fEHLE IEEAL: SRS RE

IS

2016 £ 11 H 30 H



F—E: HERILEM
§1.1 3 @&

1. o RRFIIES, IA|Z| =29 JRFERASE I B AN IEZm
4E.

2. 24l 7, = o({1},--- ,{n}), BAU,, Z, WTE, A28 28 =&
(P78 SRR AL IR, HAAGE B, F e HECEW, R — B NIIE
W I 12 AL, T BT TR AR B9, AE A YD, 253G BRI T .2, B 5E
RINAIBEET )

I shall split it as several parts.

claim 1. there exists a disjoint sequence {F,} such that F,, € %, \ .%,_; for each
n. The proof is easy. Set

%n = fnﬁa(Fl,Fg,---)

as o-algebra on (|J,, F») and then F,, € J¢,\ 74, _1. It suffices to prove that (J,, 7,
is not a o-algebra. Since A € o(Fy, Fy,---) if and only if there is a unique S C N
such that A = |
sequence of g-algebras on N, and for each n, {n} € 54, \ 7,_1.

ies Fi, we may assume that Q is N, J7, is a strictly increasing

claim 2. for each n, any finite subset of
{n+1,n+2, a}

is not in J7,.
Proof. Suppose that this is not true. There exists 0 < k; < --- < k; such that

itk -tk e,

Then it is also in %, 4, and then {n + ko, --- ,n+k;} € 1, . Hence recursively
{n+k;} € #, 1k, ,, which is a contradiction.
claim 3. for k > n, there exists an atom in %, containing {k}.
Proof. Define

a:= imf{Zi_2 ckel et}

iel

Since {I € 4%, : k € I} is closed under countable operation, there exists S € 72,
with k € S such that a = ), g4~ ?. Then S is the atom in ., containing {k}.



claim 4. There exists a subsequence {k,} such that for each n, any proper subset
of {knt1,kny2,---} is not in J4, .

Proof. Set S = S\ {minS} for S € N. Let S; = N and Sy the atom in J4
containing min S; = 2. Since S; € 4, S, C S;. By claim 2, S, is infinite. Then
Sy € Hnins, and then Sy € Hyins,. Let Sz be the atom in %, 5, containing

min Sy. It follows that S C Sy. By claim 2, Ss is infinite. Recursively we have
51:)51:)SQDSQDSnggD"’SnDSnDSnJ,_lD"'

satisfying that for any n, S,41 is the atom in J%,i, s, containing min S,,. Then
k, := min S,, = min S,,_1 is what we want.
Proof. Let

Ay = A, N {1, k2, ).

Then %, = o({k1,--- ,kn} which is finite and it follows that (J,, 7, is countable
and hence not a o-algebra. This implies that |J,, 74, = |U,, #%, is not either.

3. BR) =o({(—o0,2) : z € Q}), BB R ZE 5LH S, TMLebesgue AJ M4
A 5 SR RS A

5. M—AIAKLMA, € Fo, HUA, € Fo, 2C,, =" Ai, BAC, € Fo HlimC,, =
0, JHS/L(U Aj) = Z? w(A;) + p(Crir), HUAR R

6. (2) ZHHAL UNy = Ay U No, EIGUFu(Ay) = u(As). ®N] € #, N; C N/,
w(N}) =0. 1INy = NyUNy, Nj = NjUN}, Wp(Ay) = p(A;UN]) < (A1 UN)) =
(1(As UNg) = p(Az), HEH p(As) = p(Ar).

7. (1) pr HIE R

,U*(A) = lnf{z :u(Bn) :B,e F,AC UBn}
Fps < p*. RZFEATe > 0,
W) +e> S B > Ba) > 1 (A).

(3) HF () < oo, WMy (A) = p(Q) — p*(A°).

< FEHEE ¢ Q, Hp*(E) > p* (AN E) + p*(A°N E). AL LaR, st
fEfile > 0, FFEB € .Z, p*(E) + € > p(B). Wp*(Q) < oo, MAFAEA,, Ay € F A
BA CAC Ay Hu(Ax\ Ay) <e N

p(E) +e= p(B) = n(BNAz) + p(B\ Ag)



(B A) + u(B\ Ay) - e

>
> (ENA)+ p*(E\ A) — e

=: BRu(A) > p(A). RZ, WRA e ., MuQ) > p*(A) + p (A°).
. (A) > p*(A).

8. W WMIME ¢ 7, fFERE) = {Fe€ F: EUF,E\F,F\Ec Z}.
MAE) AR MRE ¢ o, WA C [E], HEHm() C [E], X Em (o) F
el R, REWEMRF e m(), B4 C [F), XHEHm() C [F).
W& Uim (o) XI5 ZEBHEE A, Bk, ERo- 38, Wilio(«) c m(o) C Z.
10. — TR o-ARBOLE T /M S € 2 TR Z A

11. =: WHAD B, AA\ B = (A°U B)°. tR A, #8, BAlim A, = (A4 \
An). <= WAw e o, BEx . FBika SIAZHE . %A, B e o, N
A8 WAUB = (A°\ B)~.

