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? E��	k�wh,K? wh,Kg℄�gwh+�g,K? ��nna�&9&3a\. ���wh,Kg℄�iy^�0k�``
�A:J�s�wh^�a2�℄�#�, 	[3�s�F	, �#9,K3�p��, H��i�	!�, �j~*�{� !�,K
9s��. �%��, ,K7A5A:J��{s�9�~*SS�Y�MV�SS{�, 4FBas���℄��}��, F�wh,KK�℄
Ba�℄�#�5Hf.wh�7��+, �wh,K�i5��Jo$6nk�, �aok��T 1952 � Markowitz �at��J.>
, �7ok��T8,� 1973 �� Black-Scholes 3T!Sv�. �q�Z��i�0BJ6J{g℄�i, Markowitz �at��J.>
VD℄``
iBZ��v;J��i>s, 4 Black-Scholes v��>sD℄�lg}� Ito A:J�>
, \�M�#\�b℄A, wh,K�Z\N^g ��M�1_M�+K�a6J�i, �j Delta 1_� VaR.
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# L J P��C t�W℄�
1. �i�<�%: ��wh,KBn�Z��i, �qeg℄Jon6J: (1) Markowitz tL��J.>
; (2) Black-Scholes 3T!Sv�; (3) M�+K��>. )�wFO�<�%^, �b���

Capinski � Zastawniak �wh,Ka% (^��), B�%,K℄L3g, �i^32, �lijkp; 4o� Wilmott �whsZa% (^��), ,Kg��l2�ana2; �i6U4FTu�k7� John Hull � Options, Futures and other derivatives a%,�7g���Z�, 	^�:q�^	x��, B�	lh~�whsZl_�\!k7, ��s{�iJ2, 3����MsU6g
; 
*^k �J�%� Delbaen & Schachermayer �OB,Ka% (x��) E�nU�,K, ��,K9g�F1whT�	;R�℄K#(. dpx�Z+��℄KQm#(x��, ��w.�:q��s, B2%�:q�&733��YP. �℄�qeZ�vuwh,K�whsZ�A
iBa29�`�.

2. ,>�HK: �wh,Kr+�y���H�,K� 1874 � War-

las �a��H��>
: R!�Msx	 n ar,, 4up�DL�r,Sl�Æ,, ��B n ar,�uD/�p
 n n�Z,��Sl�D℄anIK���, FiV	Hq��S�	lm�,^��5�LV	 n− 1 n)K, Warlas R
an9/: yupy^��yDL. B\-San�Z, w
an n−1 �Z� n−1 )K���_, a�35, Bn�_	s, s��F��a���SlT�. 	[B�q��,), �`� Arrow � Debreu ) 1954 �y�3$�!>p
SlM}.
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� 1 � �"(0��#2�& 2

3. wh: wh��H�anvA, �Twh�M��HK. wh�M�=W�anO3��Z, �w��M�H�L�. ^	}}	�?o, �p3m	=WCK�wh�M, s{^	}}p3m	CK��M�H. wh�M�����'8!#[, Rgat�1`, h�atM�. T�wh�M��_	[��HKOaQ�E��*.�HKO

�
�
wh�M�r,�\N�r,	F3℄, �	rC�3Y!A, 7A5wh�M�3Y!A��℄�. smT�wh�MD℄aa7�yT, A:�9�uk�#F�. )F	B2�SP�, �q��℄�wh�M��	m	an�_? �
{i�wh�M�D�tLSl�|^G	�_, �B�_J�X', 
�){Ua;+
9
�H, ��9��DtL�Y�MV	3℄��A�A:A, �{r���A:J�>
3T�, 4F8�3L\MA:J�>
.

4. wh,K�83: ) 1979 � Ross B4��AdDtL!Sa�>
�,T�, >
+��lq��, ,K�M}^3Sl, aQ

1990 �, Dalang, Morton � Willinger ��M}Ma�I=��tL!S9�!>, B�wh,K�a�>
8eDnq. G2``KO{kBn7;�U�, 4^	^	``KOSP
, G) 1980�}M}�an�CJ.u>)�a9�!>�M}^7
M�_���, G�31wh,K^��2r
b7p
MSl4Zq�M}. $�ik ) 20 �M�pA:#\�an�S
8, M}ME"A��*A:vJ�Z�s�s)A, H�Ls�
,�!>�i�=�, �38�H)wh,K^	�?�y�, �wh,K^�b℄�r
Pa, $�ik sm) 2010 ���t,KOz2s6��a/��h�#g, B�^	�g,KO^��an.
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5. ���_: �ts		2h~�wh�M? �OÆ	2whL,?whw:��Hw:		k3℄		k��? GtN5�7vuh~wh�M�A
.

6. tL: tL�an�?�`�, �i�8!, �i�r,, �i�	SMV�. B��q
HJWJ;: 	M�tL, j	SM�, �
M�tL, j2, t>s*�. M��Ls��4Sl�3��CA3,w�, ~*�Sl�
9�C�, FiH	M�, t>s*7A2V��n��!�, Fi5m	M�, sm4^#[xBA:)KiB``
.

7. M�: M��an~l, v
sA:A. ��0k\+K�T�M�SYym	aZ��9, �j	�
A:)K��I7A+qI
(�I�/�q) �W�M�, s{H�A:)K(<4/�SZ+�an+K, )_t��L%�^, ^	
A:)K/��nw��t�``�W{M�, s{Bpa!Z+s5}anv7�w�Z+. sm, M��aaA:A�+K, �V�aa
�.

8. 
M�tL: 
M�tLa���Tt>s*�LV8>�2V,	[
M��#1�, M���1�, t>���", LV��&I,M�y�s)�, ��Hq	��i�a3I. 
M�tLa��	�!�n, 3wB�, �)fkSl A(0) �2V, j

�n�.�i�
�?� A(1), 
k A(1)−A(0) �B�, #1�S
A(1)−A(0)

A(0)V{Bn�.�B�`, ZVB`. 
M�2V�=�	�2a, �jo	:��wSNZ�=�, �ja8a�
3� 100 �2V)
3eNZ 100 �, �)f�Sl� A(0), ^	�	%V:�B�



� 1 � �"(0��#2�& 4NZ�=�, �j�)fa8 100 ��	%V, sw5}
3NZ2t?. =�3b℄, �℄&�a\�. 	[B`�)'�, ��#135, B`)'3z, 4F#1�!. �B`1y�`����`, Cjj

M�tL�B`{ r, �a��℄NZap�?�)VD℄�
 1000(1 + r)−1 �{M. �q�w5�����Bnlm.

9. \8%<`: \8%<`�anb℄��HT+, swF5�B`�~mB`, �L�B`�\8%<`	�, j
\8%<`g�~mB`, 
k�LB`�[,, 8!y�)'S�, =P, �LB`�K,. ��)wh,K^, �q3�8\8%<`, s{�i
{\8%<`g���^)B`^, ^��5�q�i
{B`��LB`.

10. <p�X�<: �q�^anat��n��Z, #!��X#�,Fi:�<p�X�:�GI�X&��im"�, JA�tsm	�℄�N-, )5}�S�, <p�Xrij>s, rQ�; )�TI?�, ��:�GI�X�A:�Z�< (�j47%$) �lijy�v;J3{>, �9^22. p>
s�iM}, GI�X�<��	�<p�X�<��!I-.

11. at��J.>
: �any�``
�9�_T�MVat��
Markowitz, H
MV	�A:)K, anatAJ.oaMV�at�C, V{at��, [�G!mM�n�M�, .Rzj
�iJ.�(, >A�atAa!J.�nrgFM�r��at��,G8�B\�J.3�za�, \N�/O"�aN, V{	1%t. G�w��p
M0kJ.at���an\"e.
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12. 
OBRz: OB�Tm	M��n?:2. ���M�	1A�9��v�A, b�OB:2&2P=-�, sm�M
OB�an5��S�Rz, ^G�an9E4��Rz, s{�Lsz2,a)ij���&#9wF�
MOB:2, Ksjm, wh�M�ij82Bk4 , ^K���ij�4 8Æ�OB:2m3C�. �anR

OBRz���HKO Miller, G) 1958 �T�v7SS�49
LB����R
: j
Jnv7�3�SS�a\�, 
kHq�)�SS^�a\�, P/�ijy,anOB:2. 7A5, `h+YFdKH�i�|4\�FdJKH. �3aq8�, �2whY�,�Sl&�i\�
OBRz3Y!, sm
OBRzWM�}wh�HK�9�RzPa.

13. Black-Scholes: 3�P
, wh,KCK;7��� Black � Sc-

holes ) 1973 �8,�3T!Sv�, )~*Sl�NE�47%$�RzP�, Gq��75<��p
M3T!S�an��,w�, 4^y�M Itô v�, v
�y�M�S
Z+iB
,�!>B2�4`+�!>, 4FBnv�)�MYZ^9�+��,℄� Chicago 3TijF^K�) 1973 �WD, Æ�Y�MV	>
T��	�ZMF, pmwh,K�Y�MV�Ma7P=8373, W{7��M�3,K>
�ukk��y�.

14. Y�MV: 	k�Y�MV? Y�MV�SS��HFb℄�9�tL�!�, �Ms�lN^�	�3, 38�3T. Zx�e\5%�HN�%F/KOph�w (ÆX1w, 4v, B�!!) �K,>&. H)>"���m	NZ, 4^�r,���3Fb℄�tL, 4Sl)�3�3Y!�. �[BK�℄�SSAs�Xies{r,�Sl_)4_), j
)r!��Xr,��MSg



� 1 � �"(0��#2�& 6�r!S, 
k�℄�SS�K�, =P4SS�[�. xB�KO�KO�S�bOf'8�
)[-2�Zx>&. 3T�E1~*4V�, �T)r!�Xir!Slzf�a~*�TB, 3�C1�, �iD;. �3�38&�m
, 
3#FR>. s{�TB4Em
, 3T)ij��D℄NZ�, sm	3T!S��S.

15. Y�MV�lm: Y�MV3�,KO0!&+
3�, H�s�MDL4�Ls)�. H���DLy^��$M���^, Cj�nv7s{)a��Y!℄Æ�a o�l3, H��i)�MsfaKa��o��3, B\�3��MHn?, s{a��o�3`��0k\
aOÆ, ���$s{o����z:4pv7|3�llM�, Æ��rPY!. FiY�MV�s)�ih�A:A, ^��h�s{�M/$u7�M�. �j��I&�Jw�, Y�MV�ih�M�, ^��iDzM�. Cj, Rz�8�� 100 o�a^, aÆpo��ifap^, �a#9on!���:S
 130 a^, �)�Ms�if
on!
3 110 �a^���38, G	JnJ. (1) �8fkap^, (2) D�a),iaÆp��Mwfk 10 p^��38. on!�, j
��j3:
 130 o�, 
k�aaJ.|3 30 pBl, �7aJ.|3
300 pBl, ��j
on!����
 80 o�a^, 
k�aaJ.ÆG.B 20 po�, 4�7aJ.2ÆGM�
�, M��Dz3V4�.

16. ���_: GtN5a'��Y�MV�A
��h.

17. a:: a:�:�T:2, a:�T
2)�MsO>OB:2�>{, a:s)��s�s{�M�A:A, 7A5m	A:A�m	a:. a:�eB�L�, wh�Ms	zK�a:As), a



� 1 � �"(0��#2�& 7:A
"3k�s)Æ��M)�r	1, OB:2-��r)rT�. Y�MV	[
Cl�2�a:AFB�. �Ls, at�a:m	q��N-, �2at�{Ma:, �2a:^�Zat.

18. 9�!>: iE� Brown %${tLSl�<� Black-Scholes v�w��E�, aq8�4^	2#���T��<
�, B�Z
1976 � Ross �OB!S>
�
�, Bn6&) 1979-1981 ��
Harrison, Kreps, Pliska{a5nq, 4r
�3�V{tL!SJn9�!>, �a!>�B\,)�, �M
OBRz�S�s)��C+�S�``C+Æ�)BnC+�9�tL�3s�n`��
M�2V��n`, �
��V5, ����9�tLSl)7C+��
. �7!>�5Y�MV��n��atM�tL�
�S�
C+za. )BJn!>�, b�Y�MV�Sl&��H)
3eSS�3s��. ℄5HfBJn!>, �q�℄p

��, >s
��>st�!S9�!>. 9�m, Ross� Cox, Rubinstein a7) 1979 �R
MZ��7(3T�<, Q��℄�s�MJn9�!>, .Fy�^8�!!>, 	�XXmM�T�, i
GI�X� Black-Scholes v�. p9�!>
8, wh�H^�Y�MV!S�)�ENQ�4FZ�, 3D℄ui�;D�a��H��>
.

19. �X\�!S: Y�MV�2a2\�, �3�38��"PXij�, �3T3a\, H���nlp�wh:y
!�, 3T�i\�
OB�>G:!S.E��ip�z?M. s{1�&h3T�:y35, j
h
aK3T�℄[�aKM�1�Hq35�3�m"�. Hq�3s��
aK
M���II, ^��5℄��
M�!S. �[, 3TR>�\	a��n��:yD℄



� 1 � �"(0��#2�& 8�`NZ�, 
kan&9�, BK�n�i\�\	aNZ�3TI�{b�at\�)FbtLs��a���at�
. j
�i, Bn!S�V{
M�!S, BK3TV{�X\�. B^��tL!S�79�!>, H�5
M�!Ss)�^J#℄Wa�
,�!>WD. HxBr}��A:J�>
.

20. wh�M: �)�wh_g��an�[z�, pEowhw:�r
�, E��i�
�H�YangT	O��%, HpÆB�	O|3�B�3Q�CK�5I. 3�wh_�whT�j�83, �qy^J�wh_�3����T
_, p-IA|3�(p8_r2�htPÆ, whT�����wh�M�b���!. ���)�aq (�0L_a��T�a�) 9�g�tJMB2, &L5�&pwh�M^O>OB:2, 6Q3l�9\, �j�)�2_A&p2\a�
8B�g+ij^O>OB:2,���B2>{m		kÆ��V, 	[^m		k�B-�, ��}�5: ��1J, /Z)�. �)O>vQ-a9\�:2�,^G�KW{4Ga��^;. Jj, )M�w�aa/�.



# + J yCWy�
1. wh�Ms�tL: 
M�tL�M�tL. 
M�tL�Tt>s*7��LV, wh:y�v78>�2V. M�tL��<},�~*, 	[+�i�l!/wiB���r,. )�gm�, �q3N-tL�Sl�SS, 7A5SS��Sl3�K�.

2. ~*�r,: �<�M�tL�~*, ~*�aaijFij�whL,. MVijF\N	�2~*, �T�aa~*V{n~, n~�SlA�X)'V{�n~�{�. x)~*�MJT�{�V{~T, H��J
�	},A�~*SlPTL��, jo	�+q26, x	� FTSE100, e��e�T,, ^	�sMT,�. r,a��T+�w'��
,���AL,, Hq�Sl��uD)'4X�A:A, �qB��k��)38�Msij�r,, 43��8�Ms
!�r,.

3. �C�M: �C�M��4/
�, �Y�q3OÆ�3���, s{�M�73nU�A:�. eMa2	(���C, z2,a&3si�S�9�3�Ce3, B)�h~�Jn~*�<: 7(�<� Black-Scholes �<^>
s�3���, s{BJn�<	MarkovA,H�5)�Ce3�, F	�S�9�&g�T�)�)�~S^M. C(jm, ��Æz�Bn, U�t+�	
,�V8q)ZE��C�M. %��	
,�%k�j��C�M,}��2�73nU��S, �j4:(	k�.

(a) 9�wJ�: 9�1}'~*74HwhL,�
2s<��H3�C, 4^�0a���HLBJ�, +	}'~*��
9



� � � ��2�! 10Ts<, iB+UK)��s<.

(b) G(J�: 9�1~*�A
Sl��HJ�3�C�3Sl{�, �T	 (1) O"e, B)�W���s�N�
; (2) NU��~E�; (3) M�"; (4) e$/�"; (5) #1C+, ,��S N Vs:V,4��C; (6) F
T+, !m{
100× 	�~S − nV���S

nV��gS − nV���S ;

(7) 4Q|; (8) e�f"e, H�i)anes�
r2�9�.

4. ���_: �G.%�vuaa�M�C�9, ��	#y��MJ�.

5. whY�s�: Y�MV�aa4SSb4�4HM�tLSS�MV. Y�MV�wh_�k7L,, H�i
�b�{M1_\	M�tL��M��. Y�MV�83�~a�, �)Hg��wh�M�b℄�W6JM, H�wh,K�g℄T�1+. �w�qvuEa�L�Y�MV.

