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PREFACE

What is Calculus? The word Calculus comes from Latin meaning ‘small stone’, because
it is like understanding something by looking at small pieces. Calculus includes differential
Calculus, which cuts something into small pieces to find how it changes, and integral Calculus,
which joins the small pieces together to find how much there is. Calculus is now a basic
course for undergraduate students to learn how to analyze the relation between variables.
When Calculus first appeared in late 17th century, it was not rigorous at all and more like
a magic. After more than 100 years, we could now tell the story with complete logic. The
great mathematicians in title page made the major contribution for what Calculus looks like
today, though the list may be arguable.

Calculus contains not only a series of techniques how to analyze functions, but also the rigor-
ous theory to explain why. The current textbook is rather compact for a one-semester course
of Calculus which I have taught since 2019 for students in UIPE program, Fudan Univer-
sity, and covers usual contents of calculus with the related analysis. Though the analysis
is not heavy, it is self-contained and almost all theorems inside are proved carefully, maybe
not very rigorously. I hope that every notion in it is necessary and appears naturally. The
mathematical rigor is not what it pursues but important for students to understand Calculus.
The course is taught in a 16-week semester? and each week contains lectures of totally 150
minutes, three 50-minute or two 75-minute lectures, and a 45-minute problem session. The
contents with (*) are the reading materials, which may or may not be taught in lectures. I
would like to thank Dr Xiaodan Li, my TA for the great help giving to me during this course,
and thank all students enrolled in this course for their curiosity and love for learning which

push me to complete these notes.

Jiangang Ying
Fall semester, 2021

2a normal semester includes 16-week lecture and 2-week examination.



formulae in high school

Newton binomial expansion

(a+b)" = Z Cl b,

§=0

sum of geometric series
a"—1=(a—1(a™ t+a™ 2+

mean-value inequality: for a,b > 0,

' a+b

N

triangular inequality: for real a,b,
la+b] < la] + [b].
The key trigonometric formulae

sin(x +y) = sinx cosy + cos

et a+ ).

xsiny,

cos(x +Y) = cosxcosy —sinxsiny,

and the following follows from above two?

sin?x +cos?x =1, 1+ tan’x =

sin 2x = 2sinx cosx, cos2x = cos

XTY s XY

sinx 4 siny = 2sin 5

sinxcosy =

N = po| =

sinxsiny =

3students should first complete the proof before going further.

cos2x’

2 2

(sin(x +y) +sin(x —y)),

(cos(x —y) — cos(x + y)).

X — sin“ x,
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Chapter 1

numbers and sequences

1.1 numbers and sets

1.1.1 numbers

Let us start from numbers. We are all familiar with numbers, but we may not really know
numbers. For different people, number is different. For a boy under 10, a number means an
integer. For a high school student, a number usually means a fraction. For a math major
student in university, a number is usually a real number or complex number or even more.

What is a real number at first? According to what we learned from high school, every real

number can be expressed decimally, for example, 0.23,—0.31212---. In general
a=ap.aijaz---an---=0ap+0.a1as---an---,

where ap = [a] is the integer part of a (the biggest integer no bigger than a) and any aj,
j > 1, is an integer between 0 and 9, called a digit, the j-th digit after the decimal point. This
is different from the usual expression when a < 0, for example, —1.32 = —(1.32) = —1 —0.32

usually, while —1.32 = —2 4 0.68 here. It is known that this expression is indeed

which is in fact a series and will be discussed later. The expression is called finite if there
exists j 2> 1 such that ay = 0 for k > j, in which case we write a = ag.a; --- aj. The decimal

expression of a number is not always unique. For example
0.1 =0.0999999 - - - |
which we will prove in the lecture of series. Every number with finite (non-zero) digits has

1



CHAPTER 1. NUMBERS AND SEQUENCES 2

two types of expressions. For uniqueness, we always choose the expression with infinite digits
in the sequel.

We should know the relationship between existence and expression. A real number exists
intrinsically, not because it has decimal expression. Using expression to denote a number is
easier to operate. It is similar to say that one exists intrinsically and is expressed by a name
or ID number for convenience.

A number is simply a point in a real line with direction and the points 0,1 labeled, which is
called the axis of numbers. Any point in the axis can be represented by the expression. How
to position a number with a given expression on the line?

We start with positive integers in school, then zero, then all integers. Their positions on real
line are clear. They can be marked by the unit, the distance between 0 and 1. In middle
high school, we learned fractions, which are in the form of m/n where n, m are integers, with
n being positive. Dividing [0, 1] into n pieces equally, 1/n is positioned. Then m/n can be
easily positioned. A fraction is also called a rational number. In particular any integer
is rational. All rational number are dense on real line namely there are rational numbers
between any two different numbers a, b.

Are there real numbers other than rational numbers? Yes. We know that the decimal expres-
sion of a fraction must be finite or infinite but cyclic, where cyclic means that it will repeat

starting from some digit. For example,
1/4=0.25, 1/7 = 0.142857142857 - - - - - - .
A general cyclic decimal expression is written into
0.a;---axC1 - Cn,

where the digits ¢; - - - cp will repeat forever. Conversely any real number with decimal ex-

pression finite or infinite but cyclic is a rational number.

1.1.2  definition, statement and proof

Before continuing, we need to say a few words about mathematics. For sciences, the nature
determines true or false, but for mathematics, what determines true or false is mathematics
itself, precisely the axioms and logic. Therefore we have to be rigorous on every step forward,
otherwise mathematics has nothing to trust. Actually we have mentioned many concepts and
names above, integers, real numbers, fractions, and rational numbers. Rigorously speaking
they should be defined carefully before being used. In mathematics a concept, a terminology

or a notation, when it first appears, must be unambiguously defined in a statement called
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definition, in which every word must have been clearly defined. The notions in mathematics
may take names from the real world, for example, rational, irrational, finite, bounded in the
following lectures. A word in the real world may not be used so rigorously, but as long as it
is used to name a notion in mathematics, its meaning is unambiguous. However this is not
a rigorous textbook and some concepts are just mentioned casually. Students having doubt

about these concepts may refer to other more rigorous textbooks.
Definition 1.1.1 Any real number which is not rational is called irrational.
Theorem 1.1.2 /2 is irrational.

This is a statement (or proposition, claim, assertion, etc), which states the relation between
the defined concepts. It could be true or false. When you claim it is true or false, you always
need to prove it by the previously proved facts. After it has been proved to be true, we could

call it a theorem, if it is important, or a lemma, if it is not so important.

Proof. At first, we need to know the definition of the objects that the statement is concerned.
What is v/27 Actually v/2 is a number whose square is 2, namely (v/2)? = 2. What is an
irrational number? An irrational number is a number which is not rational or not a fraction.
After we know what they are, we may start to prove. One way to prove it is to prove by
contradiction. Suppose that v/2 is not irrational, or it is rational. Then /2 may be written
in fraction n/m, where m and n have no common factor. If it leads to a contradiction, it
implies that our hypothesis that v/2 is rational is not true.

Now v2 = n/m and we have 2 = n2/m?2 or n? = 2m2. This implies that n is even or n = 2k.
This gives 2k? = m? which gives back m is even. Hence n and m are even and they have
a common factor, which is a contradiction. This contradiction implies that the supposition

4/2 is not irrational’ is wrong, i.e., v/2 is irrational. O
) bl

Hence a number is irrational if and only if its decimal expression is infinite and not cyclic. It
is impossible to position ! such a number in finite time and that’s why we can only approach
an irrational point but can not catch it precisely. This approaching process is exactly the

limit theory we shall learn in this course.

Theorem 1.1.3 Every irrational number can be approximated by a sequence of rational num-

bers.

The theorem is intuitive but makes sense only after we know what it means by ‘approximated
by a sequence’. For example the circumference ratio 7t = 3.1415926 - - - is a real number, and

was proved to be irrational. People found 62831853071796 digits of 7t with help of computer

Lassume that we can only position a multiple and an equal division of a given segment.
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in 2021 but never its precise value. Hence 7t can be approximated by the sequence

3, 3.1, 3.14, 3.141, 3.1415, 3.14159, - ,--- .

1.1.3 sets and mappings

Next we introduce the language of calculus and mathematics: set and mapping, which the
readers learned in high school and we briefly review here. A set is to put something specified
together. Note that this is not really a definition. The notion of sets is the very base for
all notions in mathematics, namely there is nothing more basic to define the notion of sets.
However defining a concrete set amounts to telling unambiguously what elements the set
contains. We use A ={--- ,---} to list all elements in a set or clearly state what elements a

set contains. For example
A ={1,2,4,8}, A={n:nis an even integer}

or A is the set of the real numbers satisfying x2 — 2x —3 = 0. Every element in a set can
be counted only once, for example A = {1,2,3,1} = {1,2,3} and there are 3 elements in A.
The way how the elements of a set are listed makes no difference, for example A ={1,2,3} =
{3,2,1}.

Though the notion of sets was not clearly defined, what a set contains exactly must be clearly

defined.

Definition 1.1.4 Assume that A is a set. We write a € A if a is an element of a set A, and
a € A otherwise. It should be unambiguous that either a € A or a € A. For sets A and B, we
say that A C B if any element in A belongs to B, and A = B if they hold the same elements,
namely A C B and B C A.

Set Operations:
1. A U B, containing all elements either in A or in B;
2. AN B, containing all elements in A and also in B;
3. A\ B, containing all elements in A but not in B.

The empty set, denoted by ), is a set which contains nothing. Throughout this notes, let
N be the set of natural numbers, or positive integers, Z the set of all integers, Q the set
of rational numbers and R the set of real numbers. Hence R \ Q is the set of all irrational
numbers. For any numbers a < b, (a,b) = {x € R : a < x < b}, called open interval,

[a,b] ={x € R:a < x < b}, called closed interval.
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Definition 1.1.5 Assume that X,Y are two sets. A mapping f: X — Y is a rule according to
which any x € X corresponds a unique y € Y. For x € X, f(x), the element that x corresponds,
is called the image of x. The set of all images is denoted by f(X), which is called the range of f

and is a subset of Y.

It is very important that any x € X has a unique image y € Y. For example, if everyone has
only one name, the name of a person is a mapping from the set of human beings to the set
of names (a name means a combination of letters).. But maybe many persons have the same

name and some name may not be the name of any person. This gives another definition.

Definition 1.1.6 Assume f : X — Y is a mapping. If any two different elements in X have
different images, f is called 1-1 or injective. If any element in Y is the image of some element in
X, f is called onto or surjective. A 1-1 and onto mapping is called a one-to-one correspondence

or bijective.

Example 1.1.1 y = 2x: R — R is bijective. y = x*>: R — R is not 1-1 nor onto.
y =x%: R — [0,4+00) is onto but not 1-1. y = x® : [0,+00) — R is 1-1 but not onto.

y =x2 [0, +00) — [0, +00) is one-to-one correspondence.

Assume that A, B, C are sets, f: A — B and g: B — C. Define for any a € A,
h(a) = g(f(a)) € C.

Then h is a mapping from A to C, which is called the composition of f then g, denoted by

g o f. The composition is an important operation of mappings.

Exercises

1. Write 1/13 into a decimal expression.

2. Prove that the set of rational numbers is dense, namely for any a < b, there is a rational

number in (a,b).
3. Prove that if a € Q, b € R\ Q and a # 0, then ab € R\ Q.
4. Prove that the set of irrational numbers is dense.
5. Prove that \/5 is irrational.

6. Assume that A, B are two sets. Prove that

A\B=A\(ANB).
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1.2 functions

In this lecture we mainly review what we have learned in high schools about functions.

1.2.1 functions and graphs

A function is to express how a variable depends on another variable. We have learned some
functions in high school, for example, linear function y = ax + b, and quadratic function
y=ax’+bx+ec.

Calculus is mainly about the properties of functions. A function is a particular type of
mapping and it can be used to model the relations of variables in real world. For example,

the relation between speed and distance, the energy consumption and GDP growth.
Definition 1.2.1 A mapping f: D — R is called a function with domain D C R.

Roughly speaking a function describes quantitatively how one variable depends on another.
A sequence is a special function when D = N. A function is essentially the rule f (and D). For
example, y = f(x), x € D, where we should indicate that y, the dependent variable, depends
on x, the independent variable or equivalently any x € D corresponds a unique y. It does
not matter which letters are chosen to express the rule. Actually y = f(x), x € D, where y
depends on x, and b = f(a), a € D, where b depends on a, express the same function.

For example, the numbers 1,2,3, ..., which we learned in elementary school are abstract, but
your math teacher may need to take something concrete to express them. They may use their
fingers or use small stones or even draw circles on board.

A function describes the relation between two variables, which can be roughly expressed by its
graph. Take a plane coordinate system with a horizontal axis and a vertical axis. A coordinate
(a,b) denotes a point on the plane with a, b being horizontal and vertical coordinates.
Conventionally, the independent variable varies on horizontal line and the dependent variable
varies on vertical line, no matter what letters they use. The set {(x, f(x)) : x € D} is the graph

of f, as follows, which may show us how y changes on x intuitively.
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Y

x

1.2.2 properties of functions

Analysing how a function varies is a major task in calculus for example, monotonicity, con-

vexity, the max/min, and etc. We shall introduce boundedness and monotonicity here.

Definition 1.2.2 Given a function f: D — R and A C D, f is called bounded on A if there
exists C > 0 such that for any x € A, |[f(x)] < C. If f is bounded on D, we simply say that f is
bounded.

If f(x) < C (f(x) = C) for any x € D, we say f is bounded above (below) by C.

Example 1.2.1 The boundedness depends on the rule f and also the domain. y = sinx is
bounded. y =x2,x € R is not bounded, but y =x2,x € [0,1] is bounded.

Definition 1.2.3 A function f on D is called increasing if for any x1,x2 € D with x; < xo,
f(x1) < f(x2), and called strictly increasing if for any x1,x2 € D with x1 < xo, f(x1) < f(x2).
The notions ‘decreasing’ and ‘strictly decreasing’ are defined similarly. A function which is

either (resp. strictly) increasing or decreasing is called (resp. strictly) monotone.

Example 1.2.2 y = ax + b is increasing on R when a > 0. y = x? is not monotone for
x € R, but it is increasing on [0, +00) and decreasing on (—o0,0]. y = sinx is not monotone
for x € R, but increasing on [—m/2,7/2] and decreasing on [1t/2,37m/2].

The notion of even and odd function is known for us. A function y = f(x), x € D = (—a, a)
is even if f(—x) = f(x) for any x € D, and is odd if f(—x) = —f(x) for any x € D.

The domain of the functions above can be closed interval. Intuitively, the graph of an even

function is symmetric about y-axis and that of an odd function is symmetric about the origin.

1.2.3 elementary functions
Recall 4 types of functions we have learned in high school:

1. power function y = x®, where a is a constant.
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2. exponential function y = a*, where a > 0,a # 1.
3. logarithmic function y = log, x, where a > 0, a # 1.
4. trigonometric function y = sinx, y = cosx, - --.

We assume that students know their properties and graphs. These functions with their natural
domain, where the function can be defined unambiguously, belong to a function family, called
basic elementary functions. Be careful that the real power a*, x € R has not precisely defined
in high school, so we shall discuss it later.

They are not enough for our modeling. How to obtain new functions? Usually by the four
operations (+, —, X, +) and compositions. The operation is known, for example, y = x ! +x,

__2x
y= logx "

What is composition? Simply speaking, if y depends on u and u depends on x, then y depends
on x, by composing them together. The composition of two functions y = f(x), x € D¢, and

y =g(x), x € Dy, g then f, is a new function

y = f(g(x)),

with its natural domain. The rule of composition is denoted by fog, i.e., (fog)(x) = f(g(x)).
This means that x € Dy corresponds a unique g(x) by the rule g which in turn corresponds
a unique f(g(x)) by the rule f, when g(x) € D¢. The domain of fogis{x € Dg:g(x) € D¢}.
Similarly, the composition, f then g, is y = g(f(x)) or gof. It is known that fo g differs from
g o f, for example, f(x) = sinx and g(x) = x2. The composition is a useful way to get a new
function. We may even compose many times.

A function, which is obtained by a finite times of arithmetic operations, +, —, X, /, called the
four operations, and compositions, of basic elementary functions, is called an elementary
function. Every elementary function has its natural domain. It is seen that as long as the
class of basic elementary functions is determined, so is the class of elementary functions. In

calculus, the family of elementary functions are mainly concerned.

