ A)P(Z ∈ B) = E(E(X|Y );Y ∈ A)P(Z ∈ B) =

E(E(X|Y );Y ∈ A,Z ∈ B).

6. E(ξ1|Sn, Sn+1, · · · ) = E(ξ1|Sn, ξn+1, · · · ) = E(ξ1|Sn).

7. E(U ≤ X;X < a) =
∫
u≤x,x<a p1(u)p2(x)dudx =

∫
x<a

Φ(x)p2(x)dx = E(Φ(X);X <

a), ÏdΦ(X) = P(U ≤ X|X). EΦ(X) = P(U ≤ X)

10. g 'uA �ÿ,

E(f,A1 × Ω2) =

∫
A1×Ω2

fdP1 × P2 =

∫
A1

gdP1.

12. E(|E(ξ|A )|; |E(ξ|A )| > N) ≤ E(|ξ|;E(|ξ||A ) > N), P(E(|ξ||A ) > N) ≤
E|ξ|/N .

13. dJensen Ø�ªE|X + Y | = E(E|X + Y ||X) ≥ E|E(X + Y |X)| = E|X|.
14. �X ´�È�ÅCþ, G ´fσ-�ê, �¹¤k"VÇ8, Y = E(X|G ), X

JX,Y Ó©Ù, y²: X = Y . (y²d07?ÓÆoó�Jø)¯¢þ,

E(Y ;Y ≥ 0) = E(X,Y ≥ 0)

= E(X;Y ≥ 0, X ≥ 0) + E(X;Y ≥ 0, X < 0)

≤ E(X;Y ≥ 0, X ≥ 0)

≤ E(X;X ≥ 0) = E(Y ;Y ≥ 0),

ÏdÙ¥�Ø�ÒÑAT´�Ò,íÑE(X;Y ≥ 0, X < 0) = 0,�P(Y ≥ 0, X <

0) = 0. 2Ï�X,Y Ó©Ù, íÑ{Y ≥ 0} �{X ≥ 0} ����"ÿ8, d��

5, {X ≥ 0} ∈ G , Óné?Ûx, {X ≥ x} ∈ G , ÏdY = X a.s.

1�Ù: �ÅL§Ä:

§2.1 S K

1. aq§1.1 SK20.

2. d1 íÑ.

6. µ(t,s)(f) = Ef(Xs, Xt). ⇐: �3R2 þé���u"�k.ëY¼ê¦

�P(|Xt − Xs| > δ) ≤ Ef(Xs, Xt) → Ef(Xt, Xt) = 0. ⇒: �(s, t) −→ (u, v),

KXs
p−→Xu, Xt

p−→Xv, Ïd(Xs, Xt)
p−→(Xu, Xv).

7. Ï��VÇÂñ�4��A�??Âñ�4�´A�??���.

8. aqSK6.
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§2.2 S K

3. Øé. �Ω´��ê8Ü,½ÂFn = σ({1}, · · · , {n}),2½ÂFnþVÇPn({1, · · · , n}) =

0, Pn({k : k > n}) = 1, ÷vK¥¤ã^�, �Ø�3P ¦�P|Fn = Pn. Ï�XJ

�3, d���\5, P(Ω) = 0.

4. �y{. bek, Ø�b�§�´k.�, Ï�ü��ÅCþÕá%¹X§�

3L2[0, 1] þ��, L2[0, 1] ´�©Hilbert �m, gñ.

§2.3 S K

1. �y²µ(A − x) 'ux �ÿ. XJf k.ëY, @o
∫
f(y − x)µ(dy) 'ux ë

Y. ëY¼ê)¤�σ-�êÒ´Borel σ-�ê.

4. �(3) �: éA ∈ Gt, P(A|Ft) = P(A|Xt). ÄkdDynkin ½ny²(M1) �

du(3). (1) ⇒ (2): �yP(B ∩ A) = E(P(B|Xt), A). ùd(1) ü>�Ï"��.

(2)⇒ (1): (2) íÑP(A ∩B|Gt) = 1AP(B|Xt), ü>éXt �^�Ï".