6. �3��: �3���T�3T!�Xi�)r!�Slzf7Ah
M�tL�3p, T!��XV{ije (7A
3e), r!�SlV{�3Sl, \NJ{ F . y?zftL�V{�3��2b, y?h
tL�V{�3��!b. )�3��>"ij�,m	�wNZ. j
M�tL)
3e�Sl� Sn, 
k\	�32b�atA6B� Sn−F , \	!bA�6B� F −Sn, &�A:)K, �3��^�M�tL�aa.
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7. �3Sl: �3��m	�wNZ, Fi�3Sl�Y�b℄�, 
kH�3��i�Y!�Æ? Rz�3��^�M�tL�)��
0 �Sl� S, 
3e�� 1, 3X�
M�tLB`{ r, j
M�tLm	\	W�, 
kH��3Sl F y^�

F = (1 + r)S.
Mj�:

(a) j
 F g� (1 + r)S, 
k��i>"aK�3!b, [�)~* S �?fkM�tLaK\	
�n��iSl F hp\	2b�atA, [�+pt>?BB� (1+ r)S, jmn�w3 F − (1 + r)S. =P, j
 F �� (1 + r)S, 
k�i>"aK�32b, [��)h!aKM�tL� S �?, skt>, 
�n��, pt>�
tw (1 + r)S, i�3Sl F fkM�tL+pF	A, jmn�w3 (1 + r)S − FswJaI-�y,�n?:2�nUm	M��n?:2, V{OB:2. \N
{, OB)an	zKW&�atA��M�3���, 7A5OB:2s{atA�eB>{4P=-�, ��OB3��s), �3Sly^� (1 + r)S. Ba!S��9\V{OB!S�9. H�a�6&�h
Sl�g|�tL, fkSl��|�tL4p^6B.

8. 38��: 38����3��#9. 3℄��38�)ijFij, ℄�Na!��/i$vx�M�, 38���!nV{>r?, V{�� (marking to market). 38��)ij��m	SS�, �As�X_), r,�uL���Zr,Sl_), s4�Z38��L�SS, B�2�ZNZ. �j�S 100 ��B` 5%



� � � ��2�! 12�a�3���38S{ 105 �, ��)�7V�S:Y 120 �,
ka��38Sy^� 126 �, 
kh�y^NZpf� 21 �.{M$v�a�s{
9NZ7A3�NZ,Wx�, ijF℄L/�ska!,K�tw�{�Mw, j
�a�3��℄Li��Mw, 38���2�/>, ����Q-, �Mw;"^�?U6�Va�. Fi�3��VD�kije�Sl, ^XSl�7S3#)l, 438��3zD℄�kije�Sl, ^D℄�kBn3X�Sl, s{CÆ���`�n?�, �^��s{[3�^XSl�/$4�/>, ���3	x�M�, 4389�m	.

9. ���_: GtN5a'��	�7A	l38ijF��h.

10. iFO3�S: �3��\N��O3�S. �j5atA 3 n!�℄h
 100 p^��, 
G�>aKon!
3�38!b��. �	��Msm	a\�38r,, �j�℄�!l�, ��Msm	, 
��iJ.#|�38r,3{>O3, �jQ���l�, V{iF1_ (cross hedge), �S�y^>2tK��Æ?B��O3�`��S, F�O3�`�T\	38��,K�M��[tL,KPX��C. a��&9���i 1:1 ��C3�S, �Ls, Bn�C��3��<	�, s{, �[�8Sl�38Sl�`2M�aZ, �38Sl�)'��8Sl�)'5�3�nUaZ�. Bn�C2t��Æ? � ∆S � ∆F J-�O3�S3!��8Sl�)'�38Sl�)', σS � σF J-�Hq1y�+qI, ρ �Hq�#��,, a�BnSm| 1. (z h�O3�S`. 	O3�SA\	tL�2b�38!b�, )O



� � � ��2�! 133�S3!�tL�SS)'{
∆S − h ·∆F,#=, 1!b�tL�2b�38�, SS)'{
h ·∆F −∆S.

	aI-, SS)'��I{

v = σ2
S + σ2

F − 2hρσSσF ,	
h = ρ

σS

σF�, v w
�/S, BnSV{�NO3�`. 	JA)'�5�nUaZ�, Bn�`� 1.

11. C: �v7OÆHe) 3 n!�zf 100 pPb��!\N�. )
3 n!�nPb�!\N��Sl)'�+qI{ 0.032, ��O3�S�Q��\N�38Sl)'�+qI{ 0.040�Hq�#��,� 0.8. sm�NO3�`{

0.8× 0.032

0.040
= 0.64.a838��� 42,000 Pb, smv7y^zf

0.64× 1, 000, 000

42, 000
= 15.2C� 15 8��3{>O3�S.

12. ���_: �G38�M�z%��t, Hq�3s�n�/$`,Hq�Sl)'+qIiB#��,?
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13. 3T: VlaaY�MV�3T, 3T2a2\, �Z����3T��3T!�Xi�)r!�Slzf7h
M�tL�TB, zf�V{�:3T, h
�V{��3T. H��3�N-��3�#FR>�, 43T�i3R>. �jatazfaK
3�X
n T!Sl{ K ����:3T, �[j
�� n �M�tL�Slg� K, ata	B�e, R>3T, 6B{ (Sn −K), =Pj
M�tLSl�� K, 
kata
B�e, 	[J.3R>3T, B\ata6B{ 0. �,KR�,w, zf���:3T�ata6B{

(Sn −K)+ = max(Sn −K, 0).℄\zf����3T�ata6B{
(K − Sn)

+ = max(K − Sn, 0).Hq&b4��� n ��tLSl Sn, )�� n ��A:�.

14. �:���: 
!an�:3T�
!an��3T, �73JA�;9�, ��/s	�℄�3℄, s{JAF�&�	!�, �A)�B��3a\, aK�:3TA)�SS�Ls�
!�, s{>
s~*Slm	st, 4aK��3T�SSy�	!�,s{~*Sl	�t. j
�fMaKR>Sl K 
3e n ����:3T�h
aK℄\<,�����3T, 
kBnat��)
3e�SS{
(Sn −K)+ − (Sn −K)− = Sn −K.H�i\�)b���\	a~~*�~* e−rnK 3wW, B5}) t ���:3TSl C ���3TSl P y^i|

C − P = St − e−r(n−t)K.



� � � ��2�! 15mv�V{�:��3T/S (put-call parity).

15. kl�37A38��`SS�r,Sl�"AÆ,, �3T3�.B),K�9s�Z�z�3℄, "A�Sy�℄�E"A�SZ�.

16. o�3T: o��:3T���;9, 3℄Pi)�o�3T�i)
3�X��b��XR>. 0k,wo�3T�SSÆ? �[o��:3T�SSy^Q����:3T, s{atay��iJ.)
3�XR>3T. �S�ata�3��
rz�Bn,�j�3�J.)tLSlw

3�X���g��R>3TÆ? ��Ls�[ata�3
B�, s{GF	�9��i��,H3OÆ�3, G3��OÆ	k����g�. �q�weM}o��:3T�Ls3���r�, Hq�S?y^�a\�.

17. Y�MV�SS: Y�MV)
3��SSa���tL�Sl�!, �j�3�3T�SS��tL
3�Sl Sn �!, 7A5�
Sn�Æ,,o�3T�SS��F	�X�tLSl S1, S2, · · · , Sn�!, 7A5� S1, S2, · · · , Sn �Æ,. B��q5
3� n �Y�MV�SS Vn ��� S1, · · · , Sn �C�, 7A5an
3e{
n �Y�MV�aK��, H�SS� (S1, · · · , Sn) �Æ,.

18. Y�MV�!S: Y�MV)>!� (�� 0) �Sl��Y�MV�!S. �37A38)
3e��n��", �#FR>, �4)>"�3NZ, Y!�3Sl��3��_F). 43T�TB3�m
, Fia!℄Z
, Fi3T�T!Sl3��b℄, b℄��H)�� 0 S	kS.

19. A:L,: SS3��C�L,�iV{A:L,. A:L,�2



� � � ��2�! 16a2\�, M�tL�A:L,, Y�L,	[^�A:L,. �Z�Q��A:L,� Las Vegas �*M��9 :, �ja2b,�wonm���m$a25�ZU�
on,x, ::q
����/h
a!3+�?, ^��	k^m	. BnA:L,0k!S? ^��5, ��y^#2t?mao? \N��9�y�z,!_, Sl��A:L,�3s1�. z,!_�!S��>ACPb4�z\�, s{z,!_!S�s)M��, pz,!_�
, M��\�KW=�, ��M���
9-e, B^����v7a!℄13_
�>�, ��v7^3�l�
a\�K/��a, �j5`8w, �j�M,W�B��. z,!_!S����Z�, �W��M�.

20. Y�MV�!S6&�z,!_�!S6&�nU3℄�, ��Y�MV�SS�b℄�4Gr9��A:L,�, Fi��s)3℄�z,!_!S��9. z,!_�!S��Æ�H���*M7A;9*M���v7, 43���3�[�M��t>�MVv7�T
_. T
_�9�9/�{ataRuanij7A,!/I, 4HwF3[�M�, V�QT
I.

21. 
M�!S: �jan,!3T�v7, Hh
aK3T, ��h
aK-b, )
3�XH#Fp3TzfA#y�1�, j
G	k^3�, 
3T��anM�. FiH�&9��Q�>�I�,\��	�at���`6�#y�1�, 

tL:�, BK1�<���3T�1�, B��F�3T�X\, ^��5�QI�\�atM�tL��.6��℄�3T��n. BnI���3T�!S.

22. �X: <p�X n = 0, 1, 2, · · · , an���X�O+�i�y, J,



� � � ��2�! 17V, !, �iB4Hb��X��. �q5 n − 1 
 n �� n n�.. z 0 ��SS{ A0 �
M�tL)�� n �SS{ An, {An}�anY!EA:��1,O.

rn :=
An − An−1

An−1�� n n�.�B`, 1y�,

1

1 + rn
=

An−1

An�� n n�.���sv, � n ���a(?#	��a���
1

1+rn
(?. z Sn ��� n�M�tL�Sl, Sn �anA:)K,j
℄},2aM�tL, Sn �i�anA:*K. {Sn : n ≥ 1}�anA:HO. �qRztL�Sly�K�, C Sn > 0. ℄\�

Kn :=
Sn − Sn−1

Sn−1�M�tL)� n n�.��n`, ^�nA:)K.

23. at��: z�Ms	2aM�tL, 
twi�a�bat)2aM�tLsp�q
J�at��, B\�Yt�ih�M�.
k�q�3���r�a2? �3��i��aZ���93�	��e�23�>�at��Æ? i	k\�+q3J.Æ?�7�qevu Markowitz �at��J.>
. ) n ��\	
x KM�tL� y K
M�tL�atA� n ���9\{

Vn = xSn + yAn. (2.1),1 (x, y) V{�at��7 portfolio, ℄\j
	2aM�tL,B�� x �i�*K. )�L�~*�M78!�M, x, y a�#



� � � ��2�! 18F�J,, �{M,Ks��(, �qB�� x, y �i�b��,.	 x�K���, �q5atAfk, 7�	2bbt, P/5atAh!, 75�	!bbt. #y�, 	 y �K���, 5atAs* (8!�2b), P/5atA~* (8!�!b). 	��M�3iG!b�.

24. 9\�1P: �� n− 1 �at�� (x, y)

Vn−1 = xSn−1 + yAn−1 (2.2))�� n �9\{
Vn = xSn + yAn. (2.3)Bi
� n �.at�� (x, y) �9\)'{

Vn − Vn−1 = x(Sn − Sn−1) + y(An −An−1). (2.4)

25. at����n`: ;9�, at�� (x, y) ��n`�
KV =

Vn − Vn−1

Vn−1

.

26. 3s�n�M�: A:)K�,K3s��I�Jn�b℄�,xPH. M�tL��n�,K3sV{3s�n, 4+qI (�I�/�q) �NV{M�, s{H�x)�n�A:Az/Z+�anT+. �jM�tL�n`�3s�+qI{
µn = E[Kn],

σn =
√
E(Kn − E[Kn])2.
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27. >AJ.: )N
Jn3℄at����)�, �n�g℄s<, ���n�A:)K, E�
9�l, 43s�n�M��Jn,x,Hq��l#1ij. 9��Rz�, j
Jnat����n#℄, 
kM�/�r�; j
M�#℄, 
k�nz�r�.

28. C: z
M�tL A(0) = 100, A(1) = 110, ~*Sl S(0) = 80 F
P(S(1) = 100) = 0.8, P(S(1) = 60) = 0.2.Rz�)	 10,000 o�, f 50 ~~*� 60 K2V, 
k
�� 1,tL���SS{
V1 = 50S1 + 60A1 =




11600, j
~*:;

9600, j
~*�.
kat����n{
KV =

50(S1 − S0) + 60(A1 −A0)

V0
=




0.16, j
~*:;

−0.04, j
~*�.at���3s�n{
E[KV ] = 0.16× 0.8 + (−0.04)× 0.2 = 0.12C 12%, at���M�{

√
var(KV ) = 0.08,klM��S\Nm	�1�lm, V	#1�lm.

29. JatL: z	JatL, 4 n ���SlJ-{ S1(n) � S2(n).)�� 0 J-at x1, x2, B\, b����atSS{
V (0) = x1S1(0) + x2S2(0).
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x1, x2 V=�attL�,K, m	C�=�attL�SS, sm�q!mTb
w1 =

x1S1(0)

V (0)
, w2 =

x2S2(0)

V (0)
,HqJ-�at)JatLs�atTb, �73r{Q�. j
tL3�h!, 
kTb&�K�F&) 0,1 PX, �CKlms�Tb, j
tL�ih!, 
kTb�K�[, ��i|

w1 + w2 = 1.�LsV	anw�+. {	k℄ukTb? �wat��^�,

x, y �tL���Sl	�, 4tL���Sl���3a\, �j-
�~*�n~ 1000 o�, 4Æ+�~*��V�n~ 50 o�, Fi)�~*,K��lm3z, ^3�(, 4#�P�, ukTbr{�(, Hx)yat�i	k�CJ#
�T�M�tLs�.

30. at�n: z)JatLs�at�nJ-{ K1 � K2, 
kat����n
KV = w1K1 + w2K2,s{

KV =
V (1)− V (0)

V (0)

=
x1(S1(1)− S1(0)) + x2(S2(1)− S2(0))

V (0)

= w1
S1(1)− S1(0)

S1(0)
+ w2

S2(1)− S2(0)

S2(0)

= w1K1 + w2K2.



� � � ��2�! 21�)�qzTb w1, w2 ��<�<,, Hq�J.��at���J..



# 
 J j�m?A^[j
1. 3s�n`: at���3s�n`�JatLs�3sat�n`�PT/�

E[KV ] = w1E[K1] + w2E[K2].eswon3s�n`im,�{ µV , µ1 � µ2,

µV = w1µ1 + w2µ2.�n`��I℄X'a2,

E[KV − E[KV ]]
2 = E[w1(K1 − E[K1]) + w2(K2 − E[K2])]

2

= w2
1var(K1) + w2

2var(K2) + 2w1w2cov(K1, K2).j
� σ2
V , σ

2
1 � σ2

2 J-,� K1, K2, KV ��I, [�uk#��,
ρ1,2 =

cov(K1, K2)

σ1σ2
,
k

σ2
V = w2

1σ
2
1 + w2

2σ
2
2 + 2w1w2ρ1,2σ1σ2.s{ |ρ1,2| ≤ 1, Fim w1, w2 E[, 
k

σV ≤ w1σ1 + w2σ2,at���+qIi�JaM�tL�+qIPX.

2. 3s�n�M�: 
tL��I7A+qI σV >s{M��aa+K, 
k\�_)Tb, 3s�M�	i���
µV = w1µ1 + w2µ2;

22
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σV =
√

w2
1σ

2
1 + w2

2σ
2
2 + 2w1w2ρ1,2σ1σ2;

w1 + w2 = 1.B\, �i-S w1, w2, sm µV � σV 	/O"��
σ2
V = (µ1 − µ2)

−2[(σ2
1 + σ2

2 − 2σ1σ2ρ1,2)µ
2
V

− 2µV (µ2σ
2
1 + µ1σ

2
2 − σ1σ2(µ1 + µ2)ρ1,2)

+ (µ2
2σ

2
1 + µ2

1σ
2
2 − 2σ1σ2µ1µ2ρ1,2)]s{ σV > 0, FiHV�/O"�aN, F4 �{


µ2σ

2
1 + µ1σ

2
2 − σ1σ2(µ1 + µ2)ρ1,2

σ2
1 + σ2

2 − 2σ1σ2ρ1,2
,

σ1σ2

√
1− ρ21,2

√
σ2
1 + σ2

2 − 2σ1σ2ρ1,2


 .