Example 1.2.3 We may write as many as you like.
1. A polynomial is a linear combination of integer power functions,
y=anxX™ +an X" 4+ arx+ap,

which is called of degree n if the leading coefficient a,, # 0. The casen =1 and n = 2

are linear and quadratic functions respectively.

2.y =+x+sinx
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3 y= 251nx+tanx/lnx

4. y=1/1+/1+sin/x.

5.y =Ix| is also an elementary function, because x| = Vx2.

Remark. The function f is called a linear combination of fy, fo,--- , f,, if there exist real

numbers aj, ds, -+, dn such that for any x € D, the common domain,
f(x) = a1fi(x) + azfa(x) + - - + anfn(x).

The operations of addition and scalar product (a constant multiple) are called linear oper-

ation.

1.2.4 inverse functions

We know in high school that y = /x is the inverse of y = x?, and logarithmic function
Yy = log, x is the inverse of exponential function y = 2*.

How to define an inverse function in general? A function y = f(x) describes the rule f how
y depends on x. When it is injective, x actually depends on y too. This inverse dependence

defines inverse function.

Definition 1.2.4 If every y € E C R determines a unique x € D C R, denoted by x = f~1(y),
through the equation y = f(x), then x = f~!(y), x € E describes the rule f~! how x depends on

Yy, and is called the inverse function or simply inverse of f.

A function y = f(x), x € D is injective if and only if every horizontal line intersects the graph
of f at most once. In particular, a strictly monotone function is injective. The expression
y = f(x) describes two different rules: (1) how y depends on x; (2) how x depends on y. The
graph of y = f~!(x), x € f(D) is obtained by flipping the graph of y = f(x) according to the
line y = x, namely the graphs y = f(x) and y = f~!(x) are symmetric with respect to the
line y = x. It is easy to verify that f~! and f have the same monotonicity when they are

monotone.

Example 1.2.4 1. The inverse function is obtained by solving equationy = f(x). Solving

y=2x+3 we get x = (y — 3)/2.

2.y = x?

. It is not a one-to-one correspondence from R to R, but it is from [0,00) to
[0, +00) or from (—o0,0] to [0,+00). Hencey = x? has no inverse function, but as
a function on [0,+00) its inverse is x = VY, Yy > 0, or as a function on (—o0,0] its

inverse is X = —/y, y > 0.
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3. Solvingy = a* we get x = log, Yy, which is a name for the unique solution. This actually
means that we know a unique solution exists but we do not know what it is, so we name
it as log, y.
X, x <0,

4. The function f(x) = is injective but not monotone and £~ = f.

x1 x>0

Exponential functions and logarithmic functions are mutually inverse. The inverse of a power
function is still a power function. To inverse trigonometric functions, we will obtain the inverse
functions y = arcsinx, x € [—1,1], y = arccosx, x € [—1,1], y = arctanx, x € R. We shall
put them into the class of basic elementary functions to make our class of elementary functions
richer. Roughly speaking in our course we have the following classes of basic elementary

functions
1. power functions y = x;
2. exponential functions y = a*;
3. logarithmic functions y = log, x;
4. trigonometric functions y = sinx, cos x, tan x;
5. inverse trigonometric functions y = arcsinx, arctan x.
Since ctanx = (tanx)~! and arccosx = /2 — arcsinx, x € [—1, 1], we avoid using ctanx and

arccos x to save notations.

1.2.5 piece-wise defined functions

The class of elementary functions is very important for us, but we may construct functions

ourselves. For example

x2, x> 0,
fx) =141, x =0,
x—1, x<0

The function is obtained by putting different functions with disjoint domains together so it is
called a piece-wise defined function. This approach gives us a lot more new functions which

are no longer elementary functions.

Example 1.2.5 The rate of income tax depends on the income. For example, the graph

shows the dependence of y, the tax levied, on x, the annual income.
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y
=2.5+3(x—20)/10

=

=0.5+2(x — 10)/10

[l
|

=
e}

Classification of functions is for convenience only and not based on rigorous definition. For

example, the function

3x, x =0
f(x) =
x, x<0,
looks like a piece-wise defined function, but it can be expressed into f(x) = |x| + 2x, an

elementary function. We do not care too much about if a function is elementary or not.

1.2.6 curves and functions*

The graph of a function on a plane with xy-coordinate system looks like a curve. Actually
the notion ‘function’ is rigorously defined, while ‘curve’ is not. Roughly speaking, a curve is
a set of points on plane which looks like a rope. In this sense, the graph of a function may
be a broken rope and a ‘continuous’ function looks like a curve.

There are different ways to characterize a curve. An equation of x,y, for example,
X2ryi=1

characterizes a circle, x> —y? = 1 characterizes a hyperbola. In general all points satisfying
an equation, written as F(x,y) = 0, determines a curve.

A curve is not necessarily a graph of a function. It is easy to know that a curve is the graph
of a function when every vertical line intersects the curve at most one point, which is called
the vertical line test. If it is the case, then for any x on the x-axis, x € D when the vertical
line and the curve have one point in common and the y-value of this point is defined to be
f(x). Hence this gives a function y = f(x), x € D. It is also seen that a piece on a curve

which satisfies the vertical line test determines a function.
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For example x? +y2? = 1 is a circle, which is not a function because it does not satisfies the
vertical line test. However if we cut the circle into two parts with x-axis, then both the upper
and lower half, y = /1 —x2 and y = —/1 — x2 respectively, are functions. A function given
this way is called an implicit function, which may or may not be able to write as y = f(x)
explicitly.
There are other ways to determine a curve. For example, parametrized curve

x = f(t)

y=g(t)
also determines a curve, because each t in domain determines a point (x,y) in the plane. For
example, x = cost, y =sint denotes the unit circle.
Remark. Some particular functions appeared in history occasionally, but the general notion

of functions was formulated first time in 18th century by L. Euler. In modern mathematics,

a function is just a particular mapping.

Exercises
1. find the natural domain of following functions
(a) y =vsinx — 1; (b) y=+vx2—1;

(y=Kx*-1"% (d)y=

2. are the functions above bounded?

3. Using the monotonicity of y = x? to find the intervals where the functions in b,c,d of

the problem 1 are monotone.
4. Assume that y = f(x) and y = g(x) are odd on [—1, 1]. Prove that y = f(x)g(x) is even.
5. Define a function y = f(x) on R such that it is even and f(x) = (x — 1)? for x > 0.

6. Find the inverse function for y = e* — 1.

1.3 sequences and limit

1.3.1 sequences

Let’s come to the sequence limit first. The major difference between high school math and
college math is the difference between finite and infinite. We start now from the simplest

infinite object: sequences.
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Definition 1.3.1 A sequence is a mapping a: N — R.

Conventionally write a, = a(n) for n € N and to denote the sequence by (a,), or simply
a, if no confusion is caused. We could indicate where a sequence starts if it is important,
for example, a,,n > 0. We have learned sequences in high school, for example, we know the
arithmetic sequence a, = dn+ ¢, n > 1, where d,c are constant, and also the geometric
sequence a, = ar™, n > 1, where a,r are constant. Here we are interested in how the

sequence changes when n is large. Let us define two important properties for sequences.

Definition 1.3.2 1. (monotonicity) (a,) is called increasing(or decreasing), if for any n. >
1, ans1 = (<)an. A sequence which is either increasing or decreasing is called monotone.

If > is changed to > (< to <), then we say (ay) is strictly increasing (strictly decreasing).

2. (bounded) (an) is called bounded if there exists a constant C such that for any n > 1,

lan| < C.

Read the definition of boundedness above, and it means that a constant C bounds all a,,.
Image that if we change the order of words, say for any n there exists C such that |a,| < C,
then it means that one C bounds only one a,, and is totally different from the original
definition. Notice the difference between finite and bounded. The word ‘finite’ is applied to
a number, for example, n is finite, while the word ’bounded’ is applied to a set of numbers,

for example, a sequence is bounded.

1.3.2 sequence limit

Definition 1.3.3 The sequence (an) converges to L, a, — L, or lim, a,, = L if for any ¢ > 0,
there exists N such that for any n > N, |a,, — L] < ¢. Otherwise we say that (a,,) does not

converge to L.

It is extremely important to read this definition 100 times carefully and to really understand
every words. The sentence like “for any ..., there exists ... such that for any ..., something

holds.” will be used often later.

1. ‘there exists N such that for n > N .. means that ‘for n large enough’ or ‘starting

from some n’. The existence of N, not the exact value, is important.

2. ‘for any ¢ > 0, (important: it could be arbitrarily small), |a, — L| < € for n large
enough’ means that when n is large enough, a,, will be fallen into the small interval
(L—e¢,L+¢), which is called a neighborhood of L. It amounts to say that there are only
finitely many a, out of (L —e¢,L + ¢) for any ¢ > 0.
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3. for the inequality sign used here, € has to be positive, but n > N can be replaced with

n >N, and |a, — L| < ¢ with |an — L] < ¢.
4. Tt is seen that a,, — L is equivalent to a,, — L — 0.

5. It is extremely important to negate a notion, for example, how to say that a sequence
(an) does not converge to L. That (a,) does not converges to L means that J¢ > 0
so that for any N, there exists n > N it holds that |a,, — L| > ¢, or 3e¢ > 0, so that

|a, — L| > ¢ for infinitely many n.

Look at the definition of limit, we see that the inequality plays a major role and hence it is
important to learn the techniques of inequality.

The limit of a sequence is a property of the sequence when n goes to infinity. It is nothing
to do with the first finite many terms. It means that even if we throw away or change values
of the first finite many a,, it will not change the limit.

As seen in this lecture, we have defined several concepts: sequence, monotonicity, boundedness
and convergence. It needs not to say that the only way to understand a concept is to read
definition carefully. Actually I think that a major thing you should know about how to learn

math is to read definition carefully.

1
Example 1.3.1 1. Prove that lim — = 0. For ¢ > 0, we may find an integer N € N

n—+oo N
such that 1/N < ¢, for example, N > e¢~1. This simple fact is actually a fundamental

1 1
result, called the aziom of Archimedes. When n > N, we have o < N < &. By the
definition, 1/n converges to 0.
2. When |r| < 1, limp ™ = 0. In order to have |v™| < ¢, it is enough that

log, €
log, [r|

We then take N to be the least integer bigger than log, €/ log, |1].

3. Any real number can be approximated by a sequence of rational numbers.
The following theorem provides a useful way to prove the limit.
Theorem 1.3.4 If [a, —L| < b, when n is large enough and lim, b,, =0, then lim, a,, = L.
We are now in a position to define convergence.

Definition 1.3.5 The sequence (a) converges if there exists a number L such that a,, con-

verges to L, and diverges otherwise.

We should also notice the difference between ‘(an) converges to L’ and ‘(an) converges’ The
former means we know the limit and the latter means there exists such a limit which we may

not know.
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Remark. People usually think that in the history of Calculus, the notion of limit was
presented about 150 years after Calculus was presented. Actually in his book, the art of
conjecturing, published in 1813, Jakob Bernoulli proved the famous law of large numbers
rigorously by a rigorous e-N approach. However no one in his era realized the importance of
this notion so that the language of limit was reinvented more than 100 years later by Cauchy,

Weierstrass and etc.

1.4 properties of limit

1.4.1 generic properties

The following theorem is important and shall be proved carefully. The similar result will

appear whenever a notion of limit is defined.

Theorem 1.4.1 Assume that (a,), (bn,) and (cy,) are sequences.
1. Uniqueness: The limit of a sequence is unique if exists.
2. Comparison: If a,, > 0 for large n and lim,, a, =L, then L > 0.
3. Sandwich: If (by,) and (cy,) converge to the same limit L and for large n,
bn < an < cn,
then lim, a,, = L.
4. Boundedness: A convergent sequence is bounded.

5. four Operations: If the limits in the right side exist and the one appeared in denominator is
not zero, then the limit on the left also exists and the identity holds.
(a) limp(an 4+ by) = limy ayn + limy, by;
(b) limp(anbyn) =limy an - limy, by;
(c) limp(an/bn) =lim, an/limy by.
Proof. 1. Suppose that (a,) converges to L; and L. We need to verify they are the same.
According to the definition of convergence, for any ¢ > 0, there exists N such that when

n >N,

la, —Li| < ¢ and |a, — L] < €.

It concludes that picking such an n,

IL; — La| < Ly — anl| + lan — Laf < 2e.
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But |L; — Ls] is a fixed number and 2¢ can be arbitrarily small. This forces that |L; — L] = 0.
2. This is called the comparison theorem. As L < 0, —L/2 > 0. Taking this as ¢, there exists
N such that for n > N, |a, —L| < —L/2, i.e., 3L/2 < a, < L/2 < 0. What we proved is more
than the statement.

3. This result follows from the following inequality
lan — L] < Jan —bn| + by — L
<len —bal+ by — L < len — L)+ 2[bny — LI
4. Assume that lim,, a,, = L. There exists N such that |a,, —L| < 1. It follows that
lan| <lan =L+ L < 1T+ [LI.

Then we may find a constant C which bounds (an).
5. Assume lim,, a, = A and lim,, b, = B. We use Theorem 1.3.4.

(a) Tt is easily seen that
0<lan +bn —(A+B)<lan — Al + b, — Bl
(b) It is seen that for n large
lanbn — AB| < [anllbn — Bl + [Bllan — Al < (JA] + 1)[bn, — B[+ [Bllan — Al

(¢) Assume B > 0. Similar to the proof of 2, we know that b, > B/2 > 0 for large n and

hence

a, A

a,B—b,A

b, B b, B ’
lan — Al[B| + by — BJIA]

h |bn[B

 lan — Al[B[ + by — BIIA|

= B2/2 '

O

Example 1.4.1 1. For a > 0, prove that lim,_,o, ¥/a = 1. Assume that a > 1. Let
an = Ya—1. Then it suffices to show an converges to 0. In fact an > 0 and by

Newton’s binomial formula,
a=(1+a )" =14+na,+- - >nan,.

Hence

a
O<an<—
n

and by the sandwich theorem, lim a,, = 0.
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2
n‘—1
2. Pind limit lim —————. Divide both numerator and denominator by n?,
n2n?24+n—1
n2—1  1—4
2 —q 1 1

and it is seen that the limit of numerator and demominator are 1 and 2 respectively.

Hence the limit is 1/2.
3. Prove that limln =0 fora>1. Writea=14+b withb >0. Then
noa

2 _
a™ = (1+b)" > Cb? = ==

b2.

Hence

0< = < L -2
am  nn-—-1b2/2  (n—1)b2’

which converges to zero.

Remark. How to understand a statement?

1. Many statements above are in the form of ‘if A, then B, where A and B are statements.
This statement means that A implies B, or A is a sufficient condition for B and B is a
necessary condition for A. Its inverse statement is ‘if B, then A’) negative statement is
‘if not A, then not B’ and inverse-negative statement is ‘if not B, then not A’. The truth
of statement ‘if A then B’ is equivalent to the truth of its inverse-negative statement ‘if
not B then not A’. Similarly the truth of inverse statement ‘if B then A’ is equivalent to
the truth of negative statement ‘if not A then not B’, because it is the inverse-negative

of the inverse.

2. The comparison theorem says that when a,, > 0 for large n, lim a,, > 0 if exists. Even
when a,, > 0 for large n, the conclusion that lim a,, > 0 is still true, but not necessarily
lim a,, > 0. For example a,, = 1/n. The example a, = —1/n shows that the inverse of

the comparison theorem is not true.

3. Intuitively ‘if A then B’ is denoted by A = B, and we say that A is stronger than B.
More intuitively it can be compare to the inequality A > B. In this sense, the inverse
is B > A, the negative is —A > —B, and the inverse-negative is —B > —A. If A > B
and B > A, then they are equivalent: A = B. Transitivity: if A > B and B > C, then
A > C.

1.4.2 subsequences

Definition 1.4.2 Assume that a sequence (an) is the function f : N — R. If D is an infinite

subset of N, then a subsequence of (a,,) is the function f: D — R.
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A subsequence is still a sequence. To pick a subsequence from a sequence (a, ), we usually
pick a subsequence (k;,) from N, or an infinite subset of N, and obtain a subsequence (ay,, ).
For example, given a sequence a, = (—1)™, all even terms form a subsequence as, =
(—1)?™ =1 and all odd terms forms a subsequence too. You could have any way you like to
pick a subsequence, but must be infinitely many.

The following theorem is obvious by reading the definition of convergence.
Theorem 1.4.3 |If the sequence (a,) converges to L, then every subsequence converges to L.