5. C-K:
∫
Ps(x, y)dyPt(y, z) = Pt+s(x, z). @o

1

2πσsσt

∫
exp

(
− (y −msx)2

2σ2
s

− (z −mty)2

2σ2
t

)
dy =

1√
2πσt+s

exp

(
− (z −mt+sx)2

2σ2
t+s

)
.

��È©C�: �>�u

1

mt

1

2πσsσt/mt

∫
exp

(
− y2

2σ2
s

− (z/mt −msx− y)2

2(σt/mt)2

)
dy,

d2)5�§�u

1

mt

1√
2π(σ2

s + (σt/mt)2)
exp

(
− (z/mt −msx)2

2(σ2
s + (σt/mt)2)

)
.

ddíÑü��§: ms+t = msmt, σ
2
s+t = m2

t (σ
2
s + (σt/mt)

2). �3a ¦�mt =

eat, 1���§íÑσ0 = 0, �3b ¦�dσ2
t /dt = bm2

t , Ïdσ
2
t = b(e2at − 1)/2a.

§2.4 S K

2. ⇐: τy◦θk + k ≥ τy, Ïd{τy◦θk < ∞} ⊂ {τy < ∞}. ⇒: lim sup{Xn = y} ⊂
{τy◦θk <∞}.
3. Ï�X �áÂc�Ã���ÅiÄ��. �±��O���Ã���ÅiÄ

k�Ú��0 Úr �VÇ. é?Ûx, y ∈ Z, -φx,y ´Ty 3VÇ�m(W,B,Px) þ

�1¼ê

φx,y(t) := ExtTy .
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Äkd�m²£ØC5

φx,y(t) = ExtTy = E0tTy◦γx = E0tTy−x = φ0,y−x(t)

φx,x(t) = φ0,0(t) = E0tT0 = 1.

�x > 0, Ï��ÅiÄzg£Ä��ü , �l0 Ñu�ÏLx 7LkÏL1,

=Tx ≥ T1, ù�Tx = Tx◦θT1
+ T1, ÏddrMarkov 5,

φ0,x(t) = E0tTx = E0tT1+Tx◦θT1

= E0tT1 · tTx◦θT1

= E0(tT1EsT1 tTx)

= E0tT1 · E1tTx = φ0,1(t) · φ1,x(t).

Pφ := φ0,1,@oφ0,x = φx. ,��¡,l0Ñu�7kTx ≥ 1,ù�Tx = Tx◦θ1+1,

dMarkov 5

φ0,x(t) = E0tTx = E0t1+Tx◦θ1

= tE0(Es1tTx)

= t((E1tTx)p+ (E−1tTx)q)

= tpφ0,x−1(t) + tqφ0,x+1(t).

-x = 1, ·��

φ(t) = tp+ tqφ(t)2,

Ïφ(t) ≤ 1, �)�

φ(t) =
1−

√
1− 4t2pq

2tq
.

déó5�

φ0,−1(t) = E0tT−1 =
1−

√
1− 4t2pq

2tp
.

ddíÑ, 0 :Ñu3k�ÚS��1 �VÇ�

P0(T1 < +∞) = φ(1) =
1− |p− q|

2q
=

1, p ≥ q;
p
q , p < q.

=��Å£Ä �m�, §7½3k��mS��1.
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�Kk����������y². �Ò´`��k�Markov ól���~�

�Ñuo�±3k��mS��~��.

4. {ü.

5. d4 íÑ.

6. (1)Ï�Pn = Pn−1P ,�p(n)
0,0 = p

(n−1)
0,0 p0,0 +(1−p(n−1)

0,0 )p1,0. (2)-q = p0,0−p1,0,

@op(n)
0,0 = p1,0(1 + q + · · ·+ qn−1) + qn.

7. (1) dSK1 A^�y{. (2) ⇐: �±�y��G�x �±���¤kG�´

�48. (3) ~�G����G��½´~��.