3. M�3s/w: 
anat���3s�n�{z�+, +qI�{��++)an/w�+�s, Bn�+/wV{M�3s/w,7A σ-µ /w. Q��, j
�q
JatL�M��n (σ1, µ1)� (σ2, µ2) �{Jn�+)M�3s/ws, 
k�T'il>�-2�P~W�K$%;``0$���7; �:�ukV, rl�T~W���7,U`$
H�rK). Vl, 	 µ1 = µ2 �, /O"j'{aW/>�1/d�Q"; 	 |ρ1,2| = 1, Hj'{JW!{=w�iFQ". j
 K1 �
M��, 
k σ1 = 0 4 µ1 �
M�tLB` r, B�^�JWQ"
σV =

∣∣∣∣
µV − r

µ2 − r

∣∣∣∣ σ1.

4. nnM�tL: z	 na3℄�M�tL, �n`J-{ K1, · · · , Kn,at��
KV = w1K1 + w2K2 + · · ·+ wnKn,



� $ � 4�5�/3�� 244^ {wi} �at�C, w1 + · · · + wn = 1, ℄\�, j
3iGh!, w1, · · · , wn &�E[�. W µi �� i atL�3s�n`, C�A:*K (K1, · · · , Kn) �3�I
G
C = (cov(Ki, Kj))1≤i,j≤n,4^

cov(Ki, Kj) = E[(Ki − µi)(Kj − µj)].a�35, 
G C �K!�, eEtL��n�"A#��.

5. at��J.: j
aty3�!, �iat�M�tL�!, 
k�qy�sO>#1��at��. B�� Markowitz �at��J.>
, Hb4�1�M��n�Z�J�. ���qRz, 1�Jn3℄�at��, j
3s�n#℄, 
katay�J.M�l/�
nat��; =P, j
M�#℄, 
katay�J.3s�nlg�at��. �,K�V35, M��n/ws�at��� (σ, µ) 	a!�(H��: � (σ1, µ1) � (σ2, µ2) ,�Jnat���M��n, 
k
(σ1, µ1) < (σ2, µ2)	Fz	 σ1 > σ2 F µ1 < µ2, Cat�� 2��nr�, M�r/.^��5, )�I3s/ws, �anat���l, ��H�sj�at��r�, �>A�ata	[�J.. K0'il>�*�T:�, �:\U=�'il>gmT� 1<�'il>. )�G�at��^, F		1�at��UTV{T:�N7Al>}F.

6. ��M�: )whU�, M��anNY
�
�l, ��M����	kM�
�	2z, 0^
95Hf, M����^�3s�



� $ � 4�5�/3�� 25#�, �
�Yx)��K, )Bngm^, �q2oR
M�, �^m	+q�!m.

7. 	1%t: p! n ^M�tL, H�at���	1%ta�353�za�, H�aWp��jU{

sj�O". ��j��M���n, 
sj�gM�g�n. 0k)	1%tsJ.b4�na�M���. 	�atA�*n=, ^��gM�g�n, 4	2atA�*�b, ^���M���n.

8. �I�/': W
m = (µ1, · · · , µn), w = (w1, · · · , wn).�
s+ T ,�
G�m[. 
kat���n` KV �3s�+qIJ-{

µV = µ(w) = mwT ,

σV = σ(w) =
√
wCwT , (3.1)�I σ2(w) � w �anK!7o<. kl σ2

V �{ w �Æ,�an n |� �w, +anÆz�o. !\Wa
w1 + w2 + · · ·+ wn = 1}, w ws�anQ/w, swBnÆos)BnQ/ws�QS+� �w (7A"), H�[	�/S. y� Lagrange Y,9�iij�I?
)

w =
1C−1

1C−11T�w
�/S, 4^ 1 ,�F	�<�� 1 �>*K. B�anJT�/S, j
�^3iGh!�I-, BnJT�/S�3a!)�G�N��, L	6��/S2EN/
.
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9. 3s�n"s��/�I: U6at���M��/S�lm3��z, s{�2ata.3a!�*M��/�
nat��. Vlan	l6��S�, atA��℄Lan�!3s�n µ, &p4^�
�at��^J.anM��/�at��, ^��5? σ2(w) ��/S�? B�#	�? σ2(w) )Jn!\Wa
1wT = w1 + w2 + · · ·+ wn = 1,

mwT = w1µ1 + w2µ2 + · · ·+ wnµn = µ (3.2)���/S. B�Jn"A��+Wa, (y� LagrangeY,9�
)
w =

∣∣∣∣∣∣
1 1C−1mT

µ mC−1mT

∣∣∣∣∣∣
1C−1 +

∣∣∣∣∣∣
1C−11T 1

mC−11T µ

∣∣∣∣∣∣
mC−1

∣∣∣∣∣∣
1C−11T 1C−1mT

mC−11T mC−1mT

∣∣∣∣∣∣

(3.3)

�w
�/S, 4^ m �3s�n`>*K
m = (µ1, · · · , µn).

10. I?�Z: W
G(w, x, y) = wCwT − x(mwT − µ)− y(1wT − 1),4^ x, y � Lagrange Y,. �

∂G

∂wi
= 0�
 n n�Z

2wC − xm− y1 = 0,
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w =

1

2
xmC−1 +

1

2
y1C−1. (3.4)r�Jn!\Wa�
Jn�Z

1 = w1T =
1

2
xmC−11T +

1

2
y1C−11T ,

µ = wmT =
1

2
xmC−1mT +

1

2
y1C−1mT .�ms
 x, y }k (3.4) �
 (3.3).

11. B��Lss)Jn*K a,b Æ�
w = aµ+ b,4F3
�


a1T = 0, b1T = 1.}k�
σ2 = (aµ+ b)C(aµ+ b)T

= (aCaT )µ2 + 2bCaT · µ+ bCbT ,)M�3s/wsi|s)�Z� (σ, µ) �/O"�aN. B\	1%t��HfM, H�BW/O"�s�N, atAy^p4^J.at��. s{4^�nn�},�at��&����, ^��5m	�Hr��at��, 44Hb�anat��&3����.



# � J j�m?A^[j II

1. Markowitzv�: 
F	�Gat���n`�M� -3s (σV , µV ))M�3s/ws��,�
3, V{�GN�, )iGh!�, I-�Z�, 	 n = 2 �, B�aN/O", 	 n ≥ 3 �, �
��an�/O"}�W�N�, 4%t��swR
��/M�/O", FiBnN�l=j℄anv�b, V{ Markowitz v�. H�%t�s�N�����W7A	1%t. ��)3Gh!�I-�, I-℄X'�2, �GN��ojN�
w1 + · · ·+ wn = 1, w1 ≥ 0, · · · , wn ≥ 0)� (3.1) !m��w (σ(w), µ(w)) P��+!X. B�, LH��/M�O"�3�Æ� Lagrange Y,9.

2. C: �^onMV, 3s�n
m = (0.1, 0.15, 0.2),3�I
G

C =




0.0784 −0.0067 0.0175

−0.0067 0.0576 0.0120

0.0175 0.0120 0.0625


 .�/�Iat��

w =
1C−1

1C−11T
= (0.316, 0.439, 0.245),4M� - 3s�{

(σV , µV ) = (0.162, 0.146).

28



� ) � 4�5�/3�� II 29)p!3s�n` µ �Wa�, �/�I)
w = (1.578− 8.614µ, 0.845− 2.769µ,−1.422 + 11.384µ)iw


σ(w) =
√
wCwT =

√
0.237− 2.885µ+ 9.85µ2.

3. t��M": j
+	an�!�n` r �
M�tL, 
k�q�ip	1%t>
>
s���anat��. B�F	3s�n µ /� r �at�� (σ, µ) 3#�^, 1� µ > r �at��
(σ, µ), H�
M�tL�����Gm (0, r) � (σ, µ) �Q"s,�[j
	Jnat�� (σ, µ) � (σ′, µ′), 
HqJ-� (0, r) Gm�Q"%
3, sw
WQ"�[�r��J., B\�qVD℄>
	1%ts
n�, Æ�H� (0, r) Gm�Q"��F	Q"��sw, B	[��� (0, r) F�	1%tO"#E�
WQ", V{i���7, >A�atAy^J.BW"s�at��.

4. 0k>t��M": Gm (σ(w), µ(w)) � (0, r) �Q"4`{
k(w) :=

µ(w)− r

σ(w)
,4^ σ(w) =

√
wCwT , µ(w) = wmT . p,Kj+�, �qVD℄)�+Wa w1 + · · ·+wn = 1 �>
Æ�Bn4`�z� w ��iM. +�y� Lagrange Y,9, W

f(w, t) = k(w) + t(1wT − 1).L(�,�
∂f

∂wi
=

µi

σ(w)
− (mwT − r)

∑n
j=1 σi,jwj

σ(w)3
− t = 0,
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µiσ(w)2 − (mwT − r)

n∑

j=1

σi,jwj − tσ(w)3 = 0. (4.1)J%Yi wi [�1 i L��
mwTσ(w)2 − (mwT − r)wCwT − tσ(w)3 = 0,i


t =
r

σ(w)
.
H}1 (4.1) �

µiσ(w)2 − (mwT − r)
n∑

j=1

σi,jwj − rσ(w)2 = 0, (4.2)5V{*K,w�
mσ(w)2 − (mwT − r)wC − rσ(w)21 = 0.^��5

(µ(w)− r)wC = (m− r1)σ(w)2, (4.3)sms)N, c Æ�
w = c · (m− r1)C−1, (4.4)CFL�Tb w � (m − r1)C−1 ℄*, B\(y�Wa w1 = 1�Wa�I? w.

5. C: +�B�sw�Cv^�onM�MV, (	an
M�MV,�n`{ r = 5%, �q�iI?�MtL��, �?
(m− r1)C−1 = (0.293, 1.341, 2.061),



� ) � 4�5�/3�� II 31s{ w �Bn*K�N,�, 4 w �JKP��� 1, Fii

w =

1

0.293 + 1.341 + 2.061
(0.291, 1.341, 2.061) = (0.079, 0.363, 0.558).

6. M�oS: p!
M�B` r > 0, )M�3s/ws� (0, r) ��	1%t#E�Q"�t��M", swp
ME�},�at���Tb w, H1y�at��V{��i�l>, H�M�3s{
(σ(w), µ(w)),	�5{ (σM , µM). B\t��M"��Z{

µ = r +
µM − r

σM
σ.nan>A�atA&2)t��M"sJ.���at��. 
%��a(�B`, �7(V{-2QF(risk premium), H�1atA�l[��M�|3�3s1�.

7. betasv: �w�q3�an�!at���n KV ��MtL���n KM PX���, 
1y�� (KM , KV ) +�
3, \N�\�1���93O>�N��", V{�977A#a7. O>
α, β Æ�

E[(KV − (α + βKM))2]�/. B��<��/7Y, �ij�?

βV =

cov(KV , KM)

σ2
M

= ρV,M · σV

σM
;

αV = µV − βV µM .



� ) � 4�5�/3�� II 32�qVsw� βV {p!at�� V (7A�nMV) �beta Rk.

beta sv�p!tL����nAsJn�M>{�3)'�T+. PH"��Z{
y = βV x+ αV .W

εV = KV − (αV + βVKM),
k
σ2
V = var(εV ) + β2

V σ
2
M ,4^�a(�=I�I, ��JpM�; �7(��_M�73�JpM�. 0ks�Æ? �q�i
� i atL��n`5{

Ki = αi + βiKM + εi,4^ {εi}�3s{TF!#'D�A:^$, H�3s�n� µi =

αi + βiµi, �I{
σ2
i = β2

i σ
2
i + var(εi).
kat����n`

KV =
∑

i

wiKi =
∑

i

αiwi +KM

∑

i

βiwi +
∑

i

εiwi,H�M�
σV =

√
σ2
M

∑

i,j

wiwjβiβj +
∑

i

w2
i var(ε

2
i ).j
 wi = 1/n, 
k�w
a(	 n M�
J�M�T, ^��5AstLa;1P, He�`-�.
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8. M�oS: �qOÆ�M2s{atAatM�tL4p�#y�M�oS, ���Ls�MV2p��_M�7A3�JpM�#y�M�oS, 32p��JpM�b�oS, s{Hq��i\�Jpat-e�M�.

9. (� beta sv: p (4.2) �

(µi − r)σ2

M = (µM − r)
∑

j

σi,jwj,
k
µi = r + βi(µM − r), (4.5)4^

βi =

∑
j σi,jwj

σ2
M

=
cov(Ki, KM)

σ2
M�� i aM�tL� beta sv. )�℄^, (4.5) �b℄�, )�{|I3s�n� beta sv�I-�, H�ipatA8
��BnMV�!S��g+����Hf9�. Vl, �m��i
1b�at�� V ,

µV = r + βV (µM − r),4^ βV �swF!m� beta sv
βV =

cov(KV , KM)

σ2
M

,�Kat����MM�z/, µV −r
βV

= µM −r ��MM�oS, C[� 1 ���MM��Q31�`, ^V{ Treynor �`. ��, at�� V �M��n (σV , µV ) �
M�tL (0, r) �G"4`
kV =

µV − r

σV



� ) � 4�5�/3�� II 34��zS)�MtL�� (σM , µM) iw
, Hq��S{
ρ = kV /kM = βV · σM

σV

=
cov(KV , KM)

σV σM

= ρV,M ,^��5, H<��at���n��MtL���n�#��,.



# 0 J +9y�o<
_I A:J�)wh^�y����)3T!S�w,�7vuQ�Z��7(3T�<, ukOB, at, 3T, ��, 1_�wh`��,Kx), .{�S
C+iB
,��`+�,K`�>
wh^�lm, g℄�6&� Doob �
9�!>, \��7�K�, K�y^9�s>sM
�lm. )mhwh,KP��&R?zO��C���t�i���, ���3���X\,Fi3℄i{�qg��C�wh, HV�>&�}v.�_l

• OB
• 3T
• whtBa
• �S
C+
• 1_
• �X\!S
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1. a�A
: Itô�[	~, ��Gp3m	
G�r
y��whU�. �+�Ba�I� 1900�9	h~,KO H. Poincare �0�� Bachelier �0�
�, B'
�p�nj+�
M Brown %$�me``u+, B��)\N
{� A. Einstein �t8�
'h~
�+M 8 �, d��� Bachelier �
�)	�J�Q�, s
a>s4�dt, aQ
 60 ��8�ab7�
, Fi�)
{wh,K�T�;7� 1973��
 F.Black, M.Scholes, R.Merton�a�Os�, B��, Itô�A:J�,Tg�no. }�jm, ��D℄g}�,Ks�, 9�GI�XA:J��wh,K+�3j>s, Fi 1979 � Cox, Ross, Rubinstein 
BO>
�
<p�XM�, Æ�Hr
}�Q�, 4F1�q>sA:J�	
J�in.

2. F�OB: OB�x�� arbitrage, �Tm	M���n. ^��

�M0k)., a!n?�Ba. Sl�5, s)anBa
{Hn}, Æ� H �� X �A:;J Yn i| Yn − Y0 ≥ 0 (,�m	M�) F P(Yn − Y0 > 0) > 0 (,�	K�n). OB�b�an*M7An��MF3�iG�.

3. -n``: 1�anA:�+, �qNN�a4^�b℄�``C+. �jX~!�X�v, 4�&	an``)��. -n``����-n�<, �j℄ana5~!�v/�4Vana5~!3v/a\. _)C+Ba�I, a�I-��3�&+�0(, �)whU�XEN	lm. )3℄�``C+^, �S�``C+	P#�
m. z	\�!X Ω, P �4s�an``C+, x) Ω^�a8����A�z/. j
 Q � Ω s�Vlan``, F1b��a A, P(A) > 0 	Fz	 Q(A) > 0, 
k5 P � Q ��
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4. A:A�+K: >s�S``C+3�aaij��I, ``C+�1A:�a��A�aa+K9/, �S``�aa7�+K9/, �H�M3_)A:A, ^��532
A:��a)WY!A, ^32
Y!A��a)WA:�. �j5A:)K ξ �3�``�QS 1,−1, �)�SC+�, HQS+� 1,−1, V3�``_)M, )WM p, q. 5H32
A:��a)WY!�, �T
p, q  !�K�, s{j
 p = 0, 
k�3���� 1, �)X)�3��, B_)MA:A; 5H32
Y!��a)WA:�, �T p+ q = 1, s{j
 p+ q < 1, 
kH#[
4H�n�33��Q
�S)���Q
, B^_)MA:A.

5. �S
C+: j
	anA:)KHO {Xn}, H)�`` P ���3�
, ��)�n� P �S�`` Q ��n
, 
k5 {Xn}	�S
C+. z {Yn} �'D℄J4A:HO, 3sz� 0, 
k
Xn = Y1 + · · · + Yn ��
. H	m	�S
C+? �i�
, 	
Yn �QSE[� (B�OBs)), H3��	�S
C+, ��	
P(Yn < 0) > 0 �, Ha!	�S
C+. (�[	 Xn �E['D℄J4A:HO�Y;�	;9�r
.) B5}	k�SÆ? j

 Yn �W*0�${, 
k Yn E[�5maq�32	$���A, 4	 P(Yn < 0) > 0 �, 3�3s2z, Gs)$���A.^��5	$�{���A&s)���, �S
C+s), P/3s). �9Z�, B�Ls�wh!S�a9�!>�d=. ��a9�!>�a�>
z`A�Jn 1980 �}8eDnq.%Z5.1 (�a9�!>) OB:232��S
C+xs.