This theorem can be used to prove a sequence does not converge, for example, a,, = (—1)™,
which contains two subsequences converging to different limits.

If the sequence (a,,) converges to L and there are infinitely many a,, which are non-negative,
then they form a non-negative subsequence which converges to L and it follows that L > 0.
Note the difference between ‘a, > 0 for large n’ and ‘there are infinitely many a,, > 0’

A sequence could go to infinity, for example, a,, =n or a, = (—1)™n.

Definition 1.4.4 A sequence a,, goes to +oo if for any C > 0 there exists N such that a,, > C
for n > N. A sequence a,, goes to —oco if —a, goes to +o0o. A sequence a,, goes to oo if |a,|

goes to +oo0.

Remark. Read the definition of convergence and going to infinity carefully. The first
sentence of convergence is for any ¢ > 0 and the first sentence of going to infinity is for any
C > 0. They look the same, but different very much. For convergence, the important point
is small €, because it illustrates that a, is near the limit, while for going to infinity, the
important point is big C, because it illustrates that a, could be arbitrarily large.

Clearly a, =n goes to +00, an = (—1)™n goes to co. The following theorem is obvious.
Theorem 1.4.5 A sequence a, goes to oo if and only if a;;! converges to 0.

According to the definition of boundedness, that a sequence (a,) is unbounded means that
for any C there exists n such that |an| > C. Therefore (a,) is unbounded if and only if a
subsequence of (a,) goes to co. For example, the sequence a, = n{~Y" is unbounded but

does not go to oo.

Lemma 1.4.6 A sequence (ay ) is unbounded if and only if there is a sub-sequence (ay,, ) which

goes to infinity.

Proof. The ‘if’ part is easy. We prove the ‘only if’ part. Assume (a,) is unbounded, i.e.,
(an) is not bounded. Read the definition. This means that any C > 0 could not bound (a;).
Any integer n can’t bound (ay), i.e., 3k so that |ayx, | > n. This gives a subsequence (ay,,)

which goes to infinity. O
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Exercises

1. Prove that the arithmetic sequence a,, = an+b increases when a > 0 and the geometric

sequence a,, = ar™ increases when a > 0 and r > 1.

2. Prove that the sequence a,, = an + b is bounded only if a = 0 and the sequence

an = ar™ is bounded if and only if a =0 or |r| < 1.
3. Prove that if a,, converges then it is bounded.
4. Does the sequence a,, = {/n converge? If so, what is the limit?
5. Prove that limt™ = 0 when |r| < 1.
6. How to state that (a,) does not converge by definition?
7. How to state that (a,) is not bounded?

8. Assume (a,) is an integer sequence and converges to L. Prove that L is an integer and

a, = L for large n.

1.5 analysis 1: Euler’s number

1.5.1 monotone and bounded sequence

Here comes the first legendary theorem.
Theorem 1.5.1 A monotone and bounded sequence converges.
To prove this, we need to prepare a lemma.

Lemma 1.5.2 An increasing and bounded sequence of integers (a,,) no longer increases for
large n.

Forany n > 1, an < ans1. If an < any1 some n, we say the sequence has an increment.
That (an) is an integer sequence implies that that each increment a,,; —an, > 1. Since
(an) is bounded, it has at most finitely many increments and this means that it no longer

increases for large n.

Proof. Assume that (a,,) is a bounded and increasing sequence. Then they can be decimally
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expressed as

Intuitively the limit should be the ‘biggest’ number, which may not be in the sequence. How
to find it? The integer sequence (xén)) is increasing and bounded. xén) must be equal to
some integer xo from some n, say ng, and never increases anymore. Then we write down x,
put a point on the right as above and throw away the terms before ng. Observe now xin).
This sequence must also increase and by the same reason must be equal to some integer x;
from some n, say ni, and never increases anymore. Then we write down x; as xg + 0.x; and
throw away the terms before n;. Go on and on. In this way, we will pick out xo,x3, - and
form a real number

L:=x%x0+0.x1Xo%x3--" .
Finally it is easy to verify that a, converges to L. O

Note that L is obtained digit by digit. A simpler method to obtain the first k digits xq.x1 - - - Xk

is to realize that the limit of the sequence [10% - an], n > 1, is 10%(xg + 0.x1 - - - Xk ).

1.5.2 Euler’s number

All of previous preparation are used to analyse and prove the existence of the most important
limit.

Theorem 1.5.3 Compound interest formula

1 n
an:(l—i—) .
n

This sequence is increasing and bounded. It converges and the limit is a real number, denoted by

e, called Euler's number.

We all know interest. When I save money in bank, I get interest. If I save $1 in bank and get
$1 + r back in one year, the value 1 is usually positive and called annual interest rate. But to
maximize my interest, I can compound the interest. Precisely take it out in half a year, get

half year interest $1 + r/2 back and put it in bank. Then in the end of the year, I will get
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totally (1 4 1/2)? back. People intuitively believe that (1 + 1/2)? is more than 1 4+ r. Yes it
is true because

(1+1/2)2=1+71+72/4>1+T.

This gives us reason to ‘take out and save again’ money more often, called compound interest.
If I do it every 3 months, I will get totally (1+71/4)* back. If I do it monthly, I will get totally
(1+71/12)'2 back. If I am more extreme and do it daily, I will get totally

(1+7/365)%%°
back. Theoretically If I do it n times in a year, I will get totally
(1+r/n)™.

A question may arise naturally. Will this action increase the interest a lot more? We shall

tell you that this action will increase the interest but not a lot more.
Proof. Using the Newton’s binomial formula, we have
an = (1+111)n =14+14---+CA/m)* 4+ +1/mm™
The right side has totally n + 1 terms, and write
ben = CK(1/m)* k=0,1,--- ,n.

Then by, =byn =1 and when k > 1,

n! 1 nn—-1---(n—k+1)

b fnd _— =

KT K — k) nk k!-nk
7in—1n—2 n—k+1
kKl n on n

Now
1 n+1 n+1
Qnil = (1 + n+1> = Z brnr1
k=0

has n 4 2 terms. When k > 1,

1 n n-1 n+1—-k+1

b P
kn+l kIn+In+1 n+1

b _1n71n72 n—k+1
ZPen =T T n

Comparing then a, with a4 term by term

an = bO,n +b1,n +e +bk,n +e +bn,n

Qnt1 = bon+1 +bingr +--- Fbgnyr +o0 Abnngr Fbnting
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we conclude that a, 1 > a,, namely the sequence increases. This means that the more often
it is compounded, the more interest we would get.
However it is evident that for any n, since “*Tkﬂ < 1, when k < n,

I 1 P!
kKl 1-2-3...k 2k 17

bk,n <

Hence

1\" 1
<1+> K141+ + =+ <14+1+1=3
n 2k—1

This means that I will not get a lot more. When v = 1 (the real world interest rate is about
5%) and I save $1, T will get $2 back without compound and will get no more than $3 no

matter how many times of compounds. O

Remark. The number e is called the Euler’s number which is the most important number
in Calculus. However, before Euler, some mathematicians, such as J. Napier, G. Leibniz, and

Jakob Bernoulli, also made their contribution for the appearance of this number.

Exercises

1. Find

2. Prove that for any n > 1,

where 0! = 1.

3. Please give an algorithm to approximate e so that the first 4 digits after the decimal

point are correct.

n
1
4. Prove that the sequence a,, = Z )—2 converges.
j=1

5. Prove )

1A\" 1\"
an—<1+112> andbn—<1+n2)

converge and find their limits.

2

)

hint: Since for 0 <j < n
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we have N ;
1 1 n
0<bn—1<ngz<1+nz) <5
j=1

6. Logic deduction is not all about mathematics. Observation is important as well. The

Fibonacci’s sequence (an : n > 1) is defined recursively by
Uni2 = Any1+an, 121,

with the initial values as = a; = 1. Observe the sequence by, = any1/a, for n =
1,2,3,4,5,6,7,---. Write down and prove your observations. Finally prove that by

converges and find the limit.

7. prove for any positive integer n and real number 0 < x < 1, that (I —x)™ > 1 — nx.

Now there is a clever idea to prove an < an41,

171 1 1 n+1 1 1 nl
(i) =) (o) b))

1.5.3 appendix: understanding the real power*

It is important to understand the relation ¢ = a® for a,b,c € R, which defines 3 classes of
functions: (1) power function, ¢ depends on a; (2) exponential function, ¢ depends on b; (3)
logarithmic function, b depends on c.

The real power a*, a raised to a real number x, when well-defined, should obey the following

operational rules

1. a¥tt*2 = g*1g*2;
2. (@*1)*2 = g*1*2;
3. (ab)* = a*b*.

How to understand a®? We define it step-by-step. When b is a positive integer, a® is the
product of a number of a’s, for example, a> = a-a. Then a’ = 1 when b is zero and

b — (a=1)7® when b is a negative integer. Later in middle high school we learned square

a
roots, v/a, and also a'/®. However it could not be very clearly explained in high school how
to define a® when b is not a rational. Let’s review this procedure.

When b is an integer and a # 0, a® is clear. We recall the properties of power operation:
a’*¢ =a’.a% a’ =1, (1.1)

where b, c are integers.
Next we need to define a® when b is a rational. This can be done as long as a'/? is defined,

when b € N. It is not so trivial.
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Lemma 1.5.4 When a > 0 and b € N, there is a unique positive number x satisfying the

b

equation x° = a.

The solution x is called the b-th root of a, and denoted by a'/P. This lemma could’t be
proved in high school, not even now, but will be proved later by the continuity of function.

From this example, we see that a notion can be defined as long as it is uniquely determined.

Then we define
am/m .— (al/n)m _ (am)l/n’

and this defines a* for x € Q, which satisfies the power property (1.1). Let’s prepare a lemma

for later use.

Lemma 1.5.5 Assume a > 1.
1. a*>1forx>0and x € Q.
2. If (xn) € Q and limx,, = 0, then lim a*" = 1.

Proof. 1. Tt is easy to see that a™ > 1 for any n € N. It follows that a'/™ > 1 for any n € N.

Hence for x = m/n with m,n € N,
a™m = (@™ > 1.
2. It is easy to verify that for any z € Q,
laz — 1| < d# —1.

Since lim,, a’/™ = 1, for any ¢ > 0, IN € N such that 0 < a’/N —1 < ¢. When n is large,
lxnl < 1/N and then [a** — 1] < [a™! — 1| < a'/N — 1 <. O

The last step is to define a* for a > 0 and x € R, which still satisfies the power property
(1.1).

Theorem 1.5.6 Assume a > 1 without loss of generality.

1. for any x € R, and any sequence (x,,) C Q increasing and converging to x, lim; a*" does

not depend on the choice of (x,,). Define then a* = lim,, a™".
2. a* > 1 when x > 0.
3. y = a* is strictly increasing.

Proof. 1. Therefore, by Lemma 1.5.5-1, (a*") is increasing and bounded. This implies that

it converges to a limit L. To prove that L does not depend on the choice of the sequence
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(xn), only on a and x, assume that (y,) is another rational sequence increasing to x.
Then (x, —yn) is a rational sequence having limit zero, and it follows that

lima*~ 9" =1 or lima* =lima¥".
n n n

Why do we need to prove this? in order to make a* = lim, a*™ well-defined or uniquely
defined.

2. When x is a positive real number, there exists N € N such 1/N < x. Then for n large,

Xn > 1/N by the comparison theorem. This implies that a® = lim,, a*» > a®/N > 1.
3. for any x1,%x2 € R with xo > x1, it follows from 3 that

X2

a*? —a® =a* (a7 —1) > 0.

It follows that y = a*, x € R, is strictly increasing.

This completes the proof. O

When 0 < a < 1,y = a* = (a~!)7* is strictly decreasing. A function f has the same
monotonicity as its inverse function and hence y = log, x is strictly increasing (decreasing)
whena>1(0<a<1).

From the beginning to now, the readers may ask why we keep proving some results which
look so obvious. I would say that every step in mathematics should be rigorously based on
reason, and on the proven facts, not on the facts in our minds, where there might be many
facts we know but do not know why. This makes mathematics convincing.

We may now consider the relation x¥ = z. This relation gives birth to three types of basic
elementary functions: exponential, power and logarithmic functions. When x is fixed, z can
be viewed as a function of y, which is an exponential function, conversely y can be viewed
as a function of z, which is a logarithmic function. When y is fixed, z can be viewed as a
function of x, which is a power function.

When a € R, y = x® is a power function. Its domain depends on a. For example, the domain
of y = x? is R and the domain y = /x = x'/2 is x > 0. No matter what a is, the domain
always contain (0, +00).

Lemma 1.5.7 For b > 0, the power function y = x®, x > 0 is strictly increasing.

It is easy to prove by Theorem 1.5.6-3. In fact, take xo > x1 > 0, we have

and hence x§ > x?.
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It can be seen from this lemma that the solution xP

b eN.

= a is unique if exists, when a > 0, and

Exercises
1. Assume that a > 1. Prove that for any z € R,

laz — 1/ < d# —1.

2. Assume that y = f(x) is a polynomial and a is a root, i.e., f(a) = 0. Prove that there

exists a polynomial y = g(x) such that f(x) = (x — a)g(x).

3. How to get a symmetric curve? (1) Find the coordinate of the point symmetric to
(x0,Yo) about the straight line y = kx + a. (2) Find the equation describing the curve

symmetric to y = x? about the same line.

4. Try to draw roughly the curve x? +y3 = 1. Is y a function of x? How about the curve

3} +y?=17



Chapter 2

function limit and continuity

2.1 function limit: definition

2.1.1 function limit as x — 400

Let us define the function limit when x — +o00. What is limit? Limit is like the tendency that
a function changes. We may recall the tendency of basic elementary functions when x — +o0.
For example, when a > 0, x® increases to infinity, and when a < 0, x® decreases to 0; when

a > 1, a® increases to infinity, and when a < 1, a* decreases to 0; and sinx oscillates.

Definition 2.1.1 Assume that the function y = f(x) is defined for large x, or with domain
(A, +o0) for some A. We say that f(x) converges to L, f(x) — L as x — 400, or limy_, ;o f(x) =

L, if for any € > 0, there exists N > 0 such that for any x > N, [f(x) — L| < ¢.

This is similar to the limit of sequence. The difference is that for function limit |f(x) —L| < ¢
holds for all x > N but for sequence limit this holds only for x > N, being integers. Since x
is always between two integers n and n + 1, f(x) may compare to the value f(n) when f is
monotone. This is the first trick how to compute the function limit.

L converges to 0 when x — +oo. In fact when

Example 2.1.1 1. The function y = x~
n<{x<n+1,
m+1)t<xt<g<nt

1

Because the sequences on both sides converge to zero, X~ converges to zero when x —

+00.
2. Assume that a > 1. Find

. X
lim —.
x—+4o00 aX

27
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Actually we know that a* will increase faster and faster when x increases, and will

eventually succeed any power function. Hence we guess the limit is zero. To prove it,

n+1

when x € M,n+1), a™ < a® < a™". Hence

n X n+1
anl S xS Tan

From Examplel.j.1, it follows that the sequences on both sides converge to zero.

Here gives an example the trick does not work. The sine function y = sinx does not
converge when x — +00, because it is impossible to have L € R, so that |sinx—L| < 1/2

for large x.

The properties listed in Theorem 1.4.1 for sequence limit also hold for function limit.

Theorem 2.1.2 Assume that f, g and h are functions on [A, 00).

1.

Uniqueness: The limit of f(x) as x — oo is unique if exists.

Comparison: If f(x) > 0 for large x and limy_,, f(x) = L, then L > 0. It is also true

when both ‘>" are changed to ‘<.

Sandwich: If g(x) and h(x) converge to the same limit L as x — o0 and for large x,

then lim,_, ;o f(x) = L.

Boundedness: If f(x) converges as x — +00, then f is bounded near +oo.

. Operations: If each limit in the right side exists and the one appeared in denominator is not

zero, then we have the following results (lim = lim )
X—+00

(a) lUm(f(x) + g(x)) = lim f(x) + lim g(x).

(b) limf(x)g(x) = lim f(x) - lim g(x);
f(x)  limf(x)

(c) 1imm ~ Tmg(x)’

We will carefully discuss this when we talk about function limit when x — a later. The

following is an example we use this theorem.

Example 2.1.2 In general, for any given integer j € N,

Xj

)
X
lim — = lim [(——— | =0,
x—+oo a¥  x—+oo \ (al/i)x

because a'/1 > 1 for any positive integer j.
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Application to proving inequality: Assume a > 1. When x is large enough,
M ax™ e+ angx+ an < a.