12. (1) PRORIELE KA 52 /& Borel I, (2) RFIEMH MO 2 ERERE, o/(Q)
B FTAETFESE A% "G ZWE, Nz € @ BHANMd(2,G) = 0. Xf(z) =
d(z,G). WG = {z: d(z,G) = 0}.

15. &z € [-1,1],

ATH([=1,2]) = M({# € [0,27] : sin@ < x}) = 2arcsin .

16. RENEWIFAEX AT 15
u(I) < oo

FATELT . BOTIEE 5150 < u(E) < oo, WAL BT AFELER M (15[ f(2)de =
1. 4 PR AR

u(B) = [ [1e@ sy
= [ 166+ fputasiay
~ [1ex s@n(ao),

Higg = 1= f RARTUEL R AL Ml WA AR AR T N LIES M By 15 u(g) <
0

17. WEWIP([0,1/4]) = 1/4. He 2Rl 15 2% Bl FR 1

P([0,1/2]) + P([0,1/4] U [1/2,3/4])



=P([0,1/4]) + P([0,3/4]) = 2P([0, 1/4]) + P([1/4,3/4]).

2 FEP([0,1/4]) = 1/4.
18. (1) HiJordan ZrfAHEH. (2) ARIXHFERIFE W RAFAELHE—. Dpu Vv =
1p-v+1pe-p. SBRETHL (), BIPEMA, pvr(A) =v(DNA)+p(DNA) <
k(DN A)+ k(DN A) = k(A), Bl (b) L.
19. & f € L'(R, ), MXHAEATe > 0, FFAEN G0 f11z>ny]) < € Tz}

A DA EH 7 5 pR EOE T, i DAFRATT IR 75U W7 R AT DA 25 R KO AT AT
JEHBRIBorel 4B, Se > 0, fEAEFHEG SWEF, 13F c Bc G Hu(G\F) <
X d(z, G°)

1@ = ) + d@. P

MAfES, fle =0, flr =1 Hu(|1s - f]) <e.
20. SEFr ik

U {gz lGJ}

JCI

EEPJE@@F)?%T?J%% X R HRIUEAT 1 o AREU S T
L (ZHFMINZ MR ) SRS A% 7. Put =, P,/2",
%M\u MR, AP, < p. & Nd(A,B) = u(AAB), A,B € F. RA(F,d)
FESERFE RN, FIA{14: A€ F} RLY(p) THIHE. Ha >0, 2
Li={AecZ:Yn,m>>j|P,(A) — Pp(A)| < a},

HTBREA - P, (A) f£F LS, WL, RAE. AN = U, L;. HBaire
P EEHEH, BEL, AN A Eﬂﬁfh > 0 flif3{B : wW(BAA) < h} C L;. H4a%t
S, RS > 0 15 u(C) < 6 ZEEP(C) < a, 1 <i < j. IAXIn > j,
Pn(o) = ]P)n(A U C) - Pn(A) =+ Pn(A) - Pn(A \ C)

< Po(AUC) =P (AUC)[ + [P;(AUC) = P;(A)] + [P;(A) — Pr(A)]

+ [Pr(AN\ C) = P;(A\ C)| + [P;(A\ C) = Pj(A)| + [P;(A) — Pn(A)]

< 6a.
BI4fEH By | 0 25 & sup,, P, (By) 4 0. SEFr 28 —A) 155 55 —A1H SR
(5 —FUER: B HEE) Let A, decrease to empty set. We need to show
limg lim,, P,,(Ax) = 0. Suppose that limy lim, P,(Ax) = ¢ > 0. Then when k

large enough,
9¢/8 > lim P, (Ax) > ¢
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There exist ny and k; such that 9¢/8 > P, (Ak,) > Tc¢/8. Then there exists ko > kg
such that P, (Ak,) < ¢/8. There exists ng > ny such that

9¢/8 > P, (Ax,) > Tc/8.
This procedure gives two sequences {n;} and {k;} satisfying
9¢/8 > Py, (Ag,) > T¢/8, Py, (Ap,,,) < /8.
Therefore we may assume that {P,} and {Ay} satisfies

9¢/8 > P, (Ay) > T¢/8, Pp(Ani1) < /8.