6. Z�wh�M: �0ans~*B`�{ r �8!�M�an)�



� + � �-�!�. 38� n Sl{ Sn �~*�M. �qRz~*�Sl�'D℄J4A:)K�Y;, C
Sn = S0ξ1ξ2 · · · ξn, (5.1)4^ {ξn} 'D℄J4, S0 �~*8>Sl. j
 ξn QJnK,S

d, u, d < u �``J-{ q, p, p+ q = 1, 	 ξn QS u ,�~*)�� n :, P/,��. 
k�q5B�an7(�<. Rz�q�ipt>
!\�s*7A~*, 1�~*^�iAlfh. s{ Sn A:, �4y_~*#[s)zK�a:>{. a:�A:�+j}A=.

7. 
OB: ���qM}, Rz�M
OB, /#	
d < 1 + r < u.��s, j
 1 + r ≥ u, ^��5B`�g, 
kaq�i�h


(f!) 1 ~~*, 6�tw S0, skt>, )�a��Q
s*f1~*, 6B{ (1 + r)S0 − S1, s{ 1 + r ≥ u > d, FimA:)K�E[�, 4FiK``z� 0, sm�Ms)OB. ℄\�q�iM}j
B`�� 1 + r ≤ d, 
kaq�i~*Sf~*46�
M��n, ��M^	OB:2.

8. 3T: 3T�Y�MV, s{H�b℄�~*B\�MVT�SS�. �T�5, 3T�aK��, i��fk3T{C, Hp���a)�nr!�Xir!Slzf~*�TB. zr!�X� m,r!Sl{ K, j

��~*Slg�r!Sl, 
k��a�	B�, 6B{ (Sm −K), =P, G
B�e, V�D;TB, Fi3T�SS�A:�, ��
Vm := (Sm −K)+. (5.2)



� + � �-�!�. 39o��fk3T	F3℄, HW���a)r!�XP��b��X&�ibr!Sl K fk~*, FiSS{
Vm := max

1≤i≤m
(Si −K)+. (5.3)a��, an n��
3�Y�MV��an�� S1, · · · , Sn �C�A:)K Vn.

9. ��y�: 3T�aaTB, w[32�vI�, Hy^h2t?w[��	lm��S, �4�1,!Ba3T�}>:y35, 1�Gq35, ��w[�m	b�M��,!3Ti6�aK}>�II. B\�Ba�Ps)? 3T�b��{aawhk7i
�, g℄���h�)R~��M�. �j�a�!~*, smzK
!~*i��)�S���fk46B, �{MBU~*pas:|3�M�, G�l#?faK�:3T��, B\i�M)G�{X�I-�3Y�B�Jz. ���3�835}, Hr2��a:A��rN+�a:4W��DzMM�. �E��whw:�i5���3TB;whk7u7�.

10. ��: s{	B`{ r �8!�M�s), n ���a�?#	�
n + 1 ��� 1 + r �?, Fie3�?)�)�3D℄��, C
n + 1 ��� K �?) n ���VS K(1 + r)−1 �. ��
E�an�!, 3�	k�℄��I, j
D℄, �q�iRz r = 0,B321�w�N
,Wb��℄�3℄. Vl, )z2,I-�,

m = 1 ^|{5}�SM.

11. !S: 3T���an�<�A:L,, �*M�A:L,nU;9. Fi��&
�!S�9�z,!_, CSly^�A:L,
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(1 + r)−mE[Vm]. (5.4))m	4H�9�I-�, B�za�J., Ba!S�6&�Z�, ��&
Æz�M�, 
9-e, }�H�M�As\�K (zfK) �1P4[t, B�3T}>:y�b_�3R�. VlBn!S�`` p 	�, )�LI-�, Bn``�
qYI?. 
k�wvu�3T!S�6&�1�EN)L�.

12. 6&�Z�x): 3T!S�6&�5\�3T���6B�i\�1~*�at6�.

13. 0k�: Rj�	b�tw x0, ��3�\�at~*n
3T�SS Vm, 3Cp m = 1 ��. �f x ~~*, #M xS0 �?, [�
���? x0 − xS0 skt>, B\�?�anatBa, 4^
x0, x ��!�<,. B\
�� 1, ��~*SS xS1 4skt>�?SS (1 + r)(x0 − xS0), �73, ��atSS{

xS1 + (1 + r)(x0 − xS0).����V�n13T�SSpzfA, Fi�3s3�)	kI-�, &	
φ(S1) = xS1 + (1 + r)(x0 − xS0), (5.5)4^ φ(S1) ��3TSS, )���:�I=, φ(S1) = (S1 −K)+.

14. s�Z: sw��Z (5.5) �3���WDÆ? a��3���, s{�q℄L��)F	���I-�WD. ��)�qBn7(�<�P-Rz�<���. S1 = S0ξ1 V��QJnS S0d � S0u,sm	
φ(S0d) = xS0d+ (1 + r)(x0 − xS0),
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φ(S0u) = xS0u+ (1 + r)(x0 − xS0).K�s
Jn�OK
x =

φ(S0u)− φ(S0d)

(u− d)S0

,

x0 = (1 + r)−1 (u− (1 + r))φ(S0d) + ((1 + r)− d)φ(S0u)

u− d
. (5.6)^��5, V℄a��	 x0 �?, }>r��i\�isat6��3T��℄\SS�?, FiBn3T��Yty^hBk2?. B\3��Mj�)., }>r32	b�B�. Fi x0 y^�3TSl, (5.6) ��3T!Sv�.

15. no�r	: ���qy^�
, �Ijmno��s�7(�<�Rz, EN�P#.

16. Cv:Rz~*�)�Sl� 50�, �n��i 3/4�``: 20%,

1/4 �``� 20%. �n��3faK�a��
3�r!Sl{
52 �����:3T, RzB`�i�a3I, 
k3T�z,!_!S�

(60− 52)× 3/4 + 0× 1/4 = 6�, 4�sw�!Sv�, 3T�Sl�
(60− 52) · 20%

40%
= 4�, sw�v�+h>�qBk�31_M�, �St>u 16 �?, Psh3TF�� 4 �?f 2/5 ~~*Ds, �
�an��,j
~*�
 40 �, 
k3T3230�, �qh�~*� 16 �?+pt>; j
~*:
 60 �, 
h�~*� 24 �, +pt>

16 �, (p3T\	a 8 �?�F�.



� + � �-�!�. 42

17. 3T�fb��: �uswBnCv3s�a�3T�fb��.�j�a	�p�?, G	98~*2:, &umzna , j
f~*V�f 1000 ~, 	~*s:�,  
, Gnap�, G��t,�3&u?, �*a�, f3T, �if 12500 K3T, j
~*:M, GnK3Tn 8 �, x�p�, ^��n1�p�. B��3T1��2a�lm, ��-tM, j
G�?~*�M, 
k3TW{a8HW, �p�M�
�; 4m�f��~*, �+	8p�).Fi3T�fb, KDzMA)��n^DzMM�, yP there is

no free lunch.

18. �H: u��H3T!Sv� (5.6), �q8�Bnv�� p m	��, B�an�-�, s{ p �anWab`�,, �
Y!, },sM�. Vlv�^	Jn��� 1 �K,
u− (1 + r)

u− d
,
1 + r − d

u− d
,J�A{ p′. BJn,	5z���, �q�ib7!m`` P̂ Æ�

P̂(ξn = u) = p′, P̂(ξn = d) = 1− p′,
k P̂ � P �an�S``C+Æ�
Ê(ξn) = d

u− (1 + r)

u− d
+ u

1 + r − d

u− d
= 1 + r,B�Z����~*Sl {(1 + r)−nSn} ) P̂ �W{an
. Fi

P̂ � P )�alm��an�S
C+, 4F�q^℄�
, P̂ �Æ� {(1 + r)−nSn} W{
�za�SC+. B��wh!S>
��79�!>.%Z5.2 (�79�!>) 3T	
M�!S	Fz	�S
C+zas).
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19. (�!Sv�: ��SC+, !Sv� (5.6) �i5W{
x0 = (1 + r)−1[q′φ(S0d) + p′φ(S0u)] = (1 + r)−1Ê[V1],4^ V1 = φ(S1), H�3T����n)7``��3sS��,�z,!_�!Sv� (5.4) =�#℄, V�``3℄. ra��,i�X m {r!�X�Y�MV Vm ) 0 ���!Sy^�

x0 = (1 + r)−mÊ[Vm]. (5.7)�w�q�s{>M}.

20. at: B�at�B�l6���!)�� k �2t?f~*. Rz)F	 Xk �9\�, �?f (h) Hk K~*, 
���sk (~)t>. 
k)�a��9\yS{
Xk+1 = HkSk+1 + (1 + r)(Xk −HkSk), (5.8)anatHO {Hk} 1ysan9\HO {Xk}. es�'Z�
(1 + r)−k−1Xk+1 − (1 + r)−kXk

= Hk

(
(1 + r)−k−1Sk+1 − (1 + r)−kSk

)
.�qOÆ {(1 + r)−kXk} � {(1 + r)−kSk} J-�9\�~*Sl���HO, �A� {Hk} ���A�A:;J. s{�A��`` P̂ �
F Hk �� {S1, · · · , Sk} �C, Fiq
 Doob �
9�!>O {(1 + r)−kXk} ��`` P̂ ^�
, C����9\)7C+�^�an
.

21. wht: B�	nb℄`�4(vua�, wht�l6I32�w}�, T)at�Z^eMa���twl3(Pk7AQ
t



� + � �-�!�. 44w. ��Z (5.8), W Bk := Xk − HkSk, B�at~*��
3Dkt>, )�a��, Bk+1 = (1 + r)Bk, sm
Xk+1 −Xk = Hk(Sk+1 − Sk) + (Bk+1 −Bk), (5.9)^��59\�1P3w~*�1S�t>�B�, m	4G3�,B��wht.

22. !S: j
�q	b�tw x0, &\�at {Hk : 0 ≤ k < m} )r!�X m w
�3T�� Vm a\�9\, C Xm = Vm, 
k
�3s3)A�
x0 = (1 + r)−mÊ[Xm] = (1 + r)−mÊ[Vm].B\M}M�q�!Sv�.

23. �X\!S: u��(A���
, sw�v��	an��Wa�, ^��s) {Hk : 0 ≤ k < m} Æ� Xm = Vm. {MZ�, ℄�q) r = 0�Rz�s�Bn�S. j
 {Hk}s), 
k�q�	anC�s)�at�9)~�sn
 Vm, FiB\�!S^V{�X\!S, s{3T�n?�+�i\�~*at3��. 
k {Hk} s)l�s	kÆ? BK��wF5�
,��S. {Sn})7C+ P̂ ��
, H�
YJ{ {Fn}. s{ Vm ���OÆ�3T) m ���SS, W
Vk = Ê(Vm|Fk),
k (Vk : 1 ≤ k ≤ m) ���
Y�
, Vk ��3T) k ���
M�Sl, H� Vm zaY!. j
��
Y�
�i
,�, 
ks) {Hk} Æ�#y�A:;J Xk = Vk 1F	 1 ≤ k ≤ m WD, �S�s�M.
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24. �T?�: +�Rz r = 0, P/�℄���� Sn 	� Sn i>��iM. p m ����,

Vm − Vm−1 = Hm−1(Sm − Sm−1),4^ Vm � S1, · · · , Sm �Æ,, Hm−1 � Sm−1 � S1, · · · , Sm−1 �Æ,. Rz�q) m − 1 ��, B� S1, · · · , Sm−1 �gO�, �q℄s Vm−1 � Hm−1. s{ Sm #1� Sm−1 	Ja��A Sm−1u� Sm−1d, Fi�q�
Jn�Z



Vm(S1, · · · , Sm−1, uSm−1)− Vm−1 = Hm−1Sm−1(u− 1);

Vm(S1, · · · , Sm−1, dSm−1)− Vm−1 = Hm−1Sm−1(d− 1).<�Jn�ZJn�OK, s�
Hm−1 =

Vm|u − Vm|d
Sm−1(u− d)

;

Vm−1 =
(u− 1)Vm|d + (1− d)Vm|u

u− d
= Ê[Vm|S1, · · · , Sm−1].

25. !S�atBa: a��, 1 0 < k ≤ m 	
Hk−1 =

Vk|u − Vk|d
Sk−1(u− d)

;

Vk−1 =
(u− 1)Vk|d + (1− d)Vk|u

u− d
= Ê[Vm|S1, · · · , Sk−1].4^ Vk|u = Vk|ξk=u, Vk|d = Vk|ξk=d.

26. �S: z ξ �E[A:)K, M}: P(ξ > 0) > 0 	Fz	 Eξ > 0.

27. �S: z	a~*�)�� 0 �Sl� 50 �, )nn�X.&i
3/4 �``s: 20%, i 1/4 �``�� 20%, RzB`�i�a,
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3�r!Sl{ 52 ������3T, ^��5G	)�� 2 i 52 ��Slhp}>v7a~~*�TB, �BK3Ty^h2t?? }>v7y^0kat31_M�, j
�� 1 ~*��, BK3T+S2t??}>v7�y^0k?�?

28. �S: RzsS^�s~*�B`� r = 5%, #y��Sy^0k�?
29. �S: j
 (5.1) ^� ξn QS 0 < u1 < u2 < u3 �``J-{

p1, p2, p3, 4^ p1, p2, p3 �K�F�{ 1, �s)``C+Æ�����Sl�Z {(1 + r)−nSn} W{
�Wa�	k? zae?



# e J "_&GE�&[
1. �w�q�JaP#I-N
M3T�!S�S: 7(3T�<�

Black-Scholes �<. BJaI-�, �q�i�
3T!S���,w�. )a�3RztL�Sl)'i|�aP#Wa�I-�, w[3�3s�
	k���,w�, ��a29���>d[�1�, BÆ��q�i>swh^
2r�℄��_. B��g℄s��
, 
BnZ�~5�,K>
�i�3s�wh^�2X'��+. �i
{, 

�dDA�o	,KO J.L.Doob,G����h� ‘Stochastic Processes’ �

���.

2. 
�!m: z	``!X (Ω,F ,P) �9�Y {Ft}, C Ft >s{��M�tLSl
�� t {U�F	9�. anA:�Z {Xt}V{� {Ft} �y�, j
1b�� t, Xt � Fn �C�, BZ��5, �
�� t, Xt �nUO.M. �C�anb℄`�, Bn~lg�s�MBn`�. ~*Sl�Z��y�A:�Z. an�y�A:�ZV{�
, j
1b��X t > s,

E[Xt|Fs] = Xs.

3. 
�s�: Xt − Xs V{�A:�Z�1K, 
�S�51K���� s ��9��Wa3s{T, 7A59��S1e3�n��C��T. Wa3s�3s`��i�, 3s�
9��C, Wa3s�9�6J9���C. kl,Ks1Wa3sA:)K�℄L��;, �q)B�32�K��p. 
�v/�}~l, \N*0^�9\;:�Z�
, ^��5*0^�A:A�3(*�b�a��.
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4. �
s
: 

!m^����_{z����
E[Xt|Fs] ≥ Xs,B� {Xt} V{�
. �
�1K���� s �Wa3sE[. j
 {Xt} �wF�9\;:�Z, 
kyT35�
�1wF(��, 7A5	B�. =Pj

E[Xt|Fs] ≤ Xs,
k {Xt} V{s
, �[, s
�1wF3B�.

5. �
X�an1Fd (ao�7o�,&�E[�) Æ,�d[��
, Cj
 {Xt} ��
, g �1Fd�Æ,, 
k g(Xt) ��
,s{
g(Xs) ≤ g(E(Xt|Fs)) ≤ E[g(Xt)|Fs],4^Jn3��J-B�1A���dÆ,� Jensen 3��. smj
 {Xt} ��
, / {X+

t } ^��
.
6. ;9�, 
X�andÆ,���
. Fi	 {Xt} �
�, {|Xt|}� {X2

t } ��
.
7. �SC+: z P̂ ^�``C+, j
1b��a A, 	 P(A) > 0 �S� P̂(A) > 0, 7A5 P(A) = 0 �S� P̂(A) = 0, 
kV`` P̂� P �S. p!A:HO {Xn}, j
s)�SC+ P̂ Æ� {Xn}��`` P̂ �
, 
k5s)�� {Xn} ��S
C+.