Since
X"+ ax™ 4 anix+ an
lim =0,
X—400 ax

by the comparison theorem, when x is large,

X"+ ax™" 4+ 4+ an_1x+ an
aX

<1

This means that any increasing exponential function increases faster than any polynomial

eventually.

The limits of f(x) when x — +o00, x — —oo and |x| — oo, even x — a, can be defined
similarly. The students who are interested should learn to write down the definitions. We
may talk about sequence limit without mentioning where n goes, since n can only go one
direction to infinity. However we can not talk about the limit of f(x) without specifying where

X goes, since x can go to any point.

2.1.2 function limit as x — a

When we talk about the limit of function y = f(x), x € D as x — a, we assume that f is
defined near a i.e., on a neighborhood of a, or an interval (a — 8¢, a + 8g) for some &y > 0,

but f may not de defined at a.

Definition 2.1.3 We say f(x) converges to L when x — a, denoted by

lim f(x) =L,

X—a

if for any ¢ > 0, there exists & > 0 such that
If(x) —LI<e

for any x € (a—6,a+ d) \ {a}. We say f(x) converges when x — a if there exists L € R such
that
lim f(x) = L.

X—a
The function limit lim,_, 4 f(x) is more precisely
lim f(x).

x—a,x#a,xeD

It is obvious that limy_,, f(x) = L is equivalent to limy_,q(f(x) — L) = 0 and also to

limy_q|f(x) — L] = 0. The definition above is called the &e-d definition, which describes
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rigorously how a function approaches its limit when x approaches a by two inequalities. Note
that |f(x) — L| < ¢ is required for x € D and 0 < |x — a|] < 6. Thus the limit describes the
function behavior around a but not at a.

Let’s see how we use the definition to prove function limits. We shall prove that for any basic

elementary function f, if a is in the domain of f, then

lim f(x) = f(a).

X—a
Example 2.1.3 1. For any a € R, find lim,_, x? and prove it.

First guessing the limit is easy. When x goes to a, x? goes to a?

quite intuitively.
Now we need to prove it. For any ¢ > 0, how to find & > 0, such that for any x €
(a—38,a+08)\{a}, X2 —a?l < e? It is not easy to solve this inequality directly. We
should make it bigger and simpler but still very small. At first, we may only need to
consider x is in a neighborhood of a, say |x —a| < 1. Then |x| <|x —a|+|a] < 1+]q]
and
x* — a®| =Ix + allx — a| < (x| + |a)x — a| < (1 +2[al)lx — al.
€

The righ side is simple and still small and we may easily see that as long as & = Troa
a

when |x — al < &, it holds that
Ix? —a? < (14 2lal)lx — a| < €.
It is seen that & depends on a and €.

2. Prove limy_ga* =1, for a > 0,a # 1. When a > 1, for any ¢ > 0, there is N such
that 0 < a'/N —1 < e. Hence as long as [x| < 1/N, |[a* — 1| < a'/N —1 < ¢, i.e.,
limy_.ga* =1. Hence

b b

lim a* = a® lim a*? = a®.
x—b x—b

3. when a >0, limy_,qInx =Ina. Assume x > a. To require
X
O<lnx—Ina=Iln—<g,
a
it suffices to have
0<x—a<a(e* —1).

When 0 < 6 < a(e® — 1), we will have

O<Inx—Ilna<e.

4. limy_,qsinx =sina. It can be shown by the following inequality

X—a X+a

|sinx —sin al = 2 [sin cos —

<|x—al
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The following theorem describes function limits by sequence limits.

Theorem 2.1.4 lim,_,o f(x) = L if and only if for any sequence (x,,) C I\ {a} convergent to

a, it holds that lim,_, f(xn,) = L.

If lim,_, o f(x) = L, it is clear that f(x,,) — L as any sequence x,, — a. If it is not true that
limy_, f(x) = L, according to the definition, 3¢ > 0 so that V6 > 0, Ixs € (a—0,a+d) \{a},
[f(xs) — L| > €. For 6 = 1/n, we have a sequence x, — a so that |[f(x,) —L| > ¢.

Example 2.1.4 1. The function y = sin% does not converge. Two sequences X, = ﬁ

and Yn = 5 make f(xn) and f(yn) have different limits

1
2nm+m/

o1 . o1 .
limsin — = sin(2nm) =0, limsin — = sin(2nmt+ 7t/2) = 1.

2. limy_,q arcsinx = arcsina. Assume b = arcsina or sinb = a. Set x,, := sin(b — 1/n)
and x, = sin(b + 1/n). Then xn T a, X, J a and xn < a < xJ,. It follows from the

strict monotonicity that when x € (xn,x),), we have
b—1/n<arcsinx <b+1/n,

i.e., larcsinx — arcsinal < 1/n.

Exercises

1. Write down the proof for Theorem 2.2.1 by mimicking the proof of Theorem 1.4.1.
2. Find lim 175z when x — 400 and when x — 0 and then prove.

3. Prove that [sinx| < |x| for any x € R.

4. Prove that lim,_,, cosx = cos a.

5. Prove that lim,_oxsin(1/x) = 0.

6. Prove that if f is bounded near a, limy_,q(x — a)f(x) = 0.

7. Assume that f~! with the domain D is the inverse function of f, and a € D, a = f(b).

Write down a rigorous argument to prove that

lim f1(x) =b=f"1(a)

Xx—a

if limy_p f(x) = a.
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2.2 function limit: operations

2.2.1 generic properties of limit

From these examples we see that it is usually difficult to prove a limit by e-& language, so
we would like to avoid it if possible. We need to develop techniques to compute limits. The
limit properties listed below are similar to the properties we proved for sequence limit. They
are called the generic properties of limit because they are actually true for all types of limits.
The function f is said to be bounded near a if there exist K > 0 and 6 > 0 such that [f(x)] < K
for any x € (a —6,a+ ) \{a}.

Theorem 2.2.1 1. Uniqueness: The limit is unique if exists.
2. Comparison: If f is non-negative near a and lim,_,, f(x) =L, then L > 0.
3. Sandwich: If g(x) < f(x) < h(x) holds true near a and

lim g(x) = lim h(x) =L,

X—a X—a

then lim, ,, f(x) = L.
4. Boundedness: If limy_,4 f(x) exists, then f is bounded near a.

5. Operations: If the functions below are defined on a same domain, the limits on the right

side exist and the denominator is non zero, then we have the following results (lim = lim ).
X—a

lim[f(x) + g(x)] = lim f(x) 4 lim g(x),

lim f(x)g(x) = lim f(x) - lim g(x),
f(x)  limf(x)

g(x)  limg(x)’

Let us prove the multiplication formula. In fact f is bounded near a, i.e., there exists K > 0,

€ > 0 such that |[f(x)| < K when 0 < |x — a] < 6. Hence

[f(x)g(x) — LM| = [f(x)g(x) — f(x)M + f(x)M — LM|
< f(x)] - lg(x) — M|+ IM]| - [f(x) — LIIM|
< K-|gx) — M|+ M| [f(x) —L|.

This gives the conclusion and the other statements are left for students to prove. We stated
this theorem intentionally three times from sequence limit to function limit and the purpose
is to make a deep impression on the readers.

By the generic properties of limit, the following limits can be obtained without turning to

e-0.
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Example 2.2.1 1. When a > 0, for any integer b, limy_, o x® = a®. Sincelim,_,.x = a,
we have

limx?2=limx-x=a-a=d>.
X—a X—a

When b is a positive integer,

lim x® = limx---x=a---a=a®.
X—a xX—a

When b is a negative integer,

. . 1 1
lim x® = lim —b:—b:ab.
x—a x—a X a—

2. limy_.4 tanx = tan a, where cos a # 0.

. sinx ,}EI}I SILX gina
lim = = = = tan a.
X—a COS X lim cosx cosa
XxX—a

Actually it is not easy to prove limy,_,o x® = a® by the definition when b is not an integer,
especially when b ¢ Q. When a > 0, it can be written as x® = e®?!"* and we know that

Inx — In a. Hence this can be done by a powerful property, the composition of limit.

Theorem 2.2.2 Assume that lim g(x) =b and lim f(y) = L. Then
x—a y—b

lim f(g(x)) = L.

X—a

This theorem is quite intuitive because when x is near a, g(x) is near b and then f(g(x))

approaches L. The proof can be written this way easily.

Example 2.2.2 Assume that a > 0.

1. lim a® = lim a® - a* % = a®.
x—b x—b

2. lim x® = lim e?™* = ebna — b,
X—a X—a

From this theorem, we know that it is not important where x goes when we talk about a

limit. If necessary, every limit lim,_, 4 f(x) can be transferred to a limit as x — oo, or x — 0,

lim f(x) = ,}E{}of(“+ 1/x) = iii%f(x-i— a).

X—a
In summary, We have the following theorem.

Theorem 2.2.3 For any elementary function f with domain D, if a € D, then

lim f(x) = f(a).

X—a
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2.2.2 two important function limits

We now introduce two fundamental limits in calculus. The first limit

1 X
lim (1 + ) =e.
[x|—0c0 X

For any x > 0, let n = [x], the integer part of x. Then we have

1 n 1 x 1 x 1 x 1 n+1
1+ —- <14+ — < (14 - < (14— <[1+-— .
n+1 n+1 X n n

Since x — +oo if and only if n — oo, it follows that the two ends of the inequality above

converge to e and

1 X
lim (1 + ) =e.
X——+00 X

To prove

1 x

lim (1 + ) =e,
X——00 X
we may take y = —x — 400, and then
1\" 1\ ° 1\
lim (1 + ) = lim (1 + ) = lim (1 + )
X——00 X y—+oo —y y—+oo y—1
1 \v! 1
= lim (1—1—) 1+——)=e-1=e.
y—+oo y—1 y—1

This proves that

1 X
lim <1 + ) =e.
[x|—o0 X
The second limit
. sinx
lim =1.
x—0 X

This limit may be proved by the inequality that for x € (0, 7t/2),
sinx < x < tanx,

from which, it follows that
sin x
cosx < — < 1.
X

But limy_,g cosx = 1 and hence the limit 2 follows.

Example 2.2.3 The variants of the limit
1 X
lim (1 + ) =e.
X—00 X

lim (14+y)"Y =e.
y—0

The 1st variant:
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The 2nd variant: taking logarithm by theorem above

i log(1 +y)
y—0 y

=1.

The 3rd variant: taking z =log(l +y) andy =e* —1,

All these limits are important.

Example 2.2.4 Other limits can be calculated by four operations,

2 Y
lim (14 2x)Y* = lim (1+)
x—0 Yy

Yy—0o0
2 y/2 2 y/2
= lim (1+) 1+ = =e?
Yy—o0 y
tanx sinx 1 1
lim 22X _ fim 2o —1.-=1
x—0 X x—=0 X COSX 1
lim x ‘'logx = lim Y _
X—+00 y—+oo eY
lim x/* = lim e* ' lo&x
X—+00 X—+00

lim x *logx
— eXx—+o

=e'=1

3

2.2.3 infinitesimals

If limy_, 4 f(x) = 0, we say f(x) is an infinitesimal (when x — a). Hence an infinitesimal is
a limit, not a number. The different infinitesimals can be compared. Assume that both f(x)
and g(x) are infinitesimals, and

f(x)

T

If L =0, we say f(x) is a higher order infinitesimal than g(x), denoted by f(x) = o(g(x)). If
L # 0, we say they are the same order. More precisely if L = 1, we say they are equivalent
infinitesimals, denoted by f(x) ~ g(x) as x — a. Of course if L # 0, f(x) ~ Lg(x). For example

as x — 0 we have
sinx ~ x;
tanx ~ x;
In(1+x) ~x;

e —1~x.

When we compute limit in a product, we may use infinitesimal substitution.
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Theorem 2.2.4 If f(x) ~ g(x) as x — a, then

lim f(x)h(x) = lim g(x)h(x).

X—a X—a

Example 2.2.5

o In(14+x*) L x?
lim —— =lim — =0
x—0 X x—0 X
2-1/x 1 . —(1/x)In2
im ——— = lim ———— =—In2.
x—+o00 ~ (1/x) X—-F00 1/x

When x — a, f(x) is called an infinity, if its inverse 1/f(x) is an infinitesimal. Similarly the

infinities are ‘higher order’, ‘same order’ and ‘equivalent’ if their inverses are.

2.2.4 one-side limit

The types of limits are rich. As long as x approaches to somewhere, we may talk about where
f(x) approaches. For example, we may talk about one-side limit of a function. We say f(x)

has right limit L when x — a, denoted by

lim f(x) =L,

x—a+

if for any ¢ > 0, there exists & > 0 such that when x € (a, a + 9), we have
[f(x) — L] < e.

The left limit lim,_, o f(x) is defined similarly.

Example 2.2.6 Assume that

Then
lim f(x)=1, lim f(x)=—1.

x—0+ x—0—

Theorem 2.2.5 lim,_., f(x) = L if and only if

lim f(x) = lim f(x)=L.

X—a+ X—a—

Exercises
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1. Find the following limits when x — +o0.

X x2—1
1) lim ——; 2) li ;
(W R @ Mk —2
| .
(3) lim —X (4) lim 22X

Vet

2. Find the following limits.

(1) lim ——; (2) 1 Q
xli%l—i—XZ’ X%X2+X_2,
t 1—

(3) lim 2. (4) lim — =%
x—0 X x—0 X

vV 4—2 61
(5) lim YXT27 2. (6) lim ——.
x—0 X x—1x9 —1

2.3 analysis 2: continuous functions

2.3.1 continuity

The function limit equals the function value. This is a very important property called conti-
nuity.

Definition 2.3.1 Assume that y = f(x), x € D, and now a € D. We say that f is continuous
at a, if for any € > 0 there exists & > 0 such that |f(x) —f(a)| < € holds for x € DN(a—2?, a+9).

If f is not continuous at a, we say that f is discontinuous at a.

The continuity means that the value of f near a, if any, is near f(a). Note that we only
talk about the continuity of f at a point a in its domain. When a is a limit point of D, the

continuity amounts to say that
lim f(x) = f(a).

x—a
Read the definition carefully. If a € D is not a limit point of D (called an isolated point,
namely there is no point of D other than a in a neighborhood of a), for example y =
V/sinx — 1, then f is continuous at a automatically because in this case ‘there exists & > 0
such that |f(x) — f(a)| < € holds for x € DN (a — &, a + 6)’ holds automatically.

The following theorem is a direct consequence of generic properties of limit.

Theorem 2.3.2 1. Assume that f, g are two functions defined near a. If f, g are continuous

at a, then f+ g, fg are continuous at a and 1/g is continuous at a, if in addition g(a) # 0.

2. If g is continuous at a and f is continuous at g(a), then f(g(x)) is continuous at a.

An easy corollary of the theorem above is that an elementary function is continuous at any

point in its domain.
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2

Example 2.3.1 1. y =x* is continuous at any point.

2. The function
1, x>0,
y =
2x, x<0

is continuous except x = 0, at which, the function limit does not exist.

X
3. The function y = S is elementary, so it is continuous when x # 0. It has no
definition at x =0, but has limit 1 when x — 0. Hence if we define

sinx

9 X#07
1, x =0,

f(x) =

then f is no longer an elementary function but continuous everywhere. If we define £(0)

to be other value, it is not continuous at x = 0.

In the case where limy_, 4 f(x) = L but f is not continuous at a, we say a is a (point with)

removable discontinuity, because we may redefine f(a) = L to make f continuous at a.

2.3.2 two important theorems for continuous functions

A function y = f(x), x € D is called continuous on D if it is continuous at every point of D.
A continuous function on a closed interval [a, b] has two important theorems. The first one
is called the intermediate-value theorem, which says that a continuous function on a closed

interval reaches any value between two function values.

Theorem 2.3.3 A continuous function f on [a, b] reaches any value m between f(a) and f(b),

i.e., there exists xq such that f(xg) = m,

As we said before, a continuous (never broken) function is like a rope. A rope with two ends

being in different sides of a line must cross the line somewhere.

Example 2.3.2 About the n-th root a'/™. Assume that a > 0, n € N. Then y = x™ is
continuous, strictly increasing on [0,400) and x™ T +oo as x T +oo. Hence the equation

Xx™ = a has a unique positive solution, which is denoted by x = a*/™.