Set
U (Agn—1\ A2p).
n>1
Then
Poy—1(A) > Poy_1(Agp_1 \ Aay) > T¢/8 — ¢/8 = 6¢/8
and

PQH(A> S Pgn(Al \Agn) + Pzn(AQ»nJrl) S 90/8 — 70/8 + 0/8 = 30/8

This contradicts to the existence of limit lim,, P, (A).
§1.23 &

2. M Dynkin 5| BUEIXAERIA € o(), Hla € .
3. < WA = Wke = 14, MAA € o(n), Wl E VA EBorel ££B i3 A
~1(B), ke =14 = 15(n).
4. EERE1.2.5 H AR,
5. (1) HsEH1.2.5 HEH. AT DRHFIRER. & Lo(f) = (f,v), f € L*(\). B
AN < N fl g2y PIATAEG. (2) v5(B€) = 0. v(B) = [ gdu + gdv = p(B) +

¢
v(B), Btu(B) = 0. XHMEFID, w(D) =0. [ f(1—g)dv = [ fgdu. 2f=1p, M
A [, (1= g)dv =0, Kltv, (D )—V(DﬂA)—O. (3)( ) =(1-g9)-v=g-p
6. (1) AYBEQ = [0,1], 2 f(z) :== P(AN[0,2]), K& uéﬂz()ﬁEAch

130 < P(A)) < P(A). A, 5A\ A WENE, %S JX/\ WA HSAAEA )
IR AT TR B A, W RP(A,) < 1/n. (3) Faiku(A) < 4oo. A KRR o/
MNE, IR (a) o O {A,}, HhA, Wk (b) o PHRAEMHENEES A, As, B
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HA C Ay B Ay C A (B p-FIMEE). HZorn 51 FE, BL— MR KK & o7, T4
WEB{P(B) : B € &/} B0, P(A)] FIIFTAE. &

a=sup{P(B): B e &,P(B) <z},
b=inf{P(B): B e & ,P(B) < z}.

B L E(P)#R e Rl LR R, FAFEB, M8P(B,) 1 e, HTo &
AN B, I, MUB, € & HP(UB,) = a. WPA") = b,P(4A") = a, W
Fa <z <b WA <c<b—a=PA \A), HEB c A"\ A {50 <
P(B') < ¢, BAP(A) < P(A' U B') < P(A"), FFLAMBEA U B' itEe s8Rz —
N o R JE. 85 7 ZUE IR u(A) = +oo, BAAFIEA AT
BA iR < p(A') < +oo. FWE, A BWIFEES FA—AH, Wik H

A IEA B BARTI AN S 5 KR (I T EAT). 512K £ Zorm
FIBR S, BRIUAE MR, il iR PRI R To IS, IBAIUESE.
AR, b= sup{u(B) : B € &} < x, HAHIA]IE, f77EB € o 43u(B) = b. I
Au(E\ B) = +o00. fF{EB' C E\ B 130 < p(B') < +o0. EXA' = BUB', 1
KA BE T o FFTESES, n(4) > b Wibe U {A'} BRE—AEH, Ho ik
KT .
Ty R R R AR AL ) R EERE SR R I AW S RS 1 AT A R A
EHA, HEMe > 0, A WLV A RN EEA L e AT G HIE. sk
B, X

pe(B) = sup{u(B’) : B' C B,0 < u(B') < ¢}

H(2)HEHu(B) > 0 & & u.(B) > 0. fF1EA; C A, 15 u.(A)/2 < u(Ar) < e Ul
Bu(A\A) > e fFEAy C A\ A S u(A\ A1)/2 < u(As) < e #RE2 5F){A,},
WA, C A\ (U A, B

n—1

pe(AN (4072 < p(An) < e

=1
4B = An u(B) < u(A), H

n—1

pe(A\ B) < pe(A\ (| 4i) < 2u(An) — 0,
=1
Bu(A\ B) = 0. FFEn 13 0(U,;~,, Ai) < e, IRA I HAL - An,Uss p, Aie
8. (BH IR IE ) oy 452 AR SR B R R 4 4. &
XI*(f) = sup{l(g) : g € S, f > g > 0} Wz HBIGISLT F MIE R %L
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B fry IRT* () > lim, I(fn), ALK, X$HEMTg € 2, 0< g < f, Afang Ty,
Wlimy, 1(fn) > limg, I(fo Ag) = 1(g). BIEI*(f) = lim, I(fa). T*(f) 5 fn HIESE
Tk

9. = RIEVE, fFIEA, 13 u(A,) <n™2, v(4,) > e. 2A =, Upsn Ar, DHEL
WEp(A) = 0, Hy(A) > e.

10. fFEARZENQ, R, O = Q HO < p(Q,) <00 2 f =3, stay 1o
MIANRR: BEQ RATTHEE, 7 20 I AP RN o-REL IFH: A% {(w,w) :
weNEF X F

EXF ERIINEE , tRA TTH, w(A) =0, WHRAC A5, w(A) = 1. IBAQ,.Z, 1)
SEMEEE A B]. SAIEVE, SN AL D I, A4 Fubini & B AT H. XA G THE 1
BRI EE. B x w(D), BiD WARTAE AT 8L th sk — AN
SEPIANATTFIEEI R, Rty x p(D) = 1. FJE.