8. �Z��I=: z X �anA:)K, �3�s)�SC+ P̂,Æ�
X �3s{T, C Ê[X ] = 0? j
 X �� P E[, C P(X < 0) =

0, 
k X �� P̂ ^E[, sm Ê[X ] = 0 �S� P(X = 0) = 1, i
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 P(X = 0) = 1, ^��5, eE X = 0 P/3s)B\��SC+. 1 P(X > 0) = 0 �A:)K	℄\�r
. ��eMBJaI-, �Y2s)B\��SC+. X��S. Fi�S
C+�s)x)B\�I=: j

A:)K�W�3�n�(, n�"���A&C�s).

9. C: z X �J4{
P(X = u) = p = 1− P(X = d),4^ d < u, p ∈ (0, 1). 
k	 d < x < u �, s)za��SC+

P̂ Æ� Ê[X ] = x. ��)�S`` P̂ P�, X ^V�Q d, u JnS, 
k
Ê[X ] = qu+ (1− q)d,4^ q = P̂(X = u). sm Ê[X ] = x &
szas

q =
x− d

u− d
,�� 0 < q < 1, �4 d < x < u.

10. at: z {Sn} �M�tLSl, nn Sn �i�A:*Ki,w2aM�tL. �!VlanA:HO {Hn}, !mA:HO {Xn} {
Xn −Xn−1 = Hn−1(Sn − Sn−1), X0 = x0, (6.1)7A5

Xn = x0 +H0(S1 − S0) +H1(S2 − S1) + · · ·+Hn−1(Sn − Sn−1).^��5 X �1K3w S �1K� H �Y;. B\�!m	Q��
m, ���an*	, j
 {Sn} ��)*rs��a�9\



� � � *�	���	� 50�Z, ^'�M�tL, 4� n 	��n� Sn − Sn−1, 
k {Xn}��%��a�9\�Z, H �G ‘at’ )*rsma�Ba, 4� n 	��n�
Hn−1(Sn − Sn−1).(�~*at, j
 Sn ��� n �~*Sl, ata)�� n− 1fk Hn−1 ~, 
kG�tLy,{ Xn−1 = Hn−1Sn−1, 
�n��~*Sl){ Sn, ata�tL)W
Xn = Hn−1Sn.sm

Xn −Xn−1 = Hn−1(Sn − Sn−1),^��59\�_)3w~*Sl�_). B\�atBaV{�whtatBa.

11. A:;J: � S � H 3!m X ��� (6.1) �ENa��, ���{aaat=��9\�Z, B�	anEN�_����� H��yA, ^��5, ata��!�� n− 1 �atBa�, G�3OÆ n ���tL)'I-�, C Hn−1 ���
S1, · · · , Sn−1�C�. B�R��L�, ataa�35m	�2�O��E. 	

H i|Bn�CAWa�, �q5 (6.1) !m� X � H �� S �A:;J.

12. Doob u>: (1) j
 S �
, 
k H �� S �A:;J^�
.��s, �Wa3s�A℄, s{ Hn−1 � Fn−1 �C�, �
E[Xn −Xn−1|Fn−1] = Hn−1E[Sn − Sn−1|Fn−1] = 0.



� � � *�	���	� 51;9�, (2) j
 S ��
, H �E[�, 
k H �� S �A:;J��
. BJnr
&�Q�, an51�anv/�*0, 

�Æ�	kBaS*, V℄�3��2�O, 
kr
321�r{	B. Van51�an1F	B�*0, V℄no&�4�4{, 
kr
d[1�	B. Doob �Bn!>Z�Q�, �V	P�, �A:J��9�, JnA:J��Ywh,K�z�d�4s.

13. Z�: A:�X3��, �j�q5, 	k���8�n{aOAv�?�? 	k���f�
~*2:��? �y?
~*)�g� �, ��. B�w��X&�3Y!� (4F����w3
),Fi�A:�X. �qvua;�lP#ENb℄�A:�X. anA:�X T V{Z�, j
H�P8�)�� n �i��� n��9�3�/. Z��`��ENQ��, sw5�n{aOAv?�~*:��BJn�X�Z�, s{


	k��, �&�iq
�9��9��/BJn�+�Pg�w
, �j�����?, ��Av�Sl. ~*�g�Bn�X3�Z�, s{�℄�/�)�~S�3�)�g�, V�i���)�9��3{�, �+℄OÆ�3, s{�g��JT�`�. �j
�V�℄an7g, 
k�S��)�9����/. FiZ��an�q
�S��)�9��/�PwW�A:�X. �,K�V,w, 1b�� n,

{T = n} ∈ Fn.	[�!�X�Z�.

14. ZU�Z: 1�Jn, a, b, � a ∧ b ,�4^/�
n,. j
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{Xn} �A:�Z, T �A:�X, !m
XT

n = XT∧n, ∀n,
k XT = {XT
n } ^�A:�Z, H) n ≤ T �� {Xn} a\, )

n > T �, HZU) XT i, FiV{ZU�Z. i*0{CQ���, ZU��*f67<�3mM, ^�aaBa, 4Fs{
9�2�O, BaBa^3�_)K�. �q0k3>
 {Hn−1} Æ�
XT∧n −XT∧(n−1) = Hn−1(Xn −Xn−1)?��	 n−1 ≥ T �, T ∧n = T = T ∧(n−1), � XT∧n−XT∧(n−1) =

0; 	 n ≤ T �, T ∧ n = n F T ∧ (n− 1) = n− 1. sm
XT∧n −XT∧(n−1) = 1{n≤T}(Xn −Xn−1).^��5

Hn−1 = 1{n≤T} = 1− 1{n>T}.s{
1{n>T} = 1{T=1} + · · ·+ 1{T=n−1},F T �Z�, Fi 1{n>T} � Fn−1 �C�, i
 Hn−1 � Fn−1 �C�4F	[�E[�. sm� Doob u>i
an
�ZU�Z+�
, an�
�ZU�Z+��
.

15. OB: OB�T
M�n?�:2. i,K��V35, z {Sn} �M�tL�Sl�Z, 5H	OB, �Ts)anatBa {Hn}��n�� m, j
� {Xn} ,� H �� S �A:;J, 
k	
X0 = 0, Xm ≥ 0, P(Xm > 0) > 0.



� � � *�	���	� 53sw� X0 = 0 Tat3D℄�?, Xm ≥ 0 T)�� m 3"?, Fiat
M�, ��anWa�5n?�``�K�. kl)
Xm ≥ 0 ��R�, P(Xm > 0) > 0 � E[Xm] > 0 ��S�. )��^, 8!y�	�XSS�, ^��5	B`, Fie3�tLSS)�)�73#F��, zB`{ r. an
OB��M\NV{	1�M.%Z6.1 ("KD�%Z: T:��) �
2aM�tL {Sn} ��M
OB	Fz	s)C+ P̂ Æ�4^b�tL)���

{(1 + r)−nSn})BnC+��
. P̂ V{�S
Z+.

16. Y�MV�!S: m ��
3�Y�MV Vm ���
{S1, · · · , Sm}�C�A:)K. P-�, M�tL�|^�Y�MV. 0kpanA:L,!S? B�an�
1x��S. \N35, �?z,!_, y^iA:L,SS�,K3s3!m. ��Y�L,3�a��A:L,, H�SSb℄�VlanV{M�tL�A:L,. Cj, j
QhJnaSman9 :, Jnamao��n&�A:)K, 
9���l. ��j
QhJna&faK℄\�~*, an!�, �[~*�SS
9�C, ���i/!GqJn��n�a\�. B��9�M�tL�A:L,����A:L,�3℄, Fi!S)B��lm^3℄. j
�M
OB, 
kY�MV�Sly^�Y�MV)
C+��3sS, V{
OB!S. �B	Jn�S, �a, H�z,!_!Sa\s)M�; �7,Æ�M�tLW{
�C+�3�za? j
3za, !S�3z
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nCv�, wh�Ms!S3za�whL,#[2L�OB:2. Y�MV�!S�T
M�!S, H�l6�5�=\G
b���'i�PUN%;'i �M�-2i�YA�, ��5M���i1_�, B\�
�!SV{
M�!S, 7A��X\!S. 1_Bas)�wh�M�n��M, �w��79�!>p
n��M�,Ks�.%Z6.2 ("*D�%Z: (���) �a9�!>^��S
C+za	Fz	b�anY�L,�SS Vm &�i\�1M�tL�at36�, Cs)�y�Z {Hn} Æ�
Vm = V0 +H0(Ŝ1 − Ŝ0) +H1(Ŝ2 − Ŝ1)

+ · · ·+Hm−1(Ŝm − Ŝm−1),4^ Ŝn = (1 + r)−nSn �tL��. i|BnA℄��MW{n��M, 7(3T�<� Black-Scholes �<&�n��M. B��[	 m��R>�Y�MV Vm �Sly^�4��S (1+r)−mVm����S
C+�3s, C
V0 = (1 + r)−mÊ[Vm].

17. 9�!>�y�: Jnwh!S9�!>�) 1979 �
 1981 �o�X� M. Harrison, D. Kreps, S.Pliska oa�o'
�nW�, EN	�. H�SlM}\IMan�}8CKnW. ℄�qvuH�Jny�, ���q�^�3Sl�Y!, z {Sn} �M�tL,H�
3e T ��3Sl{ F ,
k
3e�3�SS� S(T )−F .Q�S
C+ P̂, B�s{�3)b���m	SS, Fi
Ê[ST − F ] = 0,



� � � *�	���	� 55�^��sv, i
�3Sl{
F = Ê[ST ] = (1 + r)T Ê[(1 + r)−TST ] = (1 + r)TS0.

18. o�3T�SS (B6J℄
6q|℄K�KvÆ): VlanCv�o��:3T�SS, o��:3T����:3T�I-�o��i)
3e�b�an�XR>, Bn�X�i�A:�X, ��Ha!�Z�, s{atA)�/�3�)p!�XR>3T�F�	�9��9�Bn�Xi��9�. J.�anZ�
σ ≤ T , j
3T)�� σ R>, 
ksmJ.) σ ��R>�o�3T�Sly^�R>�SS����3s, C

V0(σ) = Ê[(1 + r)−σ(Sσ −K)+]
ko�3T�Sly^{
V0 = max

σ
V0(σ),4^ σ !*F	QS) [0, T ] PX�Z�. �73o��:�SS℄Q����:, ��Ls32. �q℄M}

V0 = (1 + r)−mÊ[(ST −K)+].�� ≥ ��[�. �q℄M}1b�Z� σ,

Ê[(1 + r)−σ(Sσ −K)+] ≤ Ê[(1 + r)−T (ST −K)+]. (6.2)s{ {(1 + r)−nSn} �� P̂ �
F r > 0, �
{(1 + r)−n(Sn −K) : n ≥ 1}
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Ê(Sn|Fn−1) = (1 + r)Sn−1 ≥ Sn−1,(s{ x 7→ x+ ��1�dÆ,, Fi

{(1 + r)−n(Sn −K)+}��
. y� Doob �!>, s{ σ ≤ T , Fi (6.2) WD.



# { J y�&G3�
1. sa7g��<p�X�3T!Sv�, �E�F	a&2
{Rz�X�GI)'�rR��LI-, FiBa7�qe[tGI�X�3T!S>
. z�X t )NX [0, T ] ^)', 4^ T �i>s{
3e, 0 {h
3T��X, V{b��X. K {r!Sl. S = S(t) �~*)�X t ��Sl, �nA:)K, Hq�WanA:�Z, x)M~*�{�. �
 Black-Scholes 3T!Sv���9�2, �i�<p�X�|, �i�
,��C+)-��9, 3�:�	k�9, (A&D℄1 Ito �A:J�>
	#	�>s. �q�vuvJ�Z��9, H^� Black � Scholes )Gq���
�^��9.

2. � V (S, t) ,�3T) t ���Sl, 4^ S = S(t). B,�3TSl��X t � t ���~*Sl S(t) �Æ,. )
3e t = T�, V (S, T ) �gO�, b4�3T,a, �j���:3T,

V (S, T ) = (S(T )−K)+;����3T
V (S, T ) = (K − S(T ))+.1�a��A:�Z S = S(t), V �=��?3
3�, �)�P#�Rz�, Black � Scholes 5<���
M��,w�.

3. Rz: S = S(t) �E� Brown %$, ~*Sly^�E[S�A:�$. z B = B(t) �+q Brown %$, z S i|A:vJ�Z
dS = µSdt+ σSdB(t), (7.1)
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 S s
3
S = S(0) exp

(
(µ− 1

2
σ2)t+ σB(t)

)
, (7.2)4^ µ �bl�,, σ �K�,, &��<�<,, S(0) �b�Sl. ^��5Bn�<	Jn<,, B�Bn�<�w�+. FiSl�53TSl+� K, µ � σ 	�. A:J�^�b℄�a��

S �Jo)I3��T, ��w�v�I?
(dS)2 = σ2S2(dB)2 = σ2S2dt.

4. Delta 1_: �� Black & Scholes 
{i V (S, t) �Sl) t ��h
aK3Ty^�fk
∂V

∂SK~*31_M�. BnK�V{ ∆, Bn6&V{ ∆ O3�S7
Delta 1_. {	kÆ? zfk x K~*_Wanat��

Π = xS − V,
k	 x = ∆ �, Π �� S �)'`{T, C
∂Π

∂S
= 0,B5}	6� (�/��X) �, Π �SS3b4� S, 4 S �4^za�M�3�, ^��5, at�� Π 	6�m	M�. j
�{GI3/�bm�Jat��, 
k��i�
$vM�.

5. Vlan6&�5, j
m	MM�, 
kat���F�y^�℄�Hat�
M�tL�F�, C
dΠ = rΠdt, (7.3)P/�2L�OB, B�W&�M3iG8��.
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6. p�Xan1K dt, at�� Π 2	an)'
dΠ = xdS − dV,� Ito v�

dV =
∂V

∂S
dS +

∂V

∂t
dt+

1

2

∂2V

∂S2
(dS)2

=
∂V

∂S
dS +

(
∂V

∂t
+

1

2
σ2S2 · ∂

2V

∂S2

)
dt.sm

dΠ = −
(
∂V

∂t
+

1

2
σ2S2 · ∂

2V

∂S2

)
dt,}k (7.3), �vJ�Z

∂V

∂t
+

1

2
σ2S2 · ∂

2V

∂S2
= −r

(
∂V

∂S
S − V

)
,'Z�

∂V

∂t
= rV − rS

∂V

∂S
− 1

2
σ2S2∂

2V

∂S2
, (7.4)m�Z�V{ Black-Scholes �Z, .F V i|
3eWa (`,Wa, �bSWa1y), �j1����:

V (S, T ) = (S(T )−K)+.

7. Black-Scholes�Z�an �<�"A(vJ�Z, <���s�,s{H)an)K}-�)Wan+q�`j��Z. �T0k

Black-Scholes �Z'W`j��Z1E,Kl_�a�35.3b℄, ��q�l)B�55ii|�2K������58.

(a) �&9-S V (, B�B�T,Æ,L�3)A
∂(er(T−t)V )

∂t
= er(T−t)

(
∂V

∂t
− rV

)
,
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 V ′(S, t) = er(T−t)V (S, t) i|�w��Z
∂V ′

∂t
+

1

2
σ2S2∂

2V ′

∂S2
+ rS

∂V ′

∂S
= 0. (7.5)

(b) 
�X��3, W τ = T − t, �� t �(�,��� τ �(�,)��
∂W

∂τ
=

1

2
σ2S2∂

2W

∂S2
+ rS

∂W

∂S
= 0, (7.6)4^ W (S, τ) = V ′(S, T − τ), `,S�S)WbS�S.

(c) �U- S = eξ, 
)K S -W ξ, ξ �)->y��,. ijZM
∂W

∂ξ
= S

∂W

∂S
,
∂2W

∂ξ
= S

∂W

∂S
+ S2 ∂2

∂ξ2
.}k (7.6) �
anN�,�vJ�Z

∂W

∂τ
=

1

2
σ2∂

2W

∂ξ2
+

(
r − 1

2
σ2

)
∂W

∂τ
. (7.7)

(d) ��an)- ξ = σx − (r − 1
2
σ2)τ , W U(x, τ) = W (eξ, τ), i
 U i|���`j��Z

∂U

∂τ
=

1

2

∂2U

∂x2
, (7.8)

(e) (
 V s
3
V (S, t) = e−r(T−t)V ′(S, t)

= e−r(T−t)W (elogS, T − t)

= e−r(T−t)U(log S/σ +
1

σ
(r − 1

2
σ2)(T − t), T − t).