Definition 2.3.4 Assume that y = f(x), x € D. If there exists xg € D such that f(xq) > f(x)
for any x € D, we say that f reaches its maximum at xq. [f there exists xg € D such that
f(xg) < f(x) for any x € D, we say that f reaches its minimum at xo. These are the global

extremum for f.

The function y = f(x), x € (0,1] can reach maximum but not minimum. The second one is

that a continuous function on a closed interval reaches its maximum and minimum.
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Theorem 2.3.5 Assume that y = f(x) is continuous on [a,b]. Then f can reach both its

maximum and minimum.

Two results look very intuitive but not so easy to prove rigorously. First we understand that
the continuity is essential by finding counter-examples when the function f has discontinuity

inside [a, b].

2.3.3 nested intervals

The intermediate-value theorem is equivalent to the Bolzano’s zero theorem below.

Theorem 2.3.6 (Bolzano) Assume that y = f(x) is continuous on an interval I. If a,b € 1
and f(a) - f(b) < 0, then there exists xg € (a, b) such that f(xg) = 0, i.e., the equation f(x) =0
has a solution on (a,b).

How to find the root xo? Here we give a routine which always works. Without loss of
generality, assume f(a) < 0 and f(b) > 0. Take the middle point (a + b)/2. If it is a root,
then xg = (a+b)/2, otherwise, either f((a+b)/2) > 0 or f((a+b)/2) < 0, say the former, we
denote a; = a and b; = (a+b)/2 and look for the root on [ai, b1]. Continue this procedure,
either some middle point is a root and then we stop, or we get an interval sequence [an, by].
Every time, the interval will be half of previous one. Finally we will track down a point xg
which will certainly satisfy f(xg) = 0 by continuity. In this section we would like to illustrate
the proof of Theorem 2.3.5: a continuous function on a bounded closed interval reaches its
maximum and minimum. Look at the idea of the proof of Theorem 2.3.6 and there we use
so-called cut-half technique: cut the interval into two parts, keep the part where the target

is and then cut again. Finally we obtain a sequence of intervals [a,,, by] satisfying

1. an M and by \;
2. by —a, — 0.

Then (a,,) and (by) converges to the same number x¢ € [a, b], and it follows that f(xq) =0
because 0 is between f(an) and f(b,,). This proves the Bolzano’s zero theorem. The cut-half
technique is useful in tracing a point.

The sequence of intervals [an, by, ] satisfying the conditions above is called a sequence of nested

intervals.

Theorem 2.3.7 If [a,,bn] is a sequence of nested intervals, then there is a unique point
xo € lan, byl for any n.

This means that a sequence of nested intervals will catch a unique point. This is a very useful

method to find a particular point.
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2.3.4 the least upper bound

To prove Theorem 2.3.5, we need to prepare two theorems.

Definition 2.3.8 A real number x is called a least upper bound of A C R if (1) x is a upper
bound of A; (2) it is the least among upper bound, i.e., for any a < x, there exists y € A such
that a <y. The greatest lower bound can be defined similarly.

The least upper bound is unique if it exists, and denoted by sup A. The greatest lower bound
is denoted by inf A.

Theorem 2.3.9 A non-empty set A C R bounded above has the least upper bound.

Proof. The method, the nested intervals, which we used in the proof of Bolzano’s zero theorem
to find the zero point can be used here also. Take an interval [a,b] where a is not upper
bound of A but b is. Consider their middle point m. Then m is either a upper bound or
not. If it is, set a; = a, by = m, otherwise a; = m, b; = b, i.e., a; is not upper bound but
b, is. Consider their middle point m;. Then m, is either a upper bound or not. If it is,
set as = aj, bo = m, otherwise as = m,bs = b. Continue this, we will obtain a sequence of

intervals (an,by) satisfying
1. for any 1, (an,+o00) NA # 0@, (b, +00)NA = 0;
2. an S and by N\
3. bh—an=(b—a)/2™ — 0.

Since a monotone bounded sequence converges, there exists x such that (a,) and (by,) con-

verge to x. It is obvious that x is the least upper bound of A. O

2.3.5 Bolzano-Weierstrass theorem
Theorem 2.3.10 (Bolzano-Weierstrass) A bounded sequence has a convergent subsequence.

Proof. We use the method of nested interval again to trace the limit point and convergent
sequence. Fix a sequence (x,,) C [a,b]. Take the middle point m of [a,b]. At least one of
[a, m] and [m, b] contains infinitely many terms of (x,). We denote that interval by [ay, by]
and then consider its middle point again. In this way we obtain a sequence of intervals

[ak, byl, k > 1, satisfying
1. each [ay, by] contains infinitely many terms of (xy);

2. an " and by \.
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3. bp—a,=(b—a)/2™ = 0.

Hence (an) and (by) have the same limit L. We may pick a point xx, € [a;,b;], pick a point
Xk, € [az,bo] with ke > Ky, ...., pick a point xi, € [an,bn] with k, > kn—1. It can be done

because there are infinitely many points in each [a,,bn]. Then (xi, ) is a subsequence and

an < Xk gbn

n

Hence xy, — L. O

2.3.6  the proof of Theorem 2.3.5

To complete the proof of Theorem 2.3.5, we first prove that a continuous function f on [a, b]
is bounded by way of contradiction. Suppose that f is unbounded. For any n, there exists
xn € [a,b] such that [f(x,)| > n. By Bolzano-Weierstrass theorem, (x,) has a convergent

subsequence (X, ), say, which has limit ¢ € [a,b]. Then by continuity
lim f(xy,, ) = f(c).
n

This is a contradiction because the left side diverges.
The proof of Theorem 2.3.5: assume that f is continuous on [a,b]. Since f is bounded, the

set A = f([a, b]) is bounded above. It has the least upper bound. Set M = sup A, i.e.,
1. f(x) < M for any x € [a, b];

2. for any n, M — 1/n is no longer a upper bound, namely there exists x, € [a,b] such
that f(xn) > M —1/n.

We need only to check M can be reached by f. A sequence (x,) C [a,b] is obtained and
satisfies

M—1/n<f(xn) <M.

By Bolzano-Weierstrass theorem, (x,) has a subsequence (xy,, ) converges to some ¢ € [a,b].
Hence

M —1/kn < f(xk,) < M.

Then taking limit and by the continuity of f, we have M = f(c).

Actually every bounded function has the least upper bound, which can be seen as the maxi-
mum. The problem is whether this value can be reached by the function.

Remark. The rigorous formulation of function limits and continuity was attributed to
Cauchy, who was one of the most important mathematicians to make calculus be built on a

convincing base.
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Exercises

1. If f, g are continuous functions f(2) =5, and lim,_,5[2f(x) — 3g(x)] = 4, find g(2).

2. For what value of c is the function

f(x) =
cX, x=>1
continuous on R?
x, xé€Q,
3. Let f(x) = At which point, is f continuous?
1, xeR\Q.
4. Let n be an integer and
x"Msind, x #0,
f(x) = *

0, x = 0.

Sketch the graph and prove that f is continuous when n > 1.
5. Show that f(x) = 3x® —x? + 10 has at least one root.

6. Show that f(x) = x* —x — 10 has at least two roots, in which one is positive and the

other is negative.
7. Mlustrate that f(x) = 1/x is continuous but unbounded on (0, 1).

x2, x #0,
8. Ilustrate that f(x) = can reach max but not min on [—1,1].
1, x=0,

9. A sequence {x,} is called a Cauchy sequence if for any ¢ > 0, there exists an integer
N > 0 such that

[Xn —xXm| < €
whenever n, m > N. Prove that a Cauchy sequence is bounded.

10. Prove that a sequence is a Cauchy sequence if and only if it converges.



Chapter 3

derivatives and application

3.1 how to compute derivatives

3.1.1 derivatives

Here comes the definition of derivative.

Definition 3.1.1 Assume thaty = f(x), x € (a, b) is a function. For any fixed point x € (a,b),
if
fly) —f(x) . flx+h)—f(x)
lim ———— = lim —————
y—=x  Yy—x h—0 h

converges to a finite number L, then L is called the derivative of f at x, denoted by f’(x), and
we say f has derivative at x or simply f is smooth at x. The procedure to find the derivative of
y = f(x) at x is simply said to take derivative of f with respect to x.

The quantity % is the average rate of change of f over [x, yl, so derivative is also called

the instant rate of change. It is seen that if f has derivative at x then f is continuous at x.
Both continuity and derivative mean that a function does not change too dramatically near
a point, but having derivative is smoother than being continuous.

The derivative has clear physical and geometric explanation. In physics, if y = f(t) denotes
the distance that a particle moves on [0, t], then the derivative f’(t) is the limit of average
speed and denotes the instant speed at time t. In geometry, derivative f/(x) is the limit of the

slope of secant and denotes the slope of the tangent line of the graph of f at point (x, f(x)).

Example 3.1.1 1. Find the derivative of y = x* at point x.

2 2
f(x) = Jim XFMT=X

Jim - = }ILIEB(QX +h) = 2x.

43
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2. Considery = |x|, x € R. We need to consider the limit
. Ix+h[—Ix]|
lim —————.
h—0 h
When x > 0, and |h| is small, x + h is also positive and then
X+h—x x+h—x
h h
When x < 0, and |h| is small, x + h is also negative and then
x+hl—Kx —(x+h)+x
h - h B
Hence t'(x) =1 for x >0 and f'(x) = —1 for x < 0. When x =0,
= b I
h h

which has right limit 1 and left limit —1. Hence f has no derivative at x = 0. The

1.

—1.

function y = |x| is continuous but not smooth at 0.

If y = f(x) has derivative at every point of D, then y = f’(x) is also a function of x on D,

called the derivative function of f.

3.1.2  basic formulae for derivatives
Basic formulae for derivatives start from the derivatives of the basic elementary functions.

1. (x™) =nx™"! whenn € N;

1

(X+h)n_xn _ Xn+nxn—1h+...+hﬂ_xn :nxﬂ—1+h(.,.)_>nxn_ '

h h

2. (a¥) =a*Ina, (e*) = e~

x+h X h hlna
a —a*  at—1 e — X
=a =a"-———Ina—a”lnaq,
h h hlna

where we use the 3rd variant in Example 2.2.3.

3. (Inx)' =4,

b In(x+h)—Inx _I(l+n/x) 1

h  x-h/x x’

where we use the 2rd variant in Example 2.2.3.

4. (sinx)’ = cosx.

sin(x + h) —sinx

h
sinx cosh + cosxsinh — sinx
h
sinx(cosh — 1) sinh
= ————————~ 4 cosx — COoS X,

h h
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where we use the basic limit
sinx
=1.

lim
x—0 X

For other elementary functions, we need to use properties for derivative. First we talk about

four operations.

Theorem 3.1.2 (four operations) Assume that functions f, g are smooth at x. Then
L (f(x) 4+ g(x))" = 1'(x) + ¢'(x), (cf(x))" = cf’(x);
2. (f(x)g(x))" = f"(x)g(x) + f(x) g’ (x);

3.

<f(><))' _ F(x)g(x) = f(x)g’(x)
g(x) g(x)? '

Let’s prove the division formula. It suffices to calculate the derivative of ﬁ.

L
<1)/ o 90 g
g(x) G h
. ~(gx+h) —g(x) _ g'(x
h—0 g(x)g(x +h) h g(x)?’

Example 3.1.2 Using these formulae, we can easily calculate derivative for many elemen-

tary functions.

(x2+2x+3) = (x3) +(2x) +3" =2x + 2,

(e*sinx)’ = e*sinx + e* cosx,

How to calculate the derivative of y = e*s"*? No formula is available. To calculate derivative
for all elementary functions, we need chain rule which is used to calculate the derivative of
composite function.

Theorem 3.1.3 (chain rule) Assume that f, g are two functions, g is defined on (a,b) and

x € (a,b). If g is smooth at x and f is smooth at g(x), then

where (f(g(x)))’ on the left is the derivative of the composite function fo g at x and f/(g(x)) on

the right is the derivative of f at the point g(x).

For a proof, we just need to observe the following:

f(g(x+h)) —flg(x))  f(g(x+h))—~f(g(x)) g(x+h)—g(x)
h  gx+h)—g(x) h ’
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Set h := g(x +h) — g(x), which goes to 0 as h — 0. Hence
f(g(x +h)) — f(g(x)) _ f(g(x) + h) —f(g(x)) g(x +h) — g(x)

— ~

h h h
has limit f/'(g(x)) - g’ (x).

It is important to distinguish the derivatives on two sides of the formula above. For example,
y = (sinx)?. Taking derivative with respect x gives 2 sinx cos x, and taking derivative respect
to sinx means that we treat sinx as a variable u, and take derivative respect to u, so the

answer is 2u = 2sinx.

Example 3.1.3

(eSinX)/ —_ esiHX(SinX)l — GSiHXCOSX;
(cosx)’ = (sin(x + 7t/2))’ = cos(x + 7/2) = —sinx;
(tanx)’ sinx\’  (sinx)’cosx — sinx(cosx)’
anx)’ = =
CcOS X cos2 x
_cos?x+sin?x 1

cos? x ~ cosZx’
Example 3.1.4 Find the derivative of power function y = x%, x > 0. When a € N, we
havey’ = ax®~! as in the previous lecture. When a € R, the previous method does not work.
Howewver this function can be viewed as a composite function y = e*'"*. By chain rule, we

have

y =e™* . g(lnx)’ = ax®= = ax® L

x| =

This extends the case where a € N.

Assume that a function f is denoted by y = f(x),x € D, where x is independent variable.
Because the derivative illustrates how y changes as x changes, we may write the derivative as
Y., the derivative of y with respect x, sometimes x is omitted when no confusion is caused.
There are many different ways to write derivative. The notations f/(x), y, were invented by

I. Newton. It can be denoted by
df(x) dy
dx 7 dx’
which are Leibniz’s symbols. For the derivative at x = x¢ we use ‘...

__’ to denote, for
X=Xgo

example y,’(|x:XO. The chain rule looks very natural in Leiniz’s notation

dy dydu

dx dudx
if y is a function of uw and u is a function of x. Hence Newton’s notation is simple but Leibniz’s
notation is deep and inspiring.

The chain rule can be executed finite times, for example, taking derivative with respect to x,

inx2)’ din 2
(e““" ) =S . cosx? - 2x.
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3.1.3 derivatives of inverse functions

Example 3.1.5 1. y = arcsinx, [x| < 1. The relation is also x = siny. Then we have

an identity: for all x € [—1,1],
x = sin(arcsin x),

where the right side is a compound function. Taking derivative of both sides, by the

chain rule,
1 = cos(arcsin x)(arcsinx)’.
Hence
.\ 1
(arcsinx)’ = ——.
cos(arcsin x)

What is cos(arcsinx) ? We know that
[cos(arcsin x)]? + [sin(arcsinx)]? = 1,

and it implies that
cos(arcsinx) = v/ 1 —x2.

Hence

(arcsinx)’ =

V1—x2
2. Since arcsinx + arccosx = 7/2, we obtain

1
V1i—x2'

3. Look aty = arctanx, x € R. Then x = tany, where y is a function of x. Taking

(arccosx)’ = —

derivative with respect to x, we get

1
1= (tany)'y, = my)’ﬁ

and then
1 1

1+ tan?y Tl

Yy’ =cos’y =

General inverse functions can be done similarly. A strictly monotone and continuous function
has inverse function. A function y = f(x),x € (a,b) may not be strictly monotone on whole
interval, but it is usually strictly monotone locally, just like y = sinx, i.e., we may cut (a,b)
into finite intervals so that f is strictly monotone on each interval. In this case it has inverse
function locally. Assume that y = f(x), x € D, has an inverse function x = f~1(y), y € f(D),

as a function of y.
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Conventionally, we are more comfortable to use x to denote the independent variable, so that

we would like to exchange two letters x and y and write the inverse function as
y=~f1(x), x € f(D).

Actually y = f~1(x) is the unique solution of the equation x = f(y).
How to take derivative of f~! with respect to x?
We have
x = f(y),
where y is a function of x, the inverse function, and the right side is a composite function.
Taking derivative of both sides with respect to x, we have by chain rule 1 = f’(y)y%. Then

we have the following theorem.

Theorem 3.1.4 The derivative of the inverse function f~! of f is

;1
yX f/(y) )
where y = f~1(x).
By Leibniz notation, we have more intuitively
dy_ 1
dx  dx’
dy

This means that the rate of change of y relative to x is the same as the inverse of the rate
of change of x relative to y. Note that the inverse function does not always have an explicit
expression. For example the function y = x + sinx is strictly increasing. It is obvious that
each y corresponds a unique x, but it is impossible to express x as a function of y in terms

of known functions.