§1.3 3] 1)

2. FAF #ES:, F~1(z) =inf{y : F(y) < 2} =inf{y : F(y) =z}, WF(F1(2)) =
z, AHP(F(&) <2) =P < F~(2)) = 2.

4. F il (F(z//n)" = F(z).

18. (2) Wayn >0, >, an =1, IEW]: {3, c4an : A C N} ZH%E. In fact, put
p({n}) = 27" and d(A, B) = u(AAB) for A,B C N, g(A) = 3, c40n. Then d is

a metric on 2N. Two things need to check: (1) (2V,d) is compact; FIXJ i Z&i%IE

B XA P 3, BUER — S AR 0(BR L, A2 AT D) 1741, PR R — AN s
FEO(BRD) 181, 4k, SRR E XS 2k, Hon DN EMNFn DITREHZ —H

1, A LAEURSA. (2) g is continuous. We know that the image of compact set under
continuous mapping is compact. That completes the proof. — i, Q@ = AU A, P

fEA BESHL fEAC BARIET. AP KMEEET{P(B) : B C A}+{P(B) : B C A°}

F& AR IAT.

25. JG Ews Mwr BHE, Ben — §(w)En — n(w2)EE + §(wa)n(wa) > 0, B

Sfwy BUHAE, 19 EEn — EEEn > 0.

26. £ =3, 1a,,E6 =3, P(A,), HiBorel-Cantelli 5| ¥, B¢ = +o0 ZEFEP(limsup A,,) =
1, BIP(¢ = +0) = 1.

27. F =0 (U, 061+ &)):

28. (R ML) W B Ro-RE. 2¢, =1a,,

o ={J ({& = ar} : ax € {0,1}}.

n>1k>n
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(1) BRI o T RA R NE,; (2) FrafEs EAMZE, HIFAQ,
o/ RH; (3) o ¢ o Hof PHIEE RS HHET.

It is easy to verify that if A € o(Xy, -+, Xp,--+), then X, (w) = X, (') for all n
and w € A implies that ' € A.

TENw ~ o WRFTEE 80 > k I, (w) = &uw'). TMRA € o, w~ W', I
4w € A implies w’ € A. (3) follows.

Weof R HIERN, o = o(By, - ,Bn,---). Let B = (lJB,)". Then it is easy
to check that B is an atom in &/. By Kolmogorov 0-1 law, we may assume that
P(B,,) = 0. Then there exists infinite many elements in «/ which are contained in
B. This contradicts with the fact that B is an atom in 7.

§1.43 &

1. HE Y |€,] < oo, BRIEY" ¢, daxifiesl. PRI IR SUE BEES = ST EE,.

2. Bl =3 E(l€in <€ <n+1),nP(n < [§| <n+1) <E(§in < [§| <n+1) <
(n+DP(n < €] <n+1), HRYTaP(n < ¢ <n+1) =37 30 P(n < ¢ <
n+1) =300 Yk = e P& 2 F).

3. ¢ =314, AG = {¢ > m}, 85 Chebyshev A5

4. (1) SAEW— AN R {e, ) BT Ry b He, e, Mg, Loe. S2br b,

E|£n7£| §€+E(|£n7§|a|£n7£‘ >E)
< e+ 2E(n; [§n — &] > ),

IRJE Ly WA A

(2) BAR(E — €)' < € BLE— &) 50, BE(E — £,) 0.

(3) EE(Q) ﬂ]%ﬁ:, E[§ —&[™ =E[€ - gn)Jr —(€—&)]=E( - En)+ — (E€ — E&n)
0.

5. WF, f£ED FULSL, ieF(z) :=lim F,(x), z € D. FIF £/RF WAEEAL, /)

F(z):= lim F(y), z € R.
()= lim = F()

WERATEAF, 3890ETF. 45Er € R, Wloy <o < 2o, 21,20 € D, BIRF (21) <
F(z) < F(x), BAF,(21) < Fo(z) < Fo(22), 8

F(z1) = lim F,,(z1) < liminf F,(z) < limsup F,,(z) < lim F,,(z2) = F(z2).



WERF fEo fUELSE, SETe > 0, —EAFAED, < x < 2b [F1FF(2)) — F(2}) < e
KAD F%, FTUME Sz < 21 < 2o < b, Bl

F(xg) — F(z1) < F(ah) — F(x}) <.

HHUEHE B lim, F, (2) fAESE T F(x).
6. WF,—F. ML HREN, &

FN) = 1in o) + Fr - Loy,
FMY) = 1in o) + F - 1y n).

o FSN) 2 PO RBGIAESE AT RS, W f € Coo(R), EF2.4.9 HEH
/ fAEN) — / fdFM),
Yh e > 0, fAEN, H134|z| > N B, |f(2)] <e T