8. bSWa U(x, 0) = f(x) �`j��Zs�za�, �`�,�j�
U(x, τ) =

1√
2πτ

∫ +∞

−∞
exp

(
−(x− y)2

2τ

)
f(y)dy.
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' 61z`,Wa V (S, T ) = v(S), B�S� U �b�Wa
U(x, 0) = V (eσx, T ) = v(eσx).sm ({MZq, 5 T − t { τ)

V (S, t) =
e−rτ

σ
√
2πτ

∫
exp

(
−(log S + (r − 1

2
σ2)τ − y)2

2σ2τ

)
v(ey)dy

=
e−rτ

σ
√
2πτ

∫ ∞

0

exp

(
−
(
log S

u
+ (r − 1

2
σ2)τ

)2

2σ2τ

)
v(u)

du

u1����:I-, v(u) = (u −K)+, � Φ ,�+qKKJ4, 
k
V (S, t) = S · Φ(d)−Ke−rτ · Φ(d− σ

√
τ ), (7.9)4^

d =
log(S/K) + (r + 1

2
σ2)τ

σ
√
τ

.1�����I-, v(u) = (K − u)+, 
k
V (S, t) = −S · (1− Φ(d)) +Ke−rτ · (1− Φ(d− σ

√
τ)). (7.10)

9. �A:J���9�ir{Q��s�Bn�S, .FvSMswsBkan(vJ�Z�;D�Z, B^�i5�A:J��)L�y�, A:;J��Q�lm)B��i^J3�. 3�GI�X+�<p�X, 3T!S�9�>
�;9�, 3℄���<�!Sv�. z S = (St) �~*) t ���Sl, r > 0 �B`, GIIB. an T ��
3Fr!Sl� K ����:3T) T ���SS�[�
VT = (ST −K)+ = max(0, ST −K).



�  � �!	�
' 62a��Y�MV�) T ���SS�an FT �C�E[A:)K VT .

10. wht: anatBa{ H = (Ht) �ata)�� t �9\{
Xt = HtSt + bt,4^ HtSt �at)~*s�?, bt �D)t>�?, t>�B`{

r, GIXB dbt = rbtdt. �<p�< (5.9) �
, wht�l6�9\�1Pz3w~*�1S�t>B�
dXt = HtdSt + dbt, (7.11)j℄<pM�a\, �^���, �J6;Jv�i


d(e−rtXt) = e−rt(−rXtdt+ dXt)

= e−rt[−r(HtSt + bt)dt +HtdSt + dbt]

= Htd(e
−rtSt),C���9\�1P3w�~*����1S, smb�at{

X0 = x0 �whtk,�9\���{
e−rtXt = X0 +

∫ t

0

Hud(e
−ruSu),����9\� H �����~*Sl�A:;J. B�A:;J�Q�A�
MS=}Z�T�.

11. !S�6&: j
�q�{>
an``C+ P̂, Æ����~*Sl)m``��
, 
kY�MV) 0 ���Sly^�
V0 = e−rT Ê[VT ].



�  � �!	�
' 63j

�i,�, 
k� VT Y!�

e−rtXt := e−rT Ê[VT |Ft]�i� H ��
 (e−rtSt) 3,�, H ���i�31_s{h
aK3TF|3�M��atBa, B�sw�SlV{�X\Sl. 3�X\�Sl�Ls�m	lm�.

12. C: �{anPC, �q3N
 Black-Scholes �3T!S�<,

Black � Scholes �<�Rz~*Sli|�wA:vJ�
dSt

St
= σdBt + µdt, (7.12)4^ σ > 0 V{/$`, µ ∈ R V{�n`. A:vJ� (7.14) ��is�, � Itô v�,

d log St =
dSt

St
− 1

2S2
t

d〈S〉t

= σdBt + µdt− 1

2S2
t

σ2S2
t dt

= σdBt + (µ− σ2/2)dt,sm	
St = S0 exp

(
σBt + (µ− σ2/2)t

)
= S0 exp

(
σB̂t + (r − σ2/2)t

)
.

13. Markov A: Markov A�Tj
�OÆ~*�)�pK, 
k1e3�C��S
�. ^��5, F	�w5
�B��S�9�3�C�3�
2�9&�m	>
b
�. �,K��Vx)
Markov A

E[a < Su < b|Ft] = E[a < Su < b|St], (7.13)



�  � �!	�
' 644^ u > t > 0, b > a > 0. M}j�, �� Brown %$ (Bt) 	'D1KA, Fi
Su/St = eσ(Bu−Bt)+(µ−σ2/2)(u−t)� Ft 'D, ^� St 'D.

14. �S
Z+�Y!: �J6;Jv�
d(e−rtSt) = e−rtdSt − re−rtStdt,sm����~*Sl�Z (e−rtSt) i|A:vJ�
d(e−rtSt)

e−rtSt
=

dSt

St
− rdt

= σdBt + (µ− r)dt

= σ

(
dBt +

µ− r

σ
dt

)
.W

B̂t = Bt − (r − µ)σ−1t.j
�q�{>an`` P̂ Æ� B̂ = (B̂t) )m``��
, 
k����~*Sl)7``��
. �C+)-!>, BV℄!m7``C+
P̂(A) := E

[
exp(aBT − 1

2
a2T );A

]
,��i�
M, 4^ a = (r − µ)σ−1. C)`` P̂ �, B̂ � Brown%$.

15. 3T!Sv�: �)
e−rtVt = e−rT Ê[VT ],



�  � �!	�
' 65j
�^���: VT = (ST −K)+, 
k
Vt = V (S, t) = e−r(T−t)Ê

(
(ST −K)+

∣∣Ft

)

= e−rτ Ê

[(
S0e

σBT+(µ−σ2/2)T −K
)+ ∣∣Ft

]

= e−rτ Ê

[(
S0e

σB̂T+(r−σ2/2)T −K
)+ ∣∣Ft

]

= e−rτ Ê

[(
S0e

σ(B̂T−B̂t)+σB̂t+(r−σ2/2)T −K
)+ ∣∣Ft

]

= e−rτ Ê

[(
Ste

σ(B̂T−B̂t)+(r−σ2/2)τ −K
)+ ∣∣Ft

]
,4^A:)K B̂T − B̂t )`` P̂ �� Ft 'DFTpKKJ4

N(0, T ), A:)K St �� Ft �C, sm3TSl���,w�{
V0 = e−rτ

∫

R

(
Ste

σx
√
τ+(r−σ2/2)τ −K

)+
φ(x)dx,4^ φ(x) �+qKKJ4�u+Æ,. 5�r}Y�, �+qKKJ4Æ, Φ(x) ,�, �� Black-Scholes v�

V (S, t) = StΦ(d)−Ke−rτΦ(d− σ
√
τ ), (7.14)4^

d =
log(St/K) + (r + σ2/2)τ

σ
√
τ

.



# 
 J exotic options

1. ���o�3T�+q�3T, �V{$A<3T. �Ms+s)G2E+q�3TL,. Hqs)�>�2a2\, ���s{1_�DL, ^���s{4H�j2, 2I, 9_7A�\�Æ�Hq�ua.

2. 5r3T�wh,KU��Jb℄�an6J, B23Tq
P!�DL4�k,
3, �+�tL��<g+#�, �
qY{>!S, 3T�����M��
/X, �ij�ZQ
�3�B�.15r3T{>J;�
�
, i�q
Y�L,N^�a2A℄315r3T{>zZ&J, .15r3T{>yTvu.

3. �wY: �TeM
3����wYPl, )���13X�P	4H�wY. )<p�wY�I-�, ^���i���man3T��4W. RzaK���!)�� t0 NZ\	A�w q, /)�M
OB�Rz�, ��Sl
V (t−0 ) = V (t+0 ) + qB� q ����X�+�tL�Y!Æ,. j
 q �A:)K, Cj q �SQ�� ~!�K=w�S, q = 1 ~!{Kw; q = 0 ~!{=w, 
ks)��Sl��wY���3a!WD, s{�wY�3Y!A�Zr
�\	A�na(�	�. )GI�wY�I-�, V℄CKa� Black-Scholes �ZC�

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ (r − q)S

∂V

∂S
− rV = 0B� q ��BNZ`.

66
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4. �Xb4A: �T)��PH^Pk�Xb4�PA. CjÆ�z3T, V�)p!e37Ap!�X.R�R>3T; =	3T, =	�[�iAs�X43℄, nn!&�iz!an�sn!rg�1/, B23T&�iV���XsE�$�.

5. \�b4A: �T3�1�3z�
3��+�tLSl	�, �+�tLSl\�^	�. C\�b4: 3TSl)+�tLSl��X�9gsYt)2an'D)K�Æ,, CjQ�3T, Q��+�tL)3T�13X�/�Sl, B;3T!S�D℄J℄+�tLJn�Z�Sl, C1Pa|)K; n\�b4: 3TSl�+�tLSl�\�	�, ��)3T!S�(vJ�Z^.3D℄��P;9���3T1P7�'D\�b4)K, Cj=	3T, 	+�tLSl)��Y!��X�hB�n��Y!�=	1/�, =	3T����D
 (�H) 7�Dk (�1), B;3T�\�b4�, ��Ls�(vJ�Z���3TLs�(vJ�ZV�)%tWas	I-, .3xB1Pa|)K.

6. |+: �T3T!S^'D)K�n,. ��3T	 t � St Jn)K, �J|�. 2|�=�, aa�3T^	2n+�tL, Cj	aa3T, 3�1�QJa+�tLSl��zS, BJa+�tL&�A:�, na&	wF�/$`, HqPX+	#���, )
Black-Scholes �Z^2
�1natLSl�7o(�, B�
�Mo|�S; Vlaa�P�R
�C�\�b4��, CjQ�3T^�Sl/�S, 3TSS�b4�BnK�, 3TSl�Z^D℄(1P7�)K, �B�3TSl1Bn7)K��,V�ao�, Bn7�)K�73r)�an+�Xa\�)K, B�2+�tL�I-�3℄�.
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7. o,: �T3T3�1��SSQ���23T�SS. N�3T�ao�, 3�1�QmQ��+�tLSl, 4G�j\�b43T, j
\�)KQm}'3TSl�(, ^�ao�. ��<�7o3T�Cv�X�3T, �jan�:3Tp�\	Azfan��3T�TB, X�3T)�� t1 
3, 4�{4w)K�
n+�3T/)r℄�an�� t2 
3. p�L�j+3�, go3T�s)R
Mb℄�d��S: X�3T�3�1�Q��+�3T��MSS4E>
SS, 1Jo3T&℄Æ�>
�<,B�go3T1�<KY�P�EN|
, D℄�/8�i>.

8. >TBa: �T℄�^��Ba�R>J.. Cjo�3T, �iR�>T�anb℄PH, Vl�m-2V^	;9PH, R�>T��_)�0k��6��z�n, B4^�&
M>TBa�J.�S.

9. o�3T: z6JN^�5r3T�!S�S&�i�r{Ls(vJ�Z, o�3T�SÆ,{
V (t, St) = sup

τ∈Tt,T

E(e−r(τ−t)h(Sτ )|Ft)4^ Tt,T �QS� [t, T ) �A:���A�, h(·) �p!�Æ,.�Ls, (t, x) 7→ ν(t, x) i|




∂ν

∂t
+

1

2
σ2x2∂

2ν

∂x2
+ r(x

∂ν

∂x
− ν) ≤ 0,

ν ≥ h; ν(T ) = h,
(
∂ν

∂t
+

1

2
σ2x2∂

2ν

∂x2
+ r(x

∂ν

∂x
− ν)

)
(h− ν) = 0.



� � � exotic options 69

10. Q�3T: �C\�b43T, D℄1Pa|)KLs. H�SÆ,{
V (t, St) = E

(
e−r(t−t)(

1

T

∫ T

0

Stdt−K)+|Ft

)z
S̄t =

1

t

∫ t

0

Ssds,/
Vt = V (t, St, S̄t),`,Wa{

ν(T, x, y) = (y −K)+.�
d(tS̄t) = Stdt = S̄tdt+ tdS̄t��

dS̄t =
St − S̄t

t
dt�mC�i


∂ν

∂t
+ r(s

∂ν

∂x
− ν) +

σ2x2

2

∂2ν

∂x2
+

x− y

t

∂ν

∂y
= 0

11. Basket Option: +�tL	 d n, nn+�tLSl�$K�Z{
dSi = µiSidt+ σiSidWi4^ E[dWidWj ] = ρijdt. B� Itô v���3TSl�$K�Z

dV =

(
∂V

∂t
+

1

2

d∑

i−1

d∑

i−1

σiσjρijSiSj
∂2V

∂Si∂Sj

)
dt+

d∑

i−1

∂V

∂Si
dSi
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Π = V (Si, · · · , Sd, t)−

d∑

i=1

∆iSi4^ ∆i },#y+�tL�K,, /
dΠ =

(
∂V

∂t
+

1

2

d∑

i−1

d∑

i−1

σiσjρijSiSj
∂2V

∂Si∂Sj

)
dt+

d∑

i−1

(
∂V

∂Si
−∆i

)
dSiQ

∆i =
∂V

∂Si
,/�ii�13
2n+�tL� Black-Scholes �Z

∂V

∂t
+

1

2

d∑

i−1

d∑

i−1

σiσjρijSiSj
∂2V

∂Si∂Sj
+ r

d∑

i−1

Si
∂V

∂Si
− rV = 0.j
GI8D�B, C	GI�wY, /	

∂V

∂t
+

1

2

d∑

i−1

d∑

i−1

σiσjρijSiSj
∂2V

∂Si∂Sj

+
d∑

i−1

(r − qi)Si
∂V

∂Si

− rV = 0,4^ qi },�B`.

12. i-3T, W�\	Ai-+�tL�TB, 4i-�` D1, D2 ��p!, 3�1�{ max(D1S1 −D2S2, 0). )GI8D�B�I-�, 3T�Sli|(vJ�Z
∂V

∂t
+

1

2

d∑

i−1

d∑

i−1

σiσjρijSiSj
∂2V

∂Si∂Sj

+
d∑

i−1

(r − qi)Si
∂V

∂Si

− rV = 0.R!
V (S1, S2, t) = D1S2H(ξ, t),



� � � exotic options 714^, ξ = S1

S2
, )Ls�Z^h�M|,. )K}-�	

∂

∂S1
=

1

S2

∂

∂ξ
,

∂

∂S2

= − ξ

S2

∂

∂ξ
,

∂2

∂S2
1

=
1

S2
2

∂2

∂ξ2
,

∂2

∂S2
2

=
ξ2

S2
2

∂2

∂ξ2
+

2ξ

S2
2

∂

∂ξ
,

∂2

∂S1∂S2

= − ξ

S2
2

∂2

∂ξ2
− 1

S2
2

∂

∂ξ
,}ks)�(vJ�Z

∂H

∂t
+

1

2
σ′2ξ2

∂2H

∂ξ
+ (q2 − q1)ξ

∂H

∂ξ
− q2H = 0,4^ σ′ =

√
σ2
1 − 2ρ12σ1σ2 + σ2

2.

13. =	3T, y�EN�?, a�w�i�31_�	;9A℄�a2�wY, Va�w, j
OÆ+�tLSl�{�, 
kzf=	3T�N�3T℄3�(f�2. )=	&
P�, =	3T�N�3Ti|�(vJ�ZaZ
∂V

∂t
+

1

2
σ2S2∂

2H

∂S
+ rS

∂V

∂S
− rV = 0,=	Wa/=�)#y�%tWas. D
3T�	+�tLSlw
D
=	1/�, 3T���H, sm%tWa{	 t < T �,

V (H, t) = 0, 4^ H �*s7*��=	1/, 1�an*sD
=	3T35, ��) 0 ≤ St < H �Wa�s
 Black-Sholes(vJ�Z, ℄��^tLSlw
 H ��%tWa V (tH , H) =

0, ��j
=	1/m	w
, j℄an�:3T, %tWa��
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max(ST −K, 0). Dk=	V	)=	1/�hB���8	SS,sm, j
m	
w=	1/, /3�1�{ 0, 1�Dk3T35,4SS)�
w=	���A, j
�an*sDk3T, 
k)tLSl
ws!���, 3TSS���an#y�N�3TSS, 	=	�hB�, �
��Y�s��|, smanDk3T�Ls�an7o��, sm℄#sD
3TJ���X, 8��
Dk3T�SS. )3�^X��I-�, �	#℄�R>Sl�
3�X�=	1/�Dk3T�D
3T�	j����: Dk3T + D
3T = R>Sl��X#℄�N�3T, B�s{

tLSl�PhB=	1/, Dk3T�D
3T���y��
�N�3T#℄�1�. Bn��)=	3T!S^�	lm,VD℄L
4^an=	3T, C��
Van�SS.



# R J .37[
1. 1_: M�3wA:A, b�[tA:A7AM��>$a�&V{1_7AO3�S. anh
3T�wh:ywRsM�, 	[D℄&�93�>M�, ÆM�)���. j
M�tLnU�>&'�7(�<7AE� Brown %$, 
kp>
sg	�W��>M���9. �����3��>&�, FiOLZ��>��9�#℄�.

2. /<�1_�9: naked � covered. Rjryh
aK���:3T, ijI��J6J�W:3TSl +3Tij�II.

naked �T	k&3�, 
km~*)
3e��
D!SlP�,
k:y��nMijI; ��j
~*s:
D!SlPs, �"eR>3T, :y#F�p�Msf3~*hp�", M���4j^�, ~*:��g, M�^��z. covered �T)h��:3T�D�p�Msf3~*q�s, 
k� naked I-#=, m~*:�D!Sl, �"R>3T, :y
~*hp�", :y�m	B��, �m~*��, �"D;R>, :yD℄i�fkSr��Sl �~*, B�:y�2[�M�. FiBJa1_�9�[Z�, �&	�z�M�.