Exercises

2. Let n be an integer and

Prove that

(a) when n =1, f has no derivative at x = 0;
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(b) when n =2, f has derivative at x = 0, but f’(x) does not converge as x — 0;
(¢) when n > 3, f has not only derivative at x = 0 but also f’(x) converges as x — 0.

3. Find equations of the tangent line and normal line to the curve f(x) = x + v/x at (1,2).

4. Find derivatives % and g—;‘, the derivatives of inverse functions, when it exists locally.

(a) y

(b) y = 357

(c) y= H’_‘f/;;

(d) y=vx+vx
(e) y=e /%
(f) y=(1-x)"
(8) y=x+sinx

3.1.4 implicit functions and parametrized curves*

We now spend some time to talk about implicit functions. What is an implicit function? The
function in the for y = f(x), x € D explicitly tells the relation, so it is called explicit function.

However some relations are given by an equation, for example
x2+y?=1

gives a circle. All points satisfying the equation
Fix,y) =0

defines a curve on xy-plane, which gives a relation, not necessarily a function relation, because
the function relation requires that each x (as the independent variable) corresponds a unique
Y. The circle relation does not satisfies this, for example when x = 1/2, there are two
y = +/3/2 satisfying the equation. It can be seen that taking any point (xg,yo) on the
circle, except xg = 1,—1, the curve in a neighborhood of (xg,yo) satisfies this condition.
Hence an equation induces a function locally which is called implicit function.

Assume that F(x,y) = 0 determines an implicit function y = f(x) locally at (xg,yo). We can
talk about the derivative of f at a point (xg,yg). Note that in addition to indicate xq, we have
to indicate yg also, because for different yg, the function is different. One way is to solve this
equation to obtain the explicit expression and then to take derivative. For the circle above it

is possible, but it may be impossible in many cases.
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Example 3.1.6 The derivative of implicit functions.

1. X2 +y? = 1. Taking derivative and using the chain rule, we obtain

2x+2y -y’ =0, andg':—g.

Then

1 1

=——,y = .
a/2+3/2) V3 T laja-va V3

/ !/

2.y = e*"Y. It is impossible to have the explicit expression of y in terms of x. Taking

derivative and using chain rule

As long we get a point (x,y) on the curve, we will have the derivative.

Before ending the derivative part, it is very important to note that when you take derivative,

you should always be clear about which variable the derivative is taken.

Exercises

1. Assume y = f(x) is smooth, f'(x) is continuous in a neighborhood of a and f’(a) # 0.
Prove that 386 > 0 such that when |y —f(a)| < 8, f(x) =y has a unique solution. Hence

the inverse function x = f~1(y) exists.

3.2 application of derivatives 1

3.2.1 mean-value theorem

We now talk about the application of derivative. It is very useful in analyzing the function

properties. A mean-value theorem is given first.

Theorem 3.2.1 (Rolle) Assume that y = f(x), x € [a, b] is continuous and smooth on (a,b).

If f(b) = f(a), there exists & € (a,b) such that f/(&) = 0.

Proof. If y = f(x) is a constant, the conclusion is true obviously. We assume it is not constant.
Then either the maximum or the minimum can be reached in (a,b). We assume that there
exists xg € (a, b) such that f(xq) > f(x) for any x € [a, b]. Since f is smooth at xq, the ratio

f(x) — f(xo)
X —Xo
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has limit as x — xg. It follows from the fact f(x) — f(xg) < 0 and the comparison theorem
that the right limit and left limit of the ratio is non-positive and non-negative respectively

and hence the limit f'(xg) = 0. O

This is the case where the line connecting (a,f(a)) and (b, f(b)) is horizontal. What if
f(a) # f(b)?
Theorem 3.2.2 (mean-value) Assume that y = f(x), x € [a, b] is continuous and smooth on

(a,b). Then there exists & € (a,b) such that

f(b) —f
M(x— a), x € [a,b].
It is easy to check g(a) = g(b). Hence by Rolle’s theorem, there exists & € (a,b) such that

g’(&) = 0 which means that
(o) — (o)

(g = ——

Example 3.2.1 A function is defined to be

xsind, xe€(0,1],
f(x) =

0, x = 0.

This function is continuous on [0,1] and smooth on (0,1) but not smooth at 0, since

=0 _ g L

h h

diverges.
Another function f(x) = \/x, x > 0. It is continuous, but the derivative at x = 0 does not
exist, since

f(h)—f(0) vh 1

h h Vh
diverges.

3.2.2 monotonicity

The first application of derivative is to judge the monotonicity of a function.

Theorem 3.2.3 Assume that y = f(x), x € (a,b) is smooth.

1. If f/(x) > 0 for any x € (a,b), then f is increasing () on (a,b).
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2. If f/(x) > 0 for any x € (a,b), then f is strictly increasing on (a,b).

The statements for decreasing are similar.

The inverse of the first statement is also true, but the inverse of the 2nd statement is not
true. For example y = x3 is strictly increasing on R but f/(0) = 0.
The proof is simple. For any b > x3 > x; > a, by mean-value theorem, there exists & €
(x1,x2) such that

fx2) — f(x1) = /(&) (x2 —x1).
Then statements 1 and 2 follow directly.
Example 3.2.2 1. y=x*>—3x?>+1. y' =3x? —6x = 3x(x —2). y’ = 0 has two roots: 0,2.
On (—00,0), ' >0, sof 7, on (0,2), f' <0, so f\, and on (2,+00), ' >0 so f .
2.y =xY3(2—x). The function is continuous on R. Taking derivative

, 1 1/3_2—4x

E N e

1t is smooth except x = 0. We should consider intervals (—oo,0), (0,1/2) and (1/2,00). Note
that x*/3 > 0 always. Hence on (—00,0), f' >0, so f 7, on (0,1/2), f' >0, so f / and on
(1/2,400), ' < 0 so f\,.

We may use the derivative to prove inequality.

1. Prove that e > 1 4 x for any x € R. Set f(x) = e* — (1 + x) and take derivative
f'(x) = e*—1. It is seen that f(x) is decreasing when x < 0 and increasing when x > 0.

Hence f(x) > f(0) = 0.

2. Prove that (1+x)* > 1+ axfor a>1and x > 0. Set f(x) = (1 +x)* — (1 + ax) and

take derivative
f'ix) =a(l+x)*'—a=a((1+x)*1—1)>0.
Hence f(x) > f(0) = 0.

Theorem 3.2.4 Assume that y = f(x), x € (a,b). If f’(x) =0 for any x € (a,b), then f(x)

is constant on (a,b).

In fact fix a point xg € (a,b) and for any other point x € (a,b), by mean-value theorem,

there exists & between x¢ and x, such that
f(x) — f(xo) = f'(&)(x —x0) = 0.

Hence f(x) = f(xq).
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3.2.3 L’Hopital’s rule

Another application is L’Hopital’s rule, which is an efficient way to compute limit. How to

compute the limit
. f(x)
lim —=
x—a g(x)

when both f and g converge to 07

Theorem 3.2.5 If limy_,of(x) = limy_q g(x) = 0, and f,g are differentiable at a with

g’(a) #0, then

lim M = fla)
x—ag(x) g'(a)

Assuming f(a) = g(a) = 0, the formula follows from

This formula is more conveniently written as follows when the derivative function is continu-

ous,

) f(x)
lim —= = lim ——.
x—a g(x) x—ag’(x)
If the limit on the right side is still %—type, we could apply the formula again until the condition

in Theorem 3.2.5 is satisfied.

Example 3.2.3 This limit is usually called the type %.

e*—1—x .oe*—1 ex 1

lim 5 = lim = lim — = -
x—0 X x—0 X x—0 2

. 1—cosx sinx CcoSX 1
lim = = lim = —.
x—0  x2 x—0 2x x—0 2 2
. x—sinx . 1—cosx 1

lim ———— = lim ———— = —.
x—0 x3 x—0 3x2 6

This formula can also be used to the limit of the type 2.

. Inx . 1
lim — == lim - =0.
x—+oo X X—+00 X
. . Inx -t .
lim xInx = lim — = lim 5 = lim (—x) =0.
x—0+ x—0+ X x—0+ —X— x—0-+

However the L’Hopital’s rule does not always work. For example,

. x%sin(1/x)
lim ———~%—
x—0 eX—1

is % type and has limit 0, but L’hopital’s rule does not work, because it gives

. x%sin(1/x) . 2xsin(1/x) — cos(1/x)
lim ———— = lim

x—=0 ex—1 x—0 ex
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which diverges.
Though it is named as L’Hopital’s rule, most people believe that the credit of this theorem

should be given to Johann Bernoulli.

Exercises

1. Prove that y = x — sinx is strictly increasing.

2. Find all solutions of
x—1

x+1

=Inx.

3. Find the limit. Using I’Hopital’s rule where appropriate. If there is a more elementary

method, using it. If I’'Hopital’s rule does not work, explain why.

limy_s 4 o X(71 — 2 arctan x);

. cosX .
limy 70 75505

x—sinx .
Xx+sinx?

limy g

(x—1)2

. 2
limy 04 X*;

)
)
)

(d) hmx—)l x*—ax+a—1 :
)
) limy o4 (4x + 1)00%;
)

limy 0 (cos x)2/**.

4. Find the intervals where f is monotone and how many real roots for f(x) = 0.
(a) f(x) =x* —2x3 +x2 — 2;
(b) f(x) =x* —4x3 — 8x2 + 2.

5. prove that In(1 + x) < x for x > —1. Set f(x) = x —In(1 + x), x > 0. find a suitable

X
constant a so that f(x) < ax? holds for any x > 0.

6. For b > a > 1, which one is bigger: a® and b®? prove.

3.3 application of derivatives 2

3.3.1 max/min of a continuous function on a closed interval

The maximum and minimum,which we defined before, are called global extremum, because

they are the biggest and smallest respectively on whole domain. The point where the function
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reaches global extremum is called the global extremal point. A continuous function on a closed
interval reaches the global extremum and in this section, we shall discuss how to find the global

extremal points. To this end, we need to discuss local extremum first.

Definition 3.3.1 Assume that y = f(x),x € (a,b). We say f reaches local maximum at

Xo € (a,b) if there exists 6 > 0 such that
f(xo) = f(x)

for any x € (xg — 6,xg + 6).

Intuitively f reaches maximum at X in a neighborhood of xy or locally. The local minimum
may be defined similarly. The local maximum and local minimum are called local extremum
and the point where the function reaches local extremum is called a local extremal point.

The following lemma was proved in the previous lecture when we proved Rolle’s theorem.

Lemma 3.3.2 (Fermat) If y=1f(x), x € (a,b) reaches a local extremum at ¢ € (a,b) and f

is smooth at ¢, then f'(c) = 0.

Definition 3.3.3 Assume that y = f(x), x € (a,b). A point ¢ € (a,b) is called critical if

either f is smooth at ¢ and f'(c) =0 or f is not smooth at c.

Theorem 3.3.4 Assume that y = f(x), x € (a,b). If f reaches a local extremum at ¢ € (a,b)

then c is critical.

Note a critical point may not be a local extremal point. For example, y = x*, x € R for
which x = 0 is a critical point but this function is strictly increasing on whole line. How to
tell a function reaches a local extremum at a critical point? It is obvious that if the function
is increasing on one side and decreasing on the other side, then the point is a local extremal
point, and if the function is increasing on both sides or decreasing on both sides, then it is

not.

Example 3.3.1 1. y=x>—3x2+1. y' =3x% —6x = 3x(x —2). y' =0 has two roots: 0,2,
which are critical points. At x = 0, the function is increasing on the left and decreasing on
the right. Hence it reaches local maximum at 0. The same reason tells that f reaches local
minimum at 2.

2.y = x"3(2—x). The function is continuous on R. This function also has two critical
points 0,1/2, in which 0 is a non-smooth point and 1/2 is a smooth point, f'(1/2) =0. At 0,
the function f is increasing on both sides. Hence 0 is not a local extremal point of f. But 1/2
is a local mazximal point of f.

3. The function y = [x| has a non-smooth point x = 0, which is also a local minimal point.

We know that a continuous function y = f(x) on closed interval [a,b] will reach its global
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maximum and minimum. How to find the points where f reaches the global extremum?

Theorem 3.3.5 The global extremum of a continuous function on a closed interval must be

attained at either critical points or boundaries a, b.

Here gives a routine.Assume that y = f(x), x € [a, b].
1. Find the points where f is not smooth.
2. Take derivative and find the solution of f/(x) = 0.
3. Put all critical points and a, b in a set A.

4. Compute f(c) for all ¢ € A. The biggest is the maximum and the smallest is the

minimum.

Example 3.3.2 1. y=x3—3x%2+1, x € [-1,2]. The critical point is 0, and boundaries
are —1,2. Compute f(—1) = —3, f(0) = 1, f(2) = —3. Hence the mazimum value is 1,

reached at 0 and minimum value is —3, reach at boundary —1,2.

2.y = x"3(2—x), x € [~1,1]. The points we need to pay attention are —1,0,1/2,1.
Compute f(—1) = =3, f(0) = 0, f(1/2) = 3/(2-2'/3) > 1, f(1) = 1. Hence the

mazimum 1s attained at 1/2 and the minimum is reached at —1.

3. y=(x—1x%2—1|, x € [-1.1,2]. The roots of x> —1 = 0 is non-smooth points. When
x2—1>0, ie, x € (—o0,—1)U(1,00), y = (x — 1)(x% — 1), and

y=(x—1)+2x(x—1)=(x—1)(3x+1) > 0.
When x?> —1 <0, e, x € (—1,1), y = —(x —1)(x2 — 1)), and

, <0, x<-—1/3,
y' =—(x—-1)3x+1)
>0, x>-—1/3.

The line is divided into 4 intervals

(_007_1)7 (_13_1/3), (_1/371)7 (1,+OO),
e hN e a

critical points {—1,—1/3,1}, boundary {—1.1,2}. Comparing the values on these points,

the mazimum 8 at x = 2 and the minimum —32/27.
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3.3.2  higher order derivatives and applications

We have seen that the derivative of a function can be used to find where the function is
monotone and where the function reaches its extremum. If the function y = f(x), x € (a,b)
is smooth, then its derivative is still a function y = f/(x), x € (a,b). If f' is smooth on
(a,b), we may take derivative again to obtain the derivative of derivative, or the 2nd order
derivative, denoted by f”(x) and y”. Similarly if the function is nice enough, we may take

derivative of n times, called n-th order derivative and denoted by f(™)(x) and y™.

Example 3.3.3 1.y=x"y"=nn-—1)x"2.

2.y =e, ym =eaxqn,

2

3.y=e’,y = 2x, y’ = e (4x2 +2).

4. y=sinx, y' =cosx, y’ = —sinx,

y(zn) = (—1)"sinx, y*"" = (—1)"cosx.

The distance y a particle moves is a function of time x: y = f(x). The derivative y’ will the
velocity and the 2nd derivative y” will be the rate of change of velocity, i.e., acceleration.

The 2nd derivative describes the convexity of a function.

Definition 3.3.6 The function y = f(x), x € (a,b) is called convex if for any x1,x3 € (a,b),

X1 +X2) < f(x1) + f(Xz).
2 2

f(
The function f is called concave if y = —f(x) is convex. The point xq is called an inflection point
of f if f exhibits different convexities on two sides of xq.

It can be proved by induction that when f is convex on (a, b), for any n € N and x1,x2,---Xn €

(a,b) it holds that

The next result is more useful.

Theorem 3.3.7 Assume f is continuous on (a,b). Then f is convex if and only if for any

X1,X2 € (a,b), the secant connecting (x1, f(x2)) and (xs, f(x2)) is above f on (x1,x2).

The statement that the secant connecting (xi1,f(x2)) and (x2,f(x2)) is above f on (x1,X2),

abbreviated as ‘the secant is above f on (x1,x2)’, means that for any t € (0,1),
fltxy + (1 —t)x2) < tf(x1) + (1 — t)f(x2).

The definition of convexity requires only t = 1/2. The proof is explained roughly. Suppose

that there exists ¢ € (x1,x2), such that (c,f(c)) is above the secant. Then there are cq,ca
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satisfying x; < ¢; < ¢ < ¢ < Xo such that the secant is below f on (cq,c2) and that
contradicts to the definition.

It is hard to tell if a function is convex by the definition or theorem above by trying a few
examples like y = x? and y = e*. The second derivative provides a more efficient criterion.