[ arp - [ gar,

ES):4

< F(-N)F(—N) + F(N)(1— Fo(N)) + / MR 2

‘/den—/de‘ §4e+’/de7(lN)_/de(N)‘_

7. B, ESRI AT RE e — BUESE. WHTTe > 0, fFAEN > 0 Fls > 0 fF
BF(-N) < e, 1 = F(N) < ¢ HR %z < y &[-N,N] HEEB/NTF6 P,
MF(y) - F(z) < e MAER-N =20 <21 <+ <241 < 3 = N fFEHELH T
MEE /N To. R Gn A RK(R e HX), XA, F(z) - F(z;)| <e
AT LIE XS BT o, |Fo(z) — F(x)| < be. Mz < —N B (z > N 2:40),

|Fo(z) — F(z)| < F,(z) + F(x) < Fo(=N)+ F(=N) < e+ 2F(—N) < 3¢,

Yz € [N, N|, BAfEtti iz, <z < 2441,

|Fo(2) = F(@)| < Fa(x) = Fula:) + [Fa(z) — Fxi)| + F(z) = F(a;)
< 2¢ + Fn($i+1) — Fn(ml)
< 2e+ |Fu(@i1) = F@iva)| + F@iva) — F(xs) + [F(xi) — Fa(xs))|
< 567

8. HHolder NER, E(|ziy; |€n] > a) < (E|&.P)YP[P(1€,] > )]V, FHEP(|E,] >
a) < E[§,[P/aP.
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12. (ZH TR K IR IERD) (1) BHUE{S, /n} —FATRA, MU FFUE(S, —
ES,)/n-250. (2) t— Tk

n

1
=~ &= Elyje<n

1

HFRIEL ST (&l e <ny — B&ilye,j<ny) WBEZFILST0. (3) HiChebyshev /55

SR
P(l >6>
n

1
53 0BG get<n) — E&ilgie<ny)’.

R IEM 21 (gzl{lg |<n}) BB J90. (4) ‘EM}E% Z?(fil{l&kn})z < %SUPiE( i2; 1§ <
n), T EHFubini 7 #

< 3 (ke = m) 0

1

E

n

Z(&il{\gi\@} — E&ilyje,1<n})

1

o0
E(¢; 16| <n) = 2E(/0 Lijes >y ydy; |&i| < n)

= QE/O Liy<ies|<n}ydy

SQAZW%H>M@S2AIH@HM>yM%

ST TR 450,

13. &&, WMMb(n, z). AL, /n MW T2 BB, f(z) = Ef(&./n). Hf 1
—HUELE, Elf(€a/n) — f(2)] < 21fIP(|€n/n — x| > 8) + ¢, P(|gn — 2| > 6) <
ne(lo®) < 1/(4nd?).

14, JeikBl: #(Q, .7, p) AR A A, £ AEfnri, A4

1l zn gy = 1l -

< WM. RZ, W f] e < 00, IAKHERIS > 0, FEEA € F, u(A) > 0 H13
TEA Lf > |flpe — 0. B2

1

ufuLn__!/“f“du > (|l — 6)(u(A))*,
B8 T, R A58

o= ([ [+ *a)'

T
e 2

L (1ady)
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e B R
§1.5 3 @

1. (1) WAL # 0, [ |o(to)] = 1. %&é(te) = 1, M AEcostoX = 1, 1E
Hh € (0,1),
EcostoX < hP(costoX < h) 4+ P(costgX > h),

HEHP(costoX < h) = 0, FItP(costoX < 1) = 0 Bi#EP(costoX = 1) = 1,
BIX 3 AfE{x : costor = 1} b, AR, —MH, fE7E0, [Hi3e%p(ty) = 1,
EEei(®o/totX)t0 — 1 [KIMEX + 0 /to RAGDATI, X WIRAK A,

(2) EH (1), |ox (z)| = 1 ZETEAFE M1 X +0 S ATE27Z; |px (o)) = 1 8
EALIEO 52 X + 0" D ATE2rZ. SAE, R X ANRFEE, WALk, ke € Z
fF15X LLIEMER D AGTE (2k 17 — 0) /2 5 (2kom — 0)/x b EIRMIFLER, k) € Z 1F
{? Uim—0 Wm0 Uym— 0 2yw—

s =
/ T .’,U,

FIE (ky — ko) /2 = (k] — k) /o', SARTT A BERI AR 6.
2. (1) Yo LB f IR SEiKf € C2(R), X4 EF4Y,

o) = [ty = [ e

Ht|o(z)| < 1l — 0. XF—Hef, AEfTe > 0, F71Eg € C=(R) 43 f —
gl <e R

6@ <17 = gl +| [ gty
PR, (2) B HFubini &

L -2 20, _ L -2 it(a—y)
[ = etwia = [ p@ssty [ [ eietear

= [ 1@ f@)oe T dady
R2

B /Rz e 2 f(z/0 +y) f(y)d=dy,

Jel f IS HA R, Ho — oo I, LRI Z v2r| fl| 2, HFatou 5|2
e o] I ATAR . I dI S SOE BEHE L 4510 e & VA IE M 4518
X R PR FEE B KU
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13. o &¢ FIRFEREL, Wk 20 A ks, Ne P HEE? = —¢(0).
FH5z |, HFatou 53