3. UBBa: +	aaBa�B\zI�, :y
{H�i�j~*Sl, 	~*Sl��D!Sl K �, H	k&3�, 	~*Sla�g� K �, D�fk~*. j
BnBa�>, :y�m	M��. ��BnBa	Jn�S (1) ~*fh�ij�II; (2) :
73
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�Y��jBnSl"? 	[�an�S^G�733��S, ij�IIa���, ��

2�, H)ij+;�2W{�S, �S�ij�3�2+;? �7n�S��℄�, j
�i�jBWSl".FRz~*�A:�$, 
k Brown%$�A℄h>�q, H)�-��X�2
J2o�'�BW", ^��5ij�℄s��4+;�. ��Ls, ℄�janSl"^�3���, y2	anU℄, BnU℄zM�ZM�, U℄/M�ZijI�Æz, ^��5, 4^	3�-e��_M�.

4. Delta 1_: �Ls, ) Black-Scholes v��i�^g�h>�qat���M�	an�&��$��, ��B�3T� Delta, 3T� Delta �K^3T7Aat��1�4M�tLSl�|
Z+, C3T��tLSl�)'`
∆ =

∂V

∂S
,4^ V �3TSl. O3�S�aa�b℄���G(. \��JJa3℄M�tL4nU-eM���9a��V{ Delta 1_.

5. �T�5, ���:3T�����3T� Delta J-�
∆(�:) = Φ(d), ∆(��) = −Φ(−d).BJnv��;9�, V℄M}an�{M, M}Bnv��an���L�H�S. qa�5, wh�Ms�mOJ{a:A�O3�SA. a:A�=�ÆIB�OB36B, Gq	[32S�1_ij, O3�SAJJa, aa�atM~*D℄1_�4^�6JM�, Vaa�fh3TD℄1_�4^�M�. �aaO3�SA8Æ� Delta O3�S, 1_M�i6Qfh3T�IS.
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 ∆�Sl S ��X t�Æ,, Bl�stL#FGI)' (3/�fk7A
!~*) i�\an��� ∆, V{ Delta^A, Ban�ZV{$KO3�S. B℄L�M�	gY$A��ijI.

6. Gamma: 3T7AtL��� Gamma �7o�,
Γ =

∂2V

∂S2
,C∆��tLSl�)'`. Hp
MantL��{M�\ Delta^A4#F{>$KO3�S�,K�+;Z+. 	 Gamma ��1S�/�, Delta )',j, B�{�M Delta ^AF��ij3�J+;, ��	 Gamma �z�, Delta 19g�+�tLSl)�|
. ���:���3T� Gamma �a\�, &�

Γ =
Φ′(d)

σSτ
.

7. Vega: 3T7AtL��� Vega �Sl��/$`�ao�,
mathcalV =

∂V

∂σ
,j
an3T7ij��� Vega ��1S�z, ij���Sl1/$`�)'EN|
.

8. Theta: Theta �3TSlA�X�)'`
Θ =

∂V

∂t
.

9. j
 Π = xS−V �an Black-Scholes Rz��at��, 
k;9� Black-Scholes �Z�i��
∂Π

∂t
+ rS

∂Π

∂S
+

1

2
σ2S2∂

2Π

∂S2
= rΠ.



� � � �,Æ� 76sm	
Θ+ rS∆+

1

2
σ2S2Γ = rΠ,1� Delta ^A�at��, ∆ = 0, �4

Θ+
1

2
σ2S2Γ = rΠ,m��5} Θ � Γ PX	a!�1y��: Θ K4Fz�, Γ #[4Fz, =Pk[.

10. /$`�3T!Sv�^za3�Q��C�<,. /$`�!m: �n)K�/$` σ !m{Ba)K)���X�GIXB�n`�+qI. 	/$`��3T!S�, �X��\N!m{a�, sm/$`�� 1 ��GIXB�n`�+qI: 	/$`���M�#\�, �X��\N� 1 V, m��/$`1y�nV�GIXB�n`�+qI. a�3g, σ
√
T ��)K ln(ST

S0
)�+qI, ST {�M)K)�X T �Sl, S0 �m�M)K�	�Sl. 	aa��/$`�w[Rz, C/$`��dd
w�M�9�Fu7. B29�rÆata_)1~*Sl���, ~*Sl)'^rWM/$`�)', ��Ba	�/$`)'�q����m	�
T�r
�ZM, �P#1�Var
�/$`)�aZ+s��ij�|,W�.

11. A
/$`: q
A
,
|?)K�/$`. |?�, �H�X�Xm\N{�a�!�XNX�j 1 V�1 n!�, !m
n+ 1: �Co,
Si: � i n�X.r+�)K�Sl, i = 0, 1, · · ·, n
τ : ���XXm�O+
ui = ln( Si

Si−1
): � i nNX�1�, i = 1, 2, · · ·, n
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ui �+qI�\N|I� s { √
1

n−1

∑n
i=1(ui − ū)2, 4^ ū { u��S.

ui �+qI� σ
√
τ , )K s � σ

√
τ �|IS, σ |9{ σ̂ , 4^

σ̂ = s√
τ
. 	 τ i�IK���, I?
�/$`1y��)'`,iV{IK���, I?
�/$`1y�e)'`.

12. v
/$`�q
3T�MSl=iI?
�/$`. ) Black-

Scholes �<^, R!�n`TpKKJ4, )�℄^, 3`B4H�M)KFTp�J4�6�KKJ4�6℄Gz. 20 �M 80 �}^3, a2ij�
�
3`J4^��G�AK�, 44Gij�d[
{1,KKJ4�>�13`J4	KY
��ij�:�Mfk}+ES�:B��3T, .F6�MÆz|B. 
 80�}�3, E�F	�a&
�
ES3TF1y�v
/$`℄g.v
/$`�iq
3T�MSlB�,S�9I?4�. \�J��O�
lim
σ↓0

CBS = (St −Ke−r(T−t))+,

lim
σ↑∞

CBS = St.4^ CBS �q
 Black-Scholes �<�
�3TSl.

∂CBS

∂σ
= SN ′(d1)

√
T − t,

∂2CBS

∂σ2
=

SN ′(d1)
√
T − t

σ

(
ln2( St

Ke−r(T−t) )

σ2(T − t)
− σ2(T − t)

4

)
.4^, N ′(x) = 1√

(2π)
e−

x2

2 , d1 =
ln(

St

Ke−r(T−t)
)+ 1

2
σ2(T−t)

σ
√

(T−t)
.
k, σ 7→ CBS(σ)) (0,

√
2| ln( St

Ke−r(T−t)
)|

T−t
)s�dÆ,, ) (

√
2| ln( St

Ke−r(T−t)
)|

T−t
,∞)



� � � �,Æ� 78s��Æ,, sm CBS(σ) = CMarket �i� Newton 9�,S�9Ls σ.

13. 	6/$`: {M)�<^T�v
/$`�A℄, ℄��\�<�d6�QA, �w[�d��9�R!/$`��X�+�tL�Æ,, C)M�^AC+��+�tLSl	j�$K�Z:

dSt

St

= rdt+ σ(t, St)dWt)	6/$`�<^, Rz3�1� h(ST ), /3TSli|�Z




∂C

∂t
+ rS

∂C

∂S
+

1

2
σ(t, S)2S2∂

2C

∂S2
− rC(t, S) = 0,

C(T, S) = h(ST )./
σ2(t, S) =

rC − ∂C
∂t

− rS ∂C
∂S

1
2
S2 ∂2C

∂S2kl)�� t , St �!, FiL3
(�,. Bruno Dupire (1994)B�3℄R>Sl�
3�X�3TSl3Ls	6/$` σ(t, St),GM}M���:3T�Sl C(t, St, T,K) i|j�(vJ�Z




∂C

∂T
=

1

2
σ(T,K)2K2 ∂

2C

∂K2
− rK

∂C

∂K
,

C(t, St, t, K) = (St −K)+.B��Msg	�3T, \�ES�9, �iLs	6/$`:

σ(T,K) =

√
2

∂C
∂T

+ rK ∂C
∂K

K2 ∂C

∂K2

.	[, )�Ly�^, 3�F	�R>Sl�
3e�3TSl&��H
, Fi3℄�ES�91r
}'�z; Vl, )7o(�
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(I���Zlz�I?ÆI. {a5�T�,}	6/$`/wA�X)$, C: σ(T,K) = σt(T,K), ^��5){a5�d�^D℄ukA:/$`.

14. 	6/$`�v
/$`PX�F�: R! C(T,K) = CBS(T,K, I(T,K)),

I(T,K) ��� K � T �v
/$`. }k Dupire v�, ��
σ2(T,K) = 2

∂CBS

∂T
+ ∂CBS

∂σ
∂I
∂T

+ rk(∂C
BS

∂K
+ ∂CBS

∂σ
∂I
∂K

)

K2(∂
2CBS

∂K2 + 2∂2CBS

∂K∂σ
∂I
∂K

+ ∂2CBS

∂σ2 ( ∂I
∂K

)2 + ∂CBS

∂σ
∂2I
∂K2 )

=
I
T
+ 2 ∂I

∂T
+ 2rK ∂I

∂K

K2( 1
K2IT

+ 2 d1
KI

√
T

∂I
∂K

+ d1d2
I
( ∂I
∂K

)2 + ( ∂2I
∂K2 ))4^ d1,2 =

ln S

Ke−rT
± 1

2
I2T

I
√
T

. j
 ∂I
∂K

= 0, / σ2(T ) = I2(T ) +

2I(T )T ∂I
∂T

, C
I2(T ) =

∫ T

0
σ2(s)ds

T
.
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1. B`�T���X�FNZ�B�K�Fuk�8!�w��`,B`�g���Ms�8!uL	�. �B`#��whL,	�2, CjT�2V�℄�2V�U$B`2V�N^�2VL,, +	�3B`3p�B`��. N
B`��X3!����SV{B`�3!ry. B`�3!���\��nO"3x), Cj	2�nO", C 3 n!�6 n!�1 �QY 30 ��	2B`S, Hq�N�{oawhL,!S�9q.

2. T�2V: 
e3 1 o��[��{tL, � Z(t, T ) ,�^2V)�� t �Sl, /
3SS{ Z(T, T ) = 1, Z(0, T ) {^2V�	�Sl.

3. �n: �l��x)�M��2VFv
�/�B`, j
B`{N, r, /T�2VSl Z(t, T ) = e−r(T−t), 7A5
r = − lnZ(t, T )

T − t
.m�℄�2V/	

P (t, T ) =
N∑

i=1

Cie
−r(ti−t) + Pe−r(T−t)B�Rz [t, T ] ���XXmJe, Ci {�� ti NZ�B�, P {�w. mB`3�N,�, /!m/��n R(t, T ) {

R(t, T ) = − lnZ(t, T )

T − t
.
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4. 3�B`: !m{
rt = lim

∆t→0
R(t, t+∆t) = lim

∆t→0

[
− lnZ(t, t+∆t)

∆t

]
.�[

rt = R(t, t)

= lim
∆t→0

[
− lnZ(t, t+∆t)− lnZ(t, t)

∆t

]

= − ∂

∂T
(lnZ(t, T ))|T=t

= − ∂

∂T
(lnZ(t, t)).

5. �3B`: T6)yV�j+�C t���3�B`, a�� f(0, t),�. �3B`�T�2V��j�
Z(t, T ) = e−

∫ T

t
f(t,s)ds,7

f(t, T ) = −∂ lnZ(t, T )

∂T
.s{/��n

R(t, T ) =
1

T − t

∫ T

t

f(t, s)ds,/
f(t, T ) = R(t, T ) + (T − t)

∂R(t, T )

∂T
.Fi, 12VSl��3B`��noA^�blan�ZdD�<, C��
VlJA��<.

6. �3: g�B�3!m{
− 1

P (t, T )

∂P (t, T )

∂r
=

1

P (t, T )

(
(T − t)Pe−r(T−t) +

N∑

i=1

Ci(ti − t)e−r(ti−t)

)
,



� % � �� 82�3�i>s{�wY4�S��bYi�wY8���X, �anPT/��X�`�. Rz P (t, T ) = Xe−r(T̄−t), /
∂P (t, T )

∂r
= −(T − t)Pe−r(T−t) −

N∑

i=1

Ci(ti − t)e−r(ti−t)

= −X(T̄ − t)e−r(T̄−t).�	
− 1

P (t, T )

∂P (t, T )

∂r
= T̄ − t.�3�i���l�3m|�3℄L,��n`, �℄kl�3�	!A, Cj 30 �3�2V� 10 �3�T�2V�3��#�,�}� 30 �3�2VM�rz.

7. B`!-, �!-N^�anL,. !-�3Ta\, �aab℄�whY�s�, H�S�a:�OB�9�t�. !-;7� 20�M^�3, �aK!-��
�) 20 �M 80 �}b, w
i�,!-�M	MF=�83, �)gW{	Lwh�M�anb℄�W6J, N^�!-	8!!-�B`!-�8!B`!-�9qB`!-�tL!-�r,!-B~T!-�. �N^�!-�B`!-, B`!-�ij/����r!��/, i℄a8!�#℄w3�~m�w�{I?�9g, )#℄�3!�, i-�!B`B��U$B`B��NZ�ij. B`!-�g℄����h�.E!htW�, .�_)2
7tL�A℄7a;. )whU�, ��u*aPXs)st9�DIrBwh�MPXs)s#!Jj�W , Æ�3℄�u*aPX�htW�o3#℄. p4{B`!-RuM��. Cj, Qv79��Dg, au	!B`tw�W�{ 7%, ukU$B`tw�W�{ LIBOR + 0.3%; hv79��D�, au	!B`tw�W�{ 8.2%, ukU$B`



� % � �� 83tw�W�{ LIBOR+1%. �^3�au�!B`tw+�U$B`tw, Qv7&	�1��, ��hv7)ukU$B`tw	#1��. �R!Qv7D℄U$B`tw, 4hv7D℄�!B`tw, )BaI-�, /��80ow)2V�M�t>9~�Ms�#1��, .\�B`!-ij3eBa��m'{�LBn. /��wWj�!-3p: Qv7� 7% ��!B`autw, hv7� LIBOR + 1% �U$B`autw, [�{>B`!-, !-ij�Wa�: hv7i 7.95% ��!B`2
�Qv7i LIBOR + 0.05% �U$B`2
#i-, /��op�B�W� 0.25%.

8. B`!-�2VPX���, �i\�T�2VY!B`!-^�!B`��S, ^�V�!-B`�Sl. RzB`!-�y�X3!{ [t, T ], !-)�� Ti {>, 4^, t = T0 < T1 < · · · < TN =

T , τi = Ti+1 − Ti, NX [Ti, Ti+1] s��w{ Bi, �!B`{ rs,/�!B`NZ�NZy3{ rs
∑N−1

i=0 τiBiZ(t, Ti+1),1�G35,�
�U$B`�B�{ ∑N−1
i=0 Bi(Z(t, Tk) − Z(t, Tk+1)), q

OB�>, )wW3p�, 	

rs =

∑N−1
i=0 Bi(Z(t, Tk)− Z(t, Tk+1))∑N−1

i=0 τiBiZ(t, Ti+1)
.B`i-�ijEN�?, sm�i���aa+�tL, 4F\�B`!-, �iY!�n`O", Bn�Z^m	xB
B`�<�y�, ��s, j
�wYPX�{nU1_�(�i$vÆ��<, s{�<�v/(I���ZÆz�
�B�.