The following lemma is a very intuitive fact.

Lemma 3.3.8 Assume that f is smooth on (a,b). If for two points x; < x2 in (a,b), the
secant is above f on (x1,x2), then

fx2) — f(xq1)

X2 —X1

f'(x1) < < ' (x2).

Proof. Since the secant is above f, for any x € (x1,X2) it holds that
fx) = fxa) _ flx2) —f(x1)
X —X1 = X2 — X1

The limit of the left side is f/(x;) and then the conclusion follows from the comparison

theorem. O

This lemma implies that f is convex if and only if f is above the tangent line of f at any

xg € (a,b). This lemma implies also that the derivative f’ is increasing.

Theorem 3.3.9 Assume that y = f(x), x € (a,b) is smooth. If f’ is increasing on (a,b), then

f will be convex.

We will give an illustration. Assume that y = f(x), x € (a,b), and f’ increases on (a,b).
We claim that for any a < x; < xo < b, the secant is above f on (x1,x2). Without loss of
generality, we may assume that the secant is horizontal, f(x;) = f(x2). Then there exists

¢ € (x1,x2) such that f'(c) = 0. Hence
f'(x) <0, x<cand f'(x) >0, x>c.

It means that f decreases on (x1,c¢) and increases on (c,xs). This implies that the curve is
below the secant between (x1,Xs).

The following conclusion is obvious.

Theorem 3.3.10 Assume that f is 2-nd order differentiable on (a,b). If f” > 0 on (a,b), then

f is convex. The inverse is also true. If xq is an inflection point, then f”(xq) = 0.
Example 3.3.4 1. y = e, is convex on R.

Then for any X1, ,Xn, we have
e%(x1+'”+xn) < l(exl 44 ).
n
Set a; == e > 0 and the mean-value inequality holds

1
nal"'anga(al‘f'"""an)
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12

2.y =x" y” =nn—1)x""2. When n is odd, y = x" is convex for x > 0, concave

for x <0 and 0 is an inflection point. When n is even, y = x™ is convex. 0 is not an

inflection point.

3. y=sinx, x € (0,27). y” = —sinx. Then sinx is concave on (0,7), convex on (7, 27)

and T is an inflection point.

3.3.3 differentiation

Fix x¢ € (a,b), Ax = x — xq is called an increment of x and Ay = f(x) — f(xg) is called the

corresponding increment of y. The derivative f'(xg) is the limit of the ratio of increments

Ay
Ax

if exists. Therefore Leibniz intuitively turned A into ‘d’ and wrote the derivative as

dy .. Ay
dx Alirgo Ax’

When the limit exists, called f ‘differentiable at x(’ In Leibniz’s language, taking derivative
is called ‘differentiating’, this action is called ‘differentiation’ and dy is called the differential
of y.

It is seen that

Ay ~ dy,
i.e., the increment of y can be approximated by the differential of y. Since
Y= i),
the differential dy = f’(xq)dx, which is easier to compute than the increment
Ay = f(xg + Ax) — f(x0).
This gives us a method to compute the value of f near xg approximately

f(xg + Ax) =~ f(xg) + ' (x0)Ax.

Approximate computation was important before computer was developed, but it is no longer

an important aspect of Calculus.

Exercises

1. Find the global maximum/minimum of f on the given interval.
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(a) f(x) =2x3 —3x% —12x + 1, [0, 3].
(b) f(x) =x* —4x? + 2, [-3,2].
(c) f(x) =xv4—x2, [-1,2].
2. Find the n-th order derivatives for y = /1 +x at x = 0.

3. Analyse the monotonicity and convexity of y = and sketch the graph.

X
T
4. Assume f is smooth on (a,b). Prove that f is convex if and only if for any x¢ € (a, b),

f is above the tangent line of f at xq.
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integral and application

4.1 indefinite integrals 1

4.1.1 anti-derivatives

The anti-derivative is the inverse operation of taking derivative.

Definition 4.1.1 Assume that y = f(x) and y = g(x) are defined on (a,b). If (g(x))" = f(x)
for all x € (a,b), then we say g is an anti-derivative, or primitive function or infinite integral of
f, denoted by [ f(x)dx. The function f is called the integrand. Computing an anti-derivative or

indefinite integral is called to integrate f. The action is called integration.

<J f(x)dx) T f(x).

The anti-derivative is not unique but they differ by a constant.

Hence

Theorem 4.1.2 The different anti-derivatives of f differ by a constant.

If g1 and go are two anti-derivatives of f, then for any x € (a,b),

(g2(x) — g1(x))" = g3(x) — g1 (x) = f(x) = f(x) =0

and it follows from Theorem 3.2.4 that g — g; is a constant. Hence the function y = f(x) +c

is always an anti-derivative of f’, i.e.,
Jf’(x)dx =f(x) +c.

For example, it is not surprising that both sin®x and — cos? x are anti-derivatives of sin 2x,

because sin? x = — cos? x + 1. Hence both

Jsin 2xdx = sin®x + ¢, and Jsin 2xdx = —cos®x +c,

61
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are correct. When you integrate a function, it suffices to obtain one correct anti-derivative.
The constant +c is added just for the completeness of answer. Leibniz’s notation plays a role
df(x

() = f'(x), df(x) = f'(x)dx or better to write f’(x)dx = df(x). For example,

dx
we should be able quickly to write the derivative in the reversal direction,

here. Since

1
2xdx = d(x?), e*dx = de*, ;dx =dInx, sinxdx = —dcosx.

Then
de(x) = Jf’(x)dx = f(x) +c.

It seems that [ and d cancel each other and they are inverse each other: informally

Jl —a, [=a

It is much more difficult to compute anti-derivative than to compute derivative. In many

cases, it is even impossible to find explicit expression for anti-derivatives. For example, the

J e dx

is no longer an elementary function. It is like saying that we can not solve an equation, for

anti-derivative

example —x = e*. It does not mean that the equation has no solution. The equation has

solution but there is no way to know what precisely it is.

4.1.2  basic integral formulae

From derivative formulae it is immediate to have the following basic formulae.
1. [0dx =c.

2. If a # —1,

3. Since (Inx)’ = % for x >0 and (In(—x))’ = L . (=1) = % for x < 0, we have
J'xfldx =lInx| +c.

4. f a >0, a # 1, then

X
Jaxdx: a——i—c.
Ina

5. [sinxdx = —cosx + c.

6. [cosxdx =sinx + c.
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1
J 3 dx = tanx +c.
cos? x

2

1
J - dx = —cotx +c.
S~ x

1
VI—x2

9. Since (arcsinx)’ =

1
Jidx = arcsinx + c.
1—x2

;1

10. Si t = —
ince (arctanx) T

1
——dx = arctanx + c.
14 x2

Some functions are absent from this list, for example, Inx, tanx and arcsinx etc, because we
do not know immediately what their primitive functions are. Students may add more to this
list afterwards as long as you think they are basic enough to remember.

The reasons that taking derivative is no longer a problem are four operations and chain rule

for derivatives, which are no longer available for anti-derivative.

4.1.3 linearity of integration

Two operations are still available: addition and scalar multiplication.
J af(x)dx = ajf(x)dx.
J(f(x) +g(x))dx = Jf(x)dx + J g(x)dx.

To prove these formulae, it suffices to verify that both sides have the same derivative. But

this is obvious by the definition of anti-derivatives.

Example 4.1.1
%2
J(2+X+3x2)dx = Jde+dex+3Jx2dx: 2x + 5 +x% +c.
J(2sinx+3x*1)dx:2Jsinxdx+3jx*1dx:—2008x+3lnx+c.

But these formulae are not powerful enough to integrate functions like xe*, x sinx, Inx. We

need more techniques.
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4.1.4 integration by parts

Fortunately, though we can not have a complete product rule, the product rule of derivative
can be partly helpful.

The product rule of derivative:

In Leibniz’s notation:
d(f(x)g(x)) = g(x)f'(x)dx + f(x)g’ (x)dx = g(x)df(x) + f(x)dg(x).

Then integrate both sides we have the following theorem.

Theorem 4.1.3 (integration by parts)

fx)g(x) = j g(x)df(x) + Jf(x)dg(x).

This formula is called integration by parts. Students may be puzzled about how to use this
formula. Actually the formula does not give us a complete solution, but it tells us that if one
of two integrals in the right side can be integrated, then the other can also be integrated.

This would help us to integrate many functions.

Example 4.1.2 1. Starting with Inx,
Jlnxdx =xlnx— delnx

:xlnx—Jx-xildx:xlnx—de:xlnx—x+c.

2. Jxexdx = dee" =xe* — J e*dx = xe* — e*+c.
3. Using integration by parts
J e*sinxdx = Jsinxdex =e*sinx — J e*dsinx = e*sinx — J e* cos xdx.
Using it again,
Jex cosxdx = J‘cosxdeX =e*cosx — J e*dcosx = e*cosx + J e* sin xdx.
Come back to the same integral, but with different sign, and then
X o 1 X (o}
e*sinxdx = ie (sinx — cosx) + c.

Students may take derivative of the right side to verify the answer.
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We said that this is not a complete solution, because it does not always work. For example,

you may not be able to integrate
Jtan xdx and Jarctan xdx,

by using integration by parts only.

Exercises
1. Find the anti-derivative of the function.
(a) f(x) =x—3;
(b) f(x) = 6vx— Vx;

(¢) f(u) =cosu—5sinuy;

(c) "(x) = 24x2 4+ 2x + 10, f(1) =5, f'(1) = —3;

w

. Verify by definition
1
Jcos3 xdx =sinx — 3 sinx + C.

4. Find the indefinite integral.
a) [ B51dx
b) [V1+x2x%dx;
c) [x?cos3xdx;

)

)

(
(

(
(d
(e) [x*(Inx)?dx.

[x72Inxdx;

4.2 indefinite integrals 2

4.2.1 change of variable

Another incomplete solution comes from the chain rule of derivative. The chain rule is
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but in Leibniz’s notation

df(g(x)) = f'(g(x))g’(x)dx = f'(g(x))dg(x) = f'(y)dy

where a substitution y = g(x) is used. This means that the anti-derivative of the function

which can be written into
'(g(x))g’(x)

is f(g(x)). For example (sinx?)’ = 2x cosx?, it implies that
J2X cos(x?)dx = JCOS(Xz)d(XQ) = sin(x?) +c,
where in our mind, we replace x? with y and use the basic formula. Precisely

Jf’(g(x))g’(x)dx - jf’(g(x))dg(x) — f(g(x)) +c.

This formula gives us an idea to integrate, called change of variable, or substitution rule.

Theorem 4.2.1 (change of variable) Sety = g(x). we have identity

Jf(g(x))g’(x)dx{f(y)dy-

We may use the simple linear substitution y = ax+b to simplify the integrand. Note that to
simplify the integrand is the important step to integrate because this makes us know what is

the essential problem we need to attack.

Example 4.2.1
1
J(2x+4) dx = J(2x+4) d(2x +4) = 3 Jy3dy, y=2x+4;

Jl (3x —1)dx = Jlnydy y=3x—1, dy = 3dx,

1
2
_1
3
J J lJ' dx
x2+x—|—1 x+12 13/4 3/4) (x1/2)2
/ / / (m) +1
d
dy X

T B

_lJ L gy g Xt1/2
_\/g y‘2+1 979— /73/4a

1 101
. dx=- | —du u=2x+3.
J(2x+3)“ x QJun W w=axt

Similarly this formula does not give us a complete solution and it only tells us that if we can

integrate one side, then we have the answer for the other side.

Example 4.2.2 Let’s see if this formula works in some cases.

1.

sinx dcosx
tanxdx = dx = —
Ccos X Ccos X

d
:fjjy =—Inly|+c=—In|cosx| + c.
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2. Using both formulae,

J arctan xdx = x arctanx — J xdarctanx

X
:xarctanx—l[idx
1+ x2

- arctanx 1Jd(1+x2)
=xarctanx — = | ————=>
2 1+x2

1
= xarctanx — B In(1+x%) +c.

3. Using both formulae,

= xarcsinx —

= xarcsinx + J'dy y=1-x% dy=—2xdx

J'arcsin xdx = xarcsinx — de arcsinx
1
2
1

= xarcsinx + 2(

= xarcsinx — 1(1 —x2)V2 ¢,

When [ disappears, you should add +c there.

In this example, we use change of variable formula in theorem above to integrate the right
side and then obtain the answer for the left side, i.e., the right helps the left. However there

are also examples later where the left helps the right.

4.2.2 rational functions

There is no problem to integrate a polynomial. A polynomial here means a polynomial with

3
. . S . . x°+1
real coefficients. The ratio of two polynomials is called a rational function, for example —
x?+1 ) . .
and N B—t We would say every rational function can be integrated. When the degree
x3 +x—

of numerator is less than the degree of denominator, it is called a proper rational function.
Through polynomial division, a rational function can be written into the sum of a polynomial

and a proper rational function.
Example 4.2.3 We will see how to do division first.

¥+l B2+ xT—x4+x—1+42 2
1. = =x’ Fx+1+—
x—1 x—1 —1

x¥+1 xX4+x—x+1 —x+1
. =X .
x2+1 x2+1 x2+1
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Hence we may only consider proper rational functions.

Students may have felt that polynomials are like integers, rational functions are like rational
numbers and proper rational functions are like proper fraction. Yes they are similar. As every
integer is a product of some prime numbers with multiples, for example 72 = 32 x 23, every

polynomial is a product of some prime polynomials with multiples, for example
x3—1=(x—1)x*+x+1).

A prime polynomial, which is defined to be a polynomial with no non-trivial factors, is either
a polynomial of either degree 1, x — a, or of degree 2, x> + bx + ¢, but no real roots. When
the degree of the denominator polynomial is 1 or 2, we can do polynomial division to make
the degree of numerator polynomial is less. A fraction can be represented by

5 5 5 1 1 1 2

728 9 2 28 3 3
Similarly any proper rational function is a linear combination of rational functions like

1 1 X
(x—a)™’ (x2+bx+c)™’ (x2+bx+c)’

where x% + bx + ¢ = 0 has no real roots.

Example 4.2.4 1. Consider

1 1 _a " bx+c
x3—1 (x—1)(x2+x+1) x—1 x24+x+1’

where a, b, c are to be determined. With common denominator, we have

I a(x®+x+1)+ (bx+c)(x—1)
x3—1 x3—1

Comparing the coefficients, we obtain the equations

a+b=0,
a+c—b=0,
a—c=1.

The solution a =1/3,b=—1/3,c =—2/3. Hence
1 1 1 1 x4+ 2

x*—1 3 x—1 3 xX2+x+1

which can be integrated according to the previous example.

2. Consider

11 1 1 11 1 1 1
x4—1 2\x2—1 x24+1/) 2\2\x—1 x+1 x24+1)’

which can be integrated easily.
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3. Some are difficult.

1 1
(xT =12 (x—1)2(x + 1)2(x? + 1)?
a b c d e1x + eg fix 4+ fo

B R S VAT B O | AR R FE NER
We leave it to students to find these coefficients.

The discussions above are summarized as follows. The problem of integrating a rational func-
tion is reduced to integrating the following three types of rational functions by substitution

in Example 4.2.1.3,
n 1 X

x , .
(DY B2 Dm
The first type is easy and the third type can be integrated by substitution rule

X Clfdx*+1)  1(fdy
de"*ﬂmﬁjﬁy** +L

which is easy too.

The last problem is how to integrate

1
J 7()(2 P dx.

We need powerful trigonometric substitutions introduced in next lecture.

Exercises
1. Find the indefinite integral

(a) J. xe*” dx;

2
X
b) | ——=dx;
() J\/5+x3
(C)J e*dx
ex +1
ex

2. Determine a,b
x+5 a b

x24+x—2 x—1 x+2

and then integrate it.

3. Determine the polynomial S(x) and R(x)

x3 —x R(x)
x2+1 _S(X)+x2+1’

where the degree of R(x) is less than 2, and then integrate it.
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4. Evaluate

J x24+2x —1
———dx.
2x3 — 3x2 — 2x

5. Evaluate [ dx forn =0,1,2,3. Hint: x* +1 = (x2 +1)2 — 2x2.

4.3 indefinite integrals 3

4.3.1 trigonometric substitution

Recall the substitution rule: by a substitution y = g(x), we have

jf(g(x))dg(x) - Jf(y)dy.

As we said before, sometimes the left helps the right and sometimes the other way around.