o _ 1
o(0) = i, E
1
= ’llirr%) 7z /2(1 — coszh)dF(x)
—

> 2/1iminf1_2%mdﬂx) - /x2dF(x) = B2,
Rl ke P AT AR

N (z) =e el g SERHIERREL, 40" (0) = 0, FILTRES? = 0, B¢ = 0, FJE.
4. PIN(X +Y) + (X —Y) = 2X, Mo (2z) = ¢(z)* - ¢(2) - ¢(—=) = ¢(x)? - [p()]*.
(1) ¢ AE%ET0. WMHe(a) = 0, MAHEHG(a/2) = 0, Mp(a/2™) = 0 HEH0) =
0 FHE. (2) Xpla) = ¢(—x)/d(x), MAap(2x) = p(z)®. Mp(z) = (p(x/27))*
Me(z) =1— 3222+ o(2?), Map(z) =1+ o(2?). Fp(z) = lim, (p(z/2"))*" =1,
Blg RS, (3) BAEe(x) = ¢(x/2)* = ¢p(x/2™)*"

— exp{—3z?}.

16.
T ,—iax _ ,—ibz T Ji(—a)z _ qi(E=b)x
/ %Eez&dx = E/ ¢ , ¢ dx
-T 1x —T 1r
_ E/T sinz(§ —a) —sinz (€ — b)dx
-7 X
FfE )
lim SIAT 4, — wsgn(a)
T—o00 _T x
17

T —iax _ ,—ibx )
lim / & % B¢ dr = rE[sgn( — a) — sgn(é — b)]
T J_p 1

= 7P =b) + 2P(¢ € (a,b)) + P(§ = a)].

§1.6 3 &

1. f£7£[0,1] EBorel w TJIJJE’Jg EREX|Y) = g(Y), HEXEX;Y < z) =
E(g(Y);Y < a), BIf* X(w)dw = [ g(jw|)dw = 2 [} g(w)dw. KFX(z)+
X(—z) = 2g(x), HBE(X]Y) = 3(X (Jw]) + X (=|w])).
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2. Wkay = ap =0, MAEX|Y) = po1Y/0s.
4 E(X;Y €A, ZeB)=E(X;Y € A)P(Z € B) = E[E(X|Y);Y € A)P(Z € B) =
E(E(X|Y):Y € A, Z € B).
6. E(&1[Sn; Snt1,-++) = E(&1]Sn, &ntr, -+ +) = E(&1]Sn).
TEUSX;X <a)= [,cpocoP1(Wpe(z)dude = [, _, ®(x)pa(z)dr = E(®(X); X <
a), FILO(X) = P(U < X|X). E&(X) = P(U < X)
10. g KT A,

E(f, A1 x Q5) :/

fdPl X ]PQ = / gdﬂpl
Al XQQ

A

12. E(|E(¢|2)[; [E(|l«)] > N) < E(|FE(¢]|l«) > N), PE(¢|l«) > N) <
El¢[/N.

13. HiJensen AERE|X + Y| = E(E|X + Y| X) > E[E(X 4+ Y|X)| = E[X].

14. X ZABBENIAEE, ¢ &2 TR BEMAEMEE, Y = EX|9), W
BX,Y [F5A6, IEH: X =Y. (IEH H07R IR S 2PMERAt) S50 |

E(Y;Y >0) =E(X,Y >0)

(X;Y >0,X >0)+E(X;Y >0,X <0)
(

(

X;Y >0,X >0)

E
E
E(X;X >0)=E(Y;Y >0),

INIA

I H P AR SN Z A5 S HEHE(X;Y >0,X < 0) =0, #iIP(Y >0,X <
0) = 0. HEAX,Y [, #EH{Y >0} 5{X >0} HZE-DZNE, g
%, {X >0} € ¢, [FHEIMEfz, {X > 2} €9, HY = X as.

FE: M IEERM
§2.13 &

1. ZRelg1.1 3] 520,

2. H1 HEH.

6. wis(f) = Ef(Xs, Xy). < AAER? EXFALESE T R A FIES: R 8 E
BP(X: — Xo| > 6) < Bf(Xe, X¢) = Bf(Xy, Xy) = 0. = H(s,t) — (u,0),
WX, X, X, 25X, F(X,, X)Xy, X,).

7. BB USSR PR 5 L b A W SR AR R 2 T LT Ak Ak AR A 1.

8. ALl > 6.
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§2.2 3 &

3. A, W RIEBHEES €T, =o({1},---, {n}), HE X7, F#EP,({1,--- ,n}) =
0, P, ({k : k >n}) = 1, @B Pk %15, (HAMELEP 5P| 5, = P,. BIAWIER

1EAE, AT FIA] I, P(Q) = 0.