9. B`�<, 1�-335, B`�i�Y!�, �jN,7A�Y!����X�Æ,, �1�O335, D℄yd�<, B�g℄vu



� % � �� 84�s<B`�<, d��1+�3�B`, )�L^�iS
3e{an!�2V. Rz3�B`i|$K�Z
dr = u(r, t)dt+ ω(r, t)dW,4^ u, ω ��� r, t �Æ,, W �p!C+!X�a|47%$.��B`3�fh, 3��3X\tL, �izf3℄
3e�℄a2Vy,tL��31_M�, RzT�2VSl V1(r, t;T1) �

V2(r, t;T2) V" r, t, T �}', y,tL�� Π = V1 −∆V2, � Itôv���
dΠ =

∂V1

∂t
dt+

∂V1

∂r
dr +

1

2
ω2∂

2V1

∂r2
dt−∆

(
∂V2

∂t
dt+

∂V2

∂r
dr +

1

2
ω2∂

2V2

∂r2
dt

)
.Q

∆ =
∂V1

∂r
∂V2

∂r

,)wht�
OB�>�Rz�,

dΠ =

(
∂V1

∂t
dt+

1

2
ω2∂

2V1

∂r2
−

∂V1

∂r
∂V2

∂r

(
∂V2

∂t
dt+

1

2
ω2∂

2V2

∂r2
dt

))
dt

= rΠdt

= r

(
V1 −

∂V1

∂r
∂V2

∂r

V2

)
dt,J>��

∂V1

∂t
dt+ 1

2
ω2 ∂2V1

∂r2
− rV1

∂V1

∂r

=
∂V2

∂t
dt+ 1

2
ω2 ∂2V2

∂r2
− rV2

∂V2

∂r

,s��%��� T1 �Æ,, 
%��� T2 �Æ,, `+
3��
∂V
∂t
dt+ 1

2
ω2 ∂2V

∂r2
− rV

∂V
∂r

= a(r, t),



� % � �� 854^ a(r, t) ,�a;3l��MM�, H�i�M�Sl λ(r, t) 3x):

a(r, t) = ωλ(r, t)− u(r, t),/��

3e{ T �2V�!S�Z
∂V

∂t
dt+

1

2
ω2∂

2V

∂r2
+ (u− λω)

∂V

∂r
− rV = 0,p

3%tWa�Y!� u, ω, λ, ��i�
s)�Z�s�s7,Ss. d��
��Y! ω � u− λω �Æ,=�.

10. λ(r, t) �
m: s{
dV (r, t, T ) =

(
∂V

∂t
+ u

∂V

∂r
+

1

2
ω2∂

2V

∂r2

)
dt+ ω

∂V

∂r
dW,4

∂V

∂t
dt+ u

∂V

∂r
+

1

2
ω2∂

2V

∂r2
= λω

∂V

∂r
+ rV,Fi

dV (r, t, T ) =

(
λω

∂V

∂r
+ rP

)
dt+ ω

∂V

∂r
dW,7

dV (r, t, T )− rPdt = ω
∂V

∂r
(λdt+ dW ).s�5}T�2V.E�
M�2V, s{
M�2V
,y^�T, 
,�is�{[�M��Q3�n, 4Æ, λ(r, t) \NV{M���MSl.

11. Vasicek �<�V{” �S=m” �<, 	B`lg�, �H=52Dj, u*a1tw�DL�2[t, r
2�ZB`�h. 	B`



� % � �� 86l��, u*a1tw�DL21P, r
�ZB`s�. ^�<Rz3�B` r(t) i|A:vJ�Z
drt = α(m− rt)dt+ σdWt4^, m {�S, α �i��12E+, JA�D℄\�|IW{p!N,, Wt {M�^AC+��47%$. s^A:vJ�Z��

rt = m+ (r0 −m)e−αt + σ

∫ t

0

e−α(t−u)dWu,��
EP0 [rt] = m+ (r0 −m)e−αt,B

CovP0[rt, rs] = EP0

[∫ t

0

e−α(t−u)dWu

∫ s

0

e−α(s−u)dWu

]

=
σ2

2α

(
e−α|t−s| − e−α(t+s)

)
.m t → ∞, rt Tp N(m, σ2

2α
). �T�2V�3�B`�����

Z(0, T ) = EP0

[
e−

∫ T

0
rtdt
]
,4

∫ T

0

rtdt = mT + (r0 −m)Λ(T ) + σ

∫ T

0

Λ(T − t)dWt,4^ Λ(u) = 1−e−αu

α
. Fi�ii�

Z(0, T ) = e

[
−(mT+(r0−m)Λ(T ))+σ2

2

∫ T

0 Λ(u)2du
]

,iB
Z(t, T ) = e

[
−(m(T−t)+(rt−m)Λ(T−t))+σ2

2

∫ T

t
Λ(u)2du

]

,
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dZ(t, T )

Z(t, T )
= rtdt− σΛ(T − t)dWt./��n�Æ,=�{

R(t, T ) =
− lnZ(t, T )

T − t

= m+ (rt −m)
Λ(T − t)

T − t
− σ2

2(T − t)

∫ T

t

Λ(u)2du.

12. Heath-Jarrow-Morton (HJM) �<\�Y!2V��<(3I?B`, �i�T13�B`d��W�, s{3�B`3��C, #FI?�
/��n`7A2VSl, \�3/�J<,8�Æ�/��n7A2VSl��M�CSaZ, Ba�Z2P��<��L��ÆI. HJM �<RzT�2VSli|$K�Z
dZ(t, T )

Z(t, T )
= rtdt+ σ(t, T )dWt,B� Itô v���

d(lnZ(t, T )) =

(
r(t)− σ2(t, T )

2

)
dt+ σ(t, T )dWt,J%;J�

lnZ(t, T )−lnZ(0, T ) =

∫ t

0

r(s)ds−1

2

∫ t

0

σ2(s, T )ds+

∫ T

0

σ(s, T )dWs.)s�^Q T = t, kl
 Z(t, t) = 1, �
∫ t

0

r(s)ds = − lnZ(0, t) +
1

2

∫ t

0

σ2(s, T )ds−
∫ T

0

σ(s, T )dWs,Fi�ii�
Z(t, T ) =

Z(0, T )

Z(0, t)
e(−

1
2

∫ t

0 (σ
2(s,T )−σ2(s,t))ds+

∫ T

0 (σ(s,T )−σ(s,t))dWs).
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R(t, T ) =

− lnZ(t, T )

T − t

= − 1

T − t
ln

(
Z(0, T )

Z(0, t)

)
+

1

2

∫ t

0

(σ2(s, T )− σ2(s, t))

T − t
ds−

∫ T

0

(σ(s, T )− σ(s, t))

T − t
dWs.q
�3B`�T�2V���

d(f(t, T )) = −d

(
∂ lnZ(t, T )

∂T

)

= − ∂

∂T
d(lnZ(t, T ))

= − ∂

∂T

((
r(t)− 1

2
σ2(t, T )

)
dt+ σ(t, T )dWt

)

= σ(t, T )
∂σ(t, T )

∂T
dt− ∂σ(t, T )

∂T
dWt,kl
 σ(t, t) = 0,

σ(t, T )
∂σ(t, T )

∂T
=

∂σ(t, T )

∂T

∫ T

t

∂σ(t, s)

∂s
ds,C)Bn���3B`��<^, /$`�!)e`, B�V{ HJMPs.



# �L J .3(b: VaR

1. ��A:A, �Ms�M�
is), anat���M�0k�K�anENb℄4/
��S, �I7A5/$`\N�	�M��aa+K, �/$`z/�LsVh>�qat��SS��!Z+. wh:yD℄rZ�Qm�aaM�+K.

2. VaR=Value at Risk: ^at�� (7Aanwh:y�tL) iÆJP X �``�M)m�3� N V��tL�.B32g�an,S R. Bn R S��Bnat��� VaR, � VN ,�tL��) N V3X�)', H�anA:)K,

P(VN ≤ R) ≤ 1−X%,	[ X � N �4^�Jn<,. ) 1996 � Basel }�2�!nnt>#FI?.v4) X = 99 � N = 10 �� VaR i℄v
OÆt>�M�. Fi VaR �S�Ls�anJ���S. \;�5, VaR 1xB\an�S: ‘�I�)2
	kZ+?’

3. VaR 	Jn<,: �X N �[9+ X%. VaR NN�U�:y�3Y!t�w�,K, 1��MM�, U�:yrr℄Lt�w��)�3 10V 99% VaRS�ma�,; 1�9�M��?�M�,U�:yrr℄L)t�wI?^, :� 1 ��\	3� 99.9%�[9+. �)�℄^, �q\NQ N = 1, [�
NV� VaR = 1 V� VaR×

√
N.B	[�|9�, ��	Rz 1 VtLSS)'��ST�KKA:)K, nV�SS)'�'D℄J4�, Bn���YWD, �ijM}.
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4. 1�2ntL35,

V aR = −N−1(1−X%)

√√√√T
M∑

j=1

M∑

i=1

∆i∆jσiσjρijSiSjB�Rz M atL, ,K{ ∆i, Hq�/$`J-{ σi, JatLPX�#��,{ ρij .

5. _II?: �A
,
3��I?�N���9. �j5�q	�
500 V�,
, J℄MnV"��at����S. �� n V�,
[S�aV�,
�
� n n)',
, B\�q�
 499 n)',
, 
Hqp/
z�73, � 5 n,
�� 99% � VaR. \N�q℄�S�Xs<�jB`�}', �jz� i ��S� vi,
k
nV�)'`&�6
��aV, W� i V�CKS{

v′i = v500 ·
vi
vi−1

.

6. VaR �|I, )gOA:)KJ4�I-�, �iQm|I VaR �S. CjRz X1, · · · , Xn !#'D, F&TpT,J4, u+Æ,{
f(x) =

{
λe−λx x > 0, 0 x < 0.� P(X1 ≤ R) = 1−X% ��

∫ R

0

λe−λxdx = 1− e−λR = 1−X%,C
R = − ln(X%)

λq
z,!_, )a!�[9+�, 	 n → ∞, 	
X̄n =

1

n

n∑

k=1

→ E[X1] =
1

λ
,
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R̂ = − ln(X%)X̄n.)�OJ4�<,�I-�, ��D℄|I�ZJ4C#y�<,,[�({>s)�Z|I VaR �S. Rz1 ∀x ∈ R, Fn(x) =

1
n

∑n
k=11Xk≤x, 	 n → ∞ �, 	

Fn(x) → E[1X1≤x] = F (x).

7. /$`� VaR: �[�I3℄� VaR, �JA+�uE#��, z
V �3sT+qI{ σ �KKA:)K, 
k V

σ
Tp+qKKJ4, Fi

P(V/σ < uα) = α,4^ uα �+qKKJ4� α- J��. sm VaR ��
σ · u1−X%./$`�tL�n`�+qI, j
tLp V0 ){ V1, 
k/$`{

σ =

[
E

(
V1 − V0

V0

)2
] 1

2

,/tL)'�+qI��� σ ·V0. n V�/$` σn �aV�/$` σ1 	i���
σn = σ1 ·

√
n.Cjj
 Microsoft ~*a��/$`� 32%, 
kaV�/$`� 32%/

√
252 = 2%, 4^n�� 252 ns�er?. Rj�:y\	 1000 po�� Microsoft ~*, /mat�e)'+qI�

2%× $10, 000, 000 = $200, 000.
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200, 000× u0.01 = 200, 000× (−2.33) = −466, 000.

8. w#�A�}', tLSlnV�)'.EnU'D, Rz� i V�Sl)'{ δSi, Rz δSi � δSi−1 �#��,{ ρ, 1�bl i,

δSi ��I{ σ2, / δSi + δSi−1 �+qI{ √
σ2 + σ2 + 2ρσ2, /

T V��Sl)'�+qI{
σ
√
T + 2(T − 1)ρ+ · · ·+ 2ρT−1,j
s)w#�A, / V aRT = V aR1

√
T �|�L� VaR �S.

9. M�C+�aZAWa� Artzner et al. (1997) R
:o�PA: ρ(X + Y ) ≤ ρ(X) + ρ(Y ), �JatLyW�at���M�C+Sy/���JatLowM�C+SP�. BnWa�” 3℄
>�D)℄an6v�” ���M��>6&aZ, CJp'at�M�a!℄/���A^'at�M�.��A: m X ≤ Y , / ρ(X) ≥ ρ(Y ), j
)b�Wa�, X ����n��� Y ����n, 
k X ���M�C+Sa!℄z� Y ���M�C+S, j
an���1�y��Van��I, /�an���M�℄g, 4FD℄�t�w,Krz./e3)A: ∀ N, c, ρ(X + c) = ρ(X − c), j
)ij��^Pk c ,K��w, /M�C+S#F[t c, s{^6J�w�i{B�Ru1_, #y�q�w℄L^[t.℄℄A: λ > 0, ρ(λX) = λρ(X), j
antL��F�
�tL,a�#1�C3), �tL,K1Y�3,K� λ �, /7���M�C+Sy^����M�C+S� λ �.
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10. VaR 3i|�anWa, 4
on�i|. Cj, R!Jn'D~*(�) 1 ���	 0.02 �``B� 1000p, 	 0.98 �``B�
100 p, blan� ~*)\	3{ 1 �, 97.5% �[91/�� VaR { 100 p, /� VaR ��{ 200 p; eJn~*��, 	
0.02× 0.02 = 0.0004 �``B� 2000 p, 2× 0.02× 0.98 = 0.0392�``B� 1100 p, 0.09× 0.98 = 0.9604 �``B� 200 p, 
k\	3 1 �, 97.5% �[91/�, ��� VaR { 1100 p, �� P�� 200 pg
 900 p, x�M�anWa.

11. C-VaR= Conditional VaR : �[ VaR h>�q�I�)2
	kZ+, � C-VaR 2h>�qj
3���I8�M, 
k.B2
	kZ+. Bp,Ks�T
n3�� (100−X)% ``
�A^)	k��? �A^)�| VaR ���+�J4)�< VaR ���. 7V��3.B, �K��	�MWa)*4h8B��, B��3sS{2z. C-VaR i|aZAWa. msC, I? C-VaR,) 2.5% ��6J4^, 2% �``B� 1000 p, 0.5% �``B�
100 p, C-VaR { 0.8 × 1000 + 0.2 × 100 = 820 p, Jn~*���, ) 2.5% ��6J4^, 0.04% �``B� 2000 p, 2.46% �``B� 1100 p, C-VaR { 0.04

2.5
×2000+ 2.46

2.5
×1100 = 1114.4 p. /�� C-VaR P�� 1640 p.

12. �ZJ�: e VaR ��LB�{>1?��Z. Q�YZ��, j
I?M\	3{ 1 V, [9+{ 99% � VaR, /�i>
��nV�B�^	2toQ�MBa VaR S. j
Q��V,4JTV,� 1% �
, /5} VaR I?�<�lI�, 1� 1 � 250V�Rz�, a�
{ 4 oi�,�I�. j
Q��V,�Clz, 5} VaR S(�, 4Be��t�w,K(�, a�
{ 12 o
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�: VaR 94is�D℄ll�k�, j	D℄y�J VaR �S. a��, j

VaR �\	3{ 1 V, [9+{ X%, j
 VaR �<KY, /Q

VaR �``{ 1 − X%, R!	 n n�He, 4^ m VB�Q

VaR , m m

n
> 1−X%, 5} VaR |I(�.

13. K��_IYZ:

H0: 1�blaV, Q
 VaR �``{ p;

H1: 1�blaV, Q
 VaR �``z� p.B�Q� VaR �V,z��� m �``{
n∑

k=m

Ck
np

k(1− p)n−k,Rz^YZFJ!�YZ1/{ 5%, /s�I?�Sz� 5% �,m" H0, s�/� 5% �, �� H0, p4�� VaR I?�<.

14. Kupiec R
/�YZ:�H_IK
−2 ln[(1− p)n−mpm] + 2 ln[(1− m

n
)n−m(

m

n
)m],	9��L,
�s��Sz�p![9+� χ2(1) J4�>
S�, �i��^ VaR �<.

15. 'DAYZ: 	at��nV�Sl)''D, 
kQ
 VaR I=�8�y^�l�$�J4)\�NX�, ��^, Q
 VaR �8�rr�A)a7, Chistofferson R
MYZ VaR 'DA��9.pK 0 : �aVm	Q
 VaR �I=8�;pK 1 : �aV	Q
 VaR �I=8�.

uij {�Vi�pK i F)�7Vi�pK j �o,. !m_IK
−2 ln[(1−Π)u00+u10Πu01+u11 ]+2 ln[(1−Π01)

u00Πu01
01 (1−Π11)

u10Πu11
11 ],
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Π =

u01 + u11

u00 + u01 + u10 + u11
,

Π01 =
u01

u00 + u01
,

Π11 =
u11

u10 + u11
.	��SlnV�)'&'D�, s)_IKTp χ2(1) J4, 	9��L,
�s��Sz�p!YZ1/� χ2(1) J4�>
S�, �i��Sl)''D��Rz.



M�Y
Black-Scholes v�B| 30 �8373�wh!S>
�A:J��)L�y�, ;9�
, A:;J, Itô v�, 
,�!>, �S
C+�B2���sn�Ms�`��4`+�,K`��!>�[)BnU�)�ENQ�, �i5jÆ�1, <j Riemann �vJE�&
 Einstein ��m#1
, BaI=1�`+,K35��4
��. K�s{Bns�, 
QH�G�
Qv�~[wht, ^s{Bns�, Merton� Scholes (6f� Blackg�S�) 6�M Nobel�HKf. �B3nU&���, wht�Bn�t��C, 
�aA�L5r�W��Dz, ,owhw:�8�&�3T�whfbk3Ma�, B2F�k7�whL,�wht�
I��xq�3��2\{
, GqF��>9y�	l
l�
{
�9\>
wF�$��,Fi�3OÆA:J�)B\�U�	jm)L�y���R+�3�, Ba8IKj�KO�
�v����a\.
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