The trigonometric substitutions

from x — y and y — x, are very useful in integrating some particular types of functions,
which contain v1 —x2, v/x2 — 1, x? + 1. It should be remembered that

1 COS X

d(sinx) = cosxdx, d(sinx)"" = ————dx, d(tanx) = ——
sin® x cos? x

We have seen some examples before. There is no general rule here but we may obtain

experiences from examples.

Example 4.3.1 We may try the substitution x = sint when we see 1 — x2.

1.
J\/l—)@dx:J\/l—sithdsint, X =sint,
:JCOSQtdt
1 1 1
=3 (1+c082t)dt:§ dt+§ cos 2td(2t)
= 1t+ g 2t +
=3 5 5o c
— Lresi + L 1—x24c¢
= garesinx + ox X ,

where sin 2t = 2sintcost = 2xv1 — x2.

2. If we do not use the basic formula, how do we integrate 1£X2 ?

Jil d JidSint Jdt t+c i +c
X = = = = arcsinx .
vV1—x2 cost
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As two examples show, no matter what substitutions are used, the final answer should be a

function of x if we integrate a function of x in the beginning. However for saving time, we

shall stop writing whenever we know how to integrate the function

Example 4.3.2

substitution x = tany,

J

1

i dx

2. Using substitution x =

J'#dx
x2—1

J\/x2 —1ldx = Jtany

1
cosy’

1. To integrate the second type integral left in rational functions, we use

dtany
(tan?y + 1)n
[ 1 1
) (cosy)=2" " cos?y

N

dy

2n—2

cos ydy

cos?ydy, when n = 2.

N

(cosy) 'dtany
dsiny

1
t =
] cos3yd J(

1 —sin?y)2

[ du u = si tional functi
=siny, a rational function;

] (1_u2)27 y7 c )
E ! + ! + ! + ! du
J4a\l—u (1—-uw?2 14+u (14+u)?
1

5(xx/1+x2+ln(x+ x2+1)+c.
Jcosydtany

1 1

J dy, similar to J,—dy.

cosy siny

we have

9 _ 9 _ siny
x°—1=tan"vy, dx—COSZydy.

1 .
:J sm2y :J dy:
tany cos®y cosy
siny dy 1
cos?y cos®y cosy
J dg :stily, siny = u,
cos®y costy

du tional functi
——5 5, a rationat junciion
(1—u2)?’ ’

|
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4.3.2 integrating trigonometric functions

We have seen that it is important to integrate trigonometric functions and their powers. To
do that, we usually need to use semi-angle, double-angle formulae and also trigonometric

substitutions.

Example 4.3.3 We know how to integrate sinx, sin®x. It is similar to integrate cosx and

cos?x. How to integrate sin™ x and cos™x 2
Jsin3 xdx = —J'(l —cos?x)dcosx = —J'(l —y?)dy, y = cosx,
1— 2 1
Jsin4xd J < cos X) dx = EJ'(1*20082X+COSQ 2x)dx
1
4

(x —sin2x + = L J(l + cos 4x)dx).

2n 2n+1 X

From these examples, we may learn how to integrate sin“™ x and sin

—2

Example 4.3.4 We know how to integrate (cosx)™!, (cosx)™2 and (cosx)™3. It is similar

to integrate (sinx)™!, (sinx)™2 and (sinx)™3. We may learn how to integrate (sinx)™™.
1 1 ) 1,
——dx=—| —5—dcotx =— | (1 +cot*x)dcot x = —(cosx + - cot”x) + ¢
sin® x sin“ x 3
1 dcosx dy
d = — = — =
Jsin5x x J(I—COSQX)B J(l—y2)3’ Y =cosx,
and the rational function is decomposed into
11 ( R SR 1 s 1 >
(1-y?)? 8 \(1+y)? (1-y)? (1+y)2( —y) (1+y)(1—y)?
1 1 1 +1
_1 . L3 2YtL L 5 .
8\ (1+y)? (1-y)? (1+yJ (1—y)?
Then the integration can be completed.
Example 4.3.5 How to integrate tan™ x? We usey = tanx and the identity 1+y? = C0812 <
n
d
J(tanx)“dx = Jtan“x0052 xdtanx = J Y y2;
1+y
:J(y— Y )dy:y—Q—lln(l—&-yQ)—i—c n=3.
1+y2 2 2 ’

It is seen that sometimes we need to use rational functions to integrate trigonometric function

and sometimes vice versa.

4.3.3 strategy for integration

Integration is much more difficult than taking derivative. All techniques to attack a integra-

tion problem are above: 1. basic formulae, 2. integration by parts, 3. substitution rule, but
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there is no general rule to learn it depends essentially on our own wisdom. The observation
and experience are always important, though they do not guarantee that an anti-derivative
can be found.

Then the following strategy may help you to integrate.

1. basic formulae and basic techniques.

2. to simplify the integrand as simple as possible.

3. do more exercises and get more experiences. remember the types of functions you have
integrated as many as possible.

4. if fail, try different approach.

We shall integrate x™v/x2 + 1 to show you that the approaches are very different for different

n though those functions look similar.

Example 4.3.6 We know how to integrate v/x% + 1.
1(1 2\3/2
J'X\/XQ dx—J (1+x3)12d(1+%2) = 1) +c,
2 3/2
JXQ\/XQ-i-ldX:J 24 1)%%dx — J\/X2 1dx,

J(X2+1)3/2dx:u cos5ydy’ x = tany,
:J%dsmy
(1 —sin?y)3
= ﬁdu, u =siny.

J 3vV/x2 + dX*J x(x% 4+ 1)%2dx — JX\/XQ 1dx.

Exercises

1. Find the integral
dx
(2) J cos® x’
dx
b .
(b) JCOSGX’

dx
() J tan® x’

(d) J. sin 8x cos hxdx

2. Find the integral.

(a) Jm

3 dx;
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(b) Jxﬂdx;
(© J*/T

X

dx;

4.4 Riemann integrals

4.4.1 the area under curve and Riemann sums

Assume that y = f(x) is a function on [a, b]. Its graph is a curve over x-axis. Then we may
talk about the ‘area’ of the region surrounded by this curve and linesy =0, x = a and x = b.
This area is different from the usual area. The area we talk about now is signed, i.e., it is
positive when the region is above x-axis and negative when it is below x-axis. It is natural to

approximate the area by rectangle slides. The first step is to cut [a, b] into n small pieces
a=%X)<X; <Xg:++<Xn_1<Xn=D>,

called a partition P = (x;). When the function is good enough, the region under the curve
on each piece [xj_1,%;] is very much like a rectangle, and has the area about (x; —x;_1)f(&;)
approximately where &; is a point picked from [xj_1,%;] arbitrarily. Then the second step is

to add those small rectangles together

(&) (x5 —%j-1)

j=1

to approximate the area under curve.
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AN /

a = Xg Xj—1 E»] X5 Xn=D>b

This sum is called a Riemann sum of f on P, with the choice of points (&;) over P. When
the partition gets smaller, it is believed that the sum approximate the area under curve
better. This is a rough idea how to approximate the area under curve. But we need a
precise definition, which was formulated by Bernhard Riemann(1826-1866), one of the greatest
mathematicians.

How to describe the smallness of partition? We denote the length of a partition P = (x;)

|P| = mjax(x)- —Xjfl).

Definition 4.4.1 (Riemann) Given a function y = f(x) on [a, b]. We say that the area under
curve exists or f is integrable, if there exists A € R such that for any ¢ > 0, there exists § > 0,
such that for any partition P = (x;) with [P| < & and any choice (&), it holds that

D (&) —xj-1) —A| <.
j=1

In this case, A is called the area under curve or more precisely the (definite) integral, or Riemann
integral, of f with lower limit a and upper limit b, or simply, integrate f from a to b, and denoted

by
b

b
J f(x)dx, or simply J f,

a a

where the integral symbol [ is a deformed S. There are different ways to express integral limits

b
Ja J[a,b} Jagxgb )
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) -
/
/
21 +
2
1
3/2
:J x2dx
0
} X
1 1% 2 3

We simply say that the Riemann sum has limit when the partition goes to zero independent

of choice of points on the partition. It will be seen later why definite integrals and indefinite

integrals use the same name and same notation, while they seem to have nothing to do

with each other. Intuitively when taking limit, Z]Tl:l becomes fz, f(&;) becomes f(x) and

(xj —xj—1) = Ax; becomes dx:

n
f(&) Axj

—.

1
VoLl
b

— J f(x) dx.

a

In this notation, only a,b and the rule f are essential and the letter x, called integral variable
or dummy variable, is not essential, and can be replaced by any other letter, i.e.,

Jb f(x)dx = Jb f(t)dt = Jb f(y)dy.

a a a

In this definition, we do not see any relation between indefinite integral and definite integral
though they use the same notation.

According to the definition, the area is actually signed, namely when f(x) < 0 on some interval
[c, d], the Riemann sum is obviously negative and hence the area is negative.

Are all functions integrable? No. We present an example which is not integrable. Reading
the definition, we see that if f is integrable, the difference between the Riemann sums with
different choices of (&;) can be arbitrarily small, since the difference between the limit S and

any Riemann sum can be arbitrarily small. This forces f to vary not too much locally. Let

1, x€QqQ,

0, xeR\Q.

f(x) =
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Consider its Riemann sum

Z (&) (x5 —%x5-1)
on an arbitrary partition (x;j) of [0,1]. On any interval [x;j_1,x;], there are rational numbers
and irrational numbers. When we choose &; € Q, the Riemann sum is 1, and when we choose
& € R\ Q, the Riemann sum is 0. Hence it is impossible that the Riemann sum has a limit.
What functions are integrable? Continuous function because it varies small enough locally.
Hence any elementary function on [a, b], which is entirely in its natural domain, is integrable.

The proof will be given later.
Theorem 4.4.2 A continuous function on [a, b] is integrable.

A function f on [a, b] is called piece-wise continuous if there exists a partition
A<Xx<Xo<-+<Xp=Db

such that f is continuous on each interval (xj_1,x;) and has left and right limits at each point
xj. Of course a piece-wise continuous function on [a,b] is integrable.
Assume that f is integrable on [a,b]. We may integrate f from b to a, J'g f(x)dx, i.e., the

limit of Riemann sum

Z (&) (x5—1 — x5).
j

Obviously
a b
J f(x)dx = —J' f(x)dx.
b a
The following properties are intuitive and easy to verify by using the definition.

1. for any three points a, b, c, it holds that

JC f(x)dx = Jb f(x)dx + JC f(x)dx,

a a b

as long as these integrals are well defined.

2. If f is non-negative on [a, b], then the Riemann sum is non-negative and

b
J f(x)dx > 0.

a

b
3. < J [f(x)|dx.

a

Jb f(x)dx

a

4. Assume that fq, fy are integrable and ¢y, co are real numbers.

b b

f1(x)dx + co J fa(x)dx.

a

b
J (erf1 (x) + cafa(x))dx = 4 j

a a
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5. If f is even on [—a, a], then

6. if f is odd on [—a, a], then
a
J f(x)dx = 0.
—a

4.4.2 the limit of Riemann sum

78

We define the integral of f to be the limit of Riemann sum, but it is not so easy to compute

for most functions.
1

Example 4.4.1 1. J xdx is the area under liney = x on [0, 1], which is a right triangle.

0
The area is 1/2 with simple formula we learned in middle high school. Let’s verify by

Riemann sum

where [0,1] is equally divided into n pieces and & = j/n. Why can we do this way?

Because when f is integrable, no matter how we take the partition and how we take the

points, limit should be the same. Then the limit of Riemann sum is
1 & nn+1) 1
L3 L
n2 = 2

2. Jx2dx is the area under parabola y = x* on [0, 1], which we do not know the answer.

Let’s compute it by Riemann sum

>(3)-wrr

j=

[

Since N
o nn+1)(2n+1)
Y = 5 :
j=1
the limit of Riemann sum is
I nn+1)@2n+1) 1
— — .
n3 6 3

0

1
3. J a*dx. Riemann sum is a sum of geometric sequence and the limit is

e a™ 1
al/m _ C _qli/mq—
Z al/nil =a’"(a 1)6(1/n)1na7
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It seems to work, but if you look at it carefully, you will find that to calculate fé xkdx by
Riemann sum, you need a formula for Z?,l j* which is difficult to obtain. In general, to
calculate fo x)dx, we need a formula for Z).:l f(j/n), which is not available in most cases.

Hence it is almost impossible to integrate f by the limit of Riemann sum.

4.4.3 Newton-Leibniz formula

Here comes the most important theorem in calculus, called the fundamental theorem of
calculus, the greatest contribution to mathematics made by Newton-Leibniz. This theorem

connects the definite integral to indefinite integral.

Theorem 4.4.3 Assume that y = f(x) is continuous on [a,b] and g’(x) = f(x) or [ f(x)dx =
g(x) on [a,b]. Then

b
Jf@Mx=mm—gmy

a

Proof. The proof is easy. Take a partition (xj:1 < j < n) and by the mean-value theorem

n n
g(b ZQ Xj) — g(xj-1) ZQ —Xj-1)
j=1

= 3 H(E) (% — %1

b

The right side, the Riemann sum of f on P, converges to J f(x)dx since f is continuous. [
a

Moreover we may apply this formula to the integral of f on [a, x] for x € [a, b]

wamu=mwaML

a
where we use u as the dummy variable. The integral is a function of x, more precisely a

primitive function of f. Hence the relation between derivative and integral is illustrated as

<Jx f(u)du>/ = M = f(x).
a dx

We usually write g(b)—g(a) into g|2. In this notation, the Newton-Leibniz formula is written

J: f(x)dx = Jf(x)dx

Now the problem of definite integral becomes the problem of indefinite integral.
1 1 1

into
b

a

1
Example 4.4.2 1. J xdx = dex = X% =-.
0 o 2 lo 2
1 1 1
1 1
2. J x“dx:Jx“dx = x| ==
0 0 n+1 0 n+1
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1 1

rl X
—1
3. a"dx:Ja"dx A .
Jo o Inajg Ina
re e 1
4. lnxdx:Jlnxdx =(xlnx—x)| =1.
\11 1 0

rl

5. v 1—x2dx is the area of half unit disk. By Example 4.5.1,

J—1

1 1
J \/17x2dx:J V1 —x2dx
-1 -1
1 . 1
= —arcsinx + ixx/ 1—x2

2

1

—1

6. If we integrate a function with absolute value, be careful.

2 1 2
J |X271|dX=J' (1—x2)dx+J (x2 —1)dx
0 0 1

1 2
=2.

1

+ (x3/3 —x)
0

= (x—x/3)

Newton-Leibniz theorem is surely the most efficient way to calculate definite integrals. How-
ever it does not always work because we may not be able to find primitive functions explicitly
for most functions. There are other clever approaches to find the definite integral of a function

without an explicit primitive function, for example
o 2
J e X /2dx = V2m,
o0

though we are not able to find the anti-derivative of e **/2. We will see this later.

4.4.4 integration by parts and substitution rule

To do the definite integral, we can find the primitive function first and then use the Newton-
Leibniz formula. However we may also carry the integral limits when we use integration by
parts and substitution rule. Of course these two methods are essentially the same. You do

not have to learn this.

b
J f(x)dg(x) = f(x)g(x)

a
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Example 4.4.3 1. In this example, we use integration by parts
e 1 e
J xInxdx = 7J In xdx?
1 25
1 N |
= —(x%lnx —J x2=dx)
2 1 1 X
Lo 1.5 L o
=—(e“—=(e*—1)) =~ 1).
S(e =S —1)) = 7(e*+ 1)

2. In this ezample y = v/x + 1, y> = x + 1, 2ydy = dx,

1 V2,2 V2
J = :J yyl2ydy=2J (y* —1)dy

ovVli+x )1 1
V2o
=20y°/3-y)| =302-Vv2).
1
Exercises
1. Evaluate the integral
9
x—1
a) J dx;
G
71/4 1
(b) J 5 dx.
o cos?x
2. Is the following work correct? Why?
2 —312
3
J xax=2—| =-2.
. 3|, 8

3. Prove that for any two integers n, m,

27T
J sin nx cos mxdx = 0.
0

4. Prove that for any two integers n # m,

27T
J sin nx sin mxdx = 0.
0

7T/2
5. Evaluate the integral J sin x sin 2xdx.
0

6. Set forn>1

7T
an = J sin™ xdx
0

and prove that lima,, = 0.

81
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4.5 application of integrals

4.5.1 area surrounded by curves

Definite integral