4. JRAEVE. BEA, AR EAEA R, FONA B 8728 & & e A
#EL2[0,1] EIEZE, WL2[0,1] /& Al 4> Hilbert %58, 77 J&.

§2.3 3 &R

1 BHE (A — ) KTa oJW. WRf G IFES, WA [ f(y — z)u(dy) KT iE
SE. M LE R BUE U o- AR Borel o-fREL

4. BE(3) N: WA € &, P(A|.F,) = P(A|X,). BESeHDynkin & HUEH (M) £
BrF(3). (1) = (2): BIEP(BN A) = E(P(B|X,),A). X (1) PR ESS.
(2) = (1): (2) #EHP(AN B|%,) = 14P(B|X,), Wi X, BURHIE.

5. C-K: [ Ps(z,y)dyPi(y,z) = Prys(z,2). B4

1 —mgx)? — 2 1 _ .7)2
/eXp y-ma)?® (2 m;y) dy = exp _% .
2ro 50y 202 207} V2mo s 207,

PEAN A At feil%&T
1 1 /eXP <— i _ (z/my — msx — y)2> dy

my 2001 /my 203 2(o¢/mu)?
HEAEMEmEET
1 1 o (— (z/my — mgw)?
me (ot (o fm) (s )

B UEAE AT RR: gy = memy, 02y, = m2(0? + (0y/mu)?). {F1Ea [Eif3m, =
e AT oo = 0, FA1ED H15do? /dt = bm?, Blitho? = b(e?* — 1)/2a.

§2.4 3 &

2. < 1yl + k > 7y, BI{r,00, < 0} C {r, < oo}. =: limsup{X,, = y} C
{7yl < oo}
3. BIAX B SCRT 5 JE BRIREA LI B0 —FE. W] AELIETHSE — AN JEBR I BE AL 30
ARG EE0 Fr IR, ST 2,y € Z, B ¢u, £T, {EHREE W, 8,P*) L
IRSTSE ¢

Pay(t) == E7¢Ty.
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=l s el T 2 e

Puy(t) = E7tT = BT = EOTv=s = g, (t)
buo(t) = doo(t) = BT = 1.
W > 0, BAMMLIE SRR 3 — N B4, N0 R @ S,
BT, > Ty, iIXI T, = Thobp, + T, 58 Markov 1,
¢O,a: (t) _ EOtT _ EOtTl +T109T1
=E%" . tTe ol
— E(] (tTl ESTl tTI)
=E%T BT = ¢g 1 (t) - d1.2(t).
186 = ¢o.1, Whdo, = ¢ H—HTH, N0 HHRBUAT, > 1, XNT, = Tyo0,+1,
HMarkov 4
¢O,:c (t) _ ]EOtTm — E0t1+Tm001
= tEO (B ¢T=)
= t((E""=)p+ (E™"t")q)
= 1pgo,z—1(t) + tqpo,o11(t).
L =1, TF
o(t) = tp + tqo(t)?,

Po(t) < 1, WS

ot) = L= V1= 4%pg
B 2tq ’
HIX AT

2tp
HIEHER, 0 RUHVRAER RPN RIEL IR

2q P

1—|p— 1, p>g¢q
]P’O(T1 < 400) =¢(1) = M =
aa p<q

BV BEALRZ B 1) A I, " 06 X AR BRI 1) Y 211351
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A A B RO — AR B kR U — AN PR Markov B M — AN ERIR
AR AT DATEA BRI 18] P BIA 5 IR &S
4. TEiH.
5. H4 HEH.

6. (1) KNP, = P4 P, ﬁpéng = P(()no 1)P0,0+(1*p(()?o_1))171,0~ (2) 2q = poo—p10,
%Mxpoo—plo(lJqur-- +q" ) + ¢
7. (1) AL RHRIEZE. (2) < 87 IS IE—ANRES e 7T LEA AT IR 2
AN, (3) FIRREFTIAMPIRE H 2 & HIR M.
10. (1) — AN IRARAS AT LLBNA PR & W IR 1, %HTLJJ;IEI AN IRARAS
e HIREM R, MR A BRAREMarkov BEH FH 4?(7‘.5, IR0l DUAB BB AN A 4y
HAR R Z IR i‘zﬁﬁfuiﬂiﬁﬂxﬂfﬁf%ﬁﬁ%%x,y, P BT %R X S H R
J&.(2) PY, o) = 1, M3, 30, o) = +oo, i1y 1E13Y, pl) = +oo, HIZ]
5,y IR,
11. X, MR R Epo; = 1=,

0, else
filt 7 A RS AT
o 1-p 1 1
(1—p+r l—p+r 1—p+r)'
PRI IR AR PR Jyop.
§2.5 3 &
0. (S1,- -+, S) HIBEHERERN M 0oy ey S MBS O 2p

%E?‘\jnll{0<y1<-~<yn_1<t}/tn'
10. X >t H A G fEB(t) LA, P(X > t) = P(u(B(t) = 0) = e~ (BM®),
HrB(t) =5 s Nt E.