10. (1) ��~�G��±���G�´~��, ¿��±�£. ,	"~�G�

´p��da. XJk�G�Markov ók"~�G�, @o�±b�§Ø�©

�Ñ´"~��. ù��±y²é?ÛüG�x, y, p
(n)
x,y Âñu". ù�k�5g

ñ. (2) Ï�
∑
y p

(n)
x,y = 1, �

∑
y

∑
n p

(n)
x,y = +∞, �3y ¦�

∑
n p

(n)
x,y = +∞, dS

K5, y ~�.

11. Xn �=£¼ê´p0,j = 1j=r,

pi,j =


p, j = r − i+ 1;

1− p, j = r − i;

0, else.

)�§�²©Ù�

π = (
1− p

1− p+ r
,

1

1− p+ r
, · · · , 1

1− p+ r
).

���VÇ4��π0p.

§2.5 S K

9. (S1, · · · , Sn) �éÜ�Ý�λne−λyn1{0<y1<···<yn}. Sn ��Ý�e
−λt (λt)n

n! ^�

�Ý�n!1{0<y1<···<yn−1<t}/t
n.

10. X > t ��=�µ 3B(t) þÃKÖ. P(X > t) = P(µ(B(t)) = 0) = e−λm(B(t)),

Ù¥B(t) ´�:�¥%�»�t ��.

11. ��y²E
∑

0≤s≤1 ∆N1
s∆N2

s = 0. �0 < t0 < · · · < tn = 1,

E
∑
k

(N1
tk
−N1

tk−1
)(N2

tk
−N2

tk−1
) =

∑
k

λ1λ2(tk − tk−1)2.

�4�.
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§2.6 S K

6. �Kolmogorov 0-1 Æaqy².

7. suptBt ≥ lim supt→∞Bt,é?Ûn,-A = {lim supBt > n},@oA ∈
⋂
t>0 σ({Bs :

s > t}), ÏdP(A) = 0 ½ö1. �´

P(A) = E lim sup 1{Bt>n} ≥ lim supP(Bt > n) = 1/2,

ÏdP(A) = 1, =P(lim supBt = +∞) = 1.

8. P(lim sup{Btk > 0}) ≥ lim supP(Btk > 0) = 1/2, d0-1 ÆP(lim sup{Btk >

0}) = 1.

12. EXtXs = e−t−s · e2t∧s = e−|t−s|.

13. d½n2.2.3 íÑP∗(C) = 1, 2d½n2.2.2 `²Ø�8	C ØUkÙ§�ÿ

f8, ÏdP∗(C) = 0.

14. Brown $Ä��±^Fourier ?ê��{�). �{ξn : n ≥ 0} ´VÇ�
m(Ω,F ,P) þ�ÑÑlIO��©Ù�Õá�ÅCþS�. (`²Ù�35.)

¼ê{1/
√
π,
√

2/π cosx, · · · ,
√

2/π cosnx, · · · } ´L2([0, π] �IO��Ä, �gP

�{en : n ≥ 0}. é?Ûf ∈ L2([0, π]), -

H(f) := a0ξ0 + a1ξ1 + a2ξ2 + · · · ,

Ù¥{an} ´f �Fourier Xê: an := 〈f, en〉. w,

EH(f)2 =
∑
n≥0

a2
n =

∫
f2(x)dx,

=H ´L2([0, π]) �L2(Ω,F ,P) ����åi\. ét ∈ [0, π], w,1[0,t] �Fourier

?ê�

1[0,t](x) =
t√
π

+

√
2

π

∑
n≥1

sinnt

n
· cosnx.

y²:

Xt := H(1[0,t]) =
t√
π
ξ0 +

√
2

π

∑
n≥0

2n−1∑
m=2n−1

sinmt

m
ξm.

3t ∈ [0, π]±VÇ1��Âñ. Ïd(Xt)´ëYL§,2y²§3[0, π]þ´Brown

$Ä.
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)�(ë�Ito-Mckean �Diffusion processes and their sample paths): -

sm,n(t) =

n−1∑
m

sin kt

k
ξk, tm,n = max

0≤t≤π
|sm,n(t)|.