1L REHEMIEY (o ANJANZ = 0. B0 <to < -+ <t, =1,

EZNtlk Ni_)(Ni = N7 ) Z)\l)\Q te —th—1)".

IR R
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§2.6 3 &

6. 5 Kolmogorov 0-1 FAIIERA.
7. sup, By > limsup,_, o, By, X n, @A = {limsup B; > n}, AA € N, g0({Bs :
s> t}), KEP(A) =0 B34 1. (HA2

P(A) = Elimsup 1{g,5,} > limsupP(B; > n) = 1/2,

RIEP(A) = 1, BIP(limsup By = +00) = 1.

8. P(limsup{B;, > 0}) > limsupP(B;, > 0) = 1/2, H0-1 HP(limsup{B;, >
0}) =1.

12. EX; X, = e 175 . e2tAs = g~ lt=s|,

13. HEH2.2.3 #EHP(C) = 1, HHEHE2.2.2 HHBRTEIC REEA H e
T4, WP, (C) =0.

14. Brown &) A UL Fourier M /715724, W {¢, : n > 0} R
(2,7, P) EHIH IR MR MEIEZS 70 A ST LA B e 5. (T B AR A1)
BRE{1//7, \/2/mcosx, -+ ,\/2/mcosnx, -} FEL?([0,7] MIbRHEEASSHE, Kid
H{en :n >0} XHEAT f € L2([0,7]), &

H(f) =aoko+a&i +aa+---,

HA{a,} & f MFourier REL: a, = (f,e,). B
BH(f? =Y a2 = [ fa)da,

n>0

BIH JEL2([0, 7)) BIL2(Q, .7, P) BI—ANEEEEHN. Xft € [0, 7], 881}, K Fourier

t 2 sin nt
1[0715](17) = ﬁ+\/;z n - COSnx.
n>1

IE B

2" —1
t [2 sin mt
Xt = H(l[o’t]) = ﬁfo + ; Z Z m gm

nZO m=2n—1

TEt € [0, w] AR — 0S8l IL(X,) SR, FHEETE(0, 7] L /&Brown
1z3).
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fift% (25 Tto-Mckean [fIDiffusion processes and their sample paths): 4

L sinkt
Smm(t) = Z A €k> tm;ﬂ = Oréltagx'rr |Sm,n(t)|
m
il
n—1 eikt 2 n—1 52 n—m—1|n—I[—1 55
N
TR, Sl I 51 SR Sa o
k& - = | 5 0+
e

1
n—1 n—m—1 [n—-I—1 2
1 1
+2 > :
= 2 2 2
m k =1 j=m J ('] T l)
n — n—m.1i
<P o -m)(t,

1 ]_ 1 1
Bty < (Et2, 5,)7 < (= +2/y/m)? <3m™ 7,
’ m

E o100 <Y Elgaor on < 0.

n>1 n>1

F=E: M oA
§3.1 3 @

3. r=inf{s: Xy # X,_}. A={r >t} ={r <¢}“

5. &s=1(w). M7, c {A:w,w € Aorw,w' ¢ A}. FHX L dHB N2
AL Reo- A8, BUEFRIB C B, t < s, X, (w) = X,(v'), #{X, € B} € 7.
Rz, c . RE{r < s} € Z, o' € {7 < s}, Bir(w') < s, [FIEEHE
tHuw' & {r < s} Bir(w') > s.

6. KIoNo &7, ATINE), BOHE, {o <t} n{r <t} € F. MHENo > 7, Mkl
T {o <t}

7. BXFy ={A:An{r <t} e F vt} ()iEM: Z, ={A: An{r <
ty € FVth A e Frp, An{r <t} =U,An{r <t-1/n} € F. RZ,
An{r <t} =N, An{r <t+1/n}. 2Q)Wo >7, A F 1, An{o <t} =
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UegAN{o <tin{o >r>71} =U,gAN{r <r}n{r <o <t} e F
JH:A € eg.a-. (3) E:iIE%gTJF - ﬂn 'g.r—l-l/n'
9. | Poisson ITFEHIFA L ELANE: S5 E#H4.3.1 HIERA.

§3.2 3 @

2.
§3.33 &

9. R E X AP T I BIUSE N BT, A M T 17, s 0y AHL BRILE(Mo; T, >
0) < oo, H

Mr, e — Mo = M, atlir, >0y + Molyr,—0y — Mo = Mz, atl(T, >0y — Molir,>0}-
B oM L.

§3.4 3 @

13. EBZ,, = E(T At) < ET < co. HB{Bra : ¢t > 0} —HATHL E|Br| <
lim; E|Brat| < oo, #Br FIFR. (1) 0 = EBpa¢ = E(Br; T < t) + E(By;t < T),
|E(|Br|;t < T) > E(|Bs|;t < T). ikt #&FIT5. (2) HDoob N,

Esup B, < 4supEB%,, = 4ET At < 4ET.
t t

KItb{B2,, :

(>0} —EARL
§3.5 3 &

§3.6 3 &