@o

t2m,n ≤ max

∣∣∣∣∣
n−1∑
m

eikt

kξk

∣∣∣∣∣
2

≤
n−1∑
m

ξ2
k

k2
+ 2

n−m−1∑
l=1

∣∣∣∣∣∣
n−l−1∑
j=m

ξjξj+l
j(j + l)

∣∣∣∣∣∣ ,
,�

Et2m,n ≤
n−1∑
m

1

k2
+ 2

n−m−1∑
l=1

E

∣∣∣∣∣∣
n−l−1∑
j=m

ξjξj+l
j(j + l)

∣∣∣∣∣∣
2


1
2

≤
n−1∑
m

1

k2
+ 2

n−m−1∑
l=1

n−l−1∑
j=m

1

j2(j + l)2

 1
2

≤ n−m
m2

+ 2(n−m)(
n−m
m4

)
1
2 ,

Etm,n ≤ (Et2m,2m)
1
2 ≤ (

1

m
+ 2/
√
m)

1
2 ≤ 3m−

1
4 ,

E
∑
n≥1

t2n−1,2n ≤
∑
n≥1

Et2n−1,2n <∞.

1nÙ: �Å©ÛÄ:

§3.1 S K

3. τ = inf{s : Xs 6= Xs−}. A = {τ ≥ t} = {τ < t}c.
5. -s = τ(w). KFs ⊂ {A : w,w′ ∈ A or w,w′ 6∈ A}. ¯¢þ, Pm>�H . N

´�yH ´σ-�ê, �?ÛB ⊂ E, t < s, ÏXt(w) = Xt(w
′), �{Xt ∈ B} ∈ H .

ÏdFs ⊂ H . ,�{τ ≤ s} ∈ Fs, íÑw′ ∈ {τ ≤ s}, =τ(w′) ≤ s, Óní

Ñw′ 6∈ {τ < s} =τ(w′) ≥ s.
6. Ï�σ ´Fτ �ÿ�, �é?Ût, {σ ≤ t} ∩ {τ ≤ t} ∈ Ft. Ï�σ ≥ τ , ��>

�u{σ ≤ t}.
7. ½ÂFτ+ = {A : A ∩ {τ ≤ t} ∈ Ft+,∀t}. (1) y²: Fτ+ = {A : A ∩ {τ <
t} ∈ Ft,∀t}. A ∈ Fτ+, A ∩ {τ < t} =

⋃
nA ∩ {τ ≤ t − 1/n} ∈ Ft. ��,

A ∩ {τ ≤ t} =
⋂
nA ∩ {τ < t + 1/n}. (2)�σ > τ , A ∈ Fτ+, A ∩ {σ ≤ t} =
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⋃
r∈QA ∩ {σ ≤ t} ∩ {σ > r > τ} =

⋃
r∈QA ∩ {τ < r} ∩ {r < σ ≤ t} ∈ Ft. Ï

dA ∈ Fσ. (3) 2y²Fτ+ =
⋂
n Fτ+1/n.

9. |^Poisson L§�[�ëY5: ë�½n4.3.1 �y².

§3.2 S K

2.

§3.3 S K

9. ÛÜ��½Â:�3ªuÃ¡�Ê��Tn¦�MTn1{Tn>0}��. ÏdE(M0;Tn >

0) <∞, �

MTn∧t −M0 = MTn∧t1{Tn>0} +M01{Tn=0} −M0 = MTn∧t1{Tn>0} −M01{Tn>0}.

N´íÑ(Ø.

§3.4 S K

13. EB2
T∧t = E(T ∧ t) ≤ ET < ∞. Ïd{BT∧t : t ≥ 0} ���È. E|BT | ≤

limt E|BT∧t| < ∞, �BT �È. (1) 0 = EBT∧t = E(BT ;T < t) + E(Bt; t < T ),

|E(|BT |; t < T ) ≥ E(|Bt|; t < T ). 4t ªuÃ¡. (2) dDoob Ø�ª,

E sup
t
B2
T∧t ≤ 4 sup

t
EB2

T∧t = 4ET ∧ t ≤ 4ET.

Ïd{B2
T∧t : t ≥ 0} ���È.

§3.5 S K

§3.6 S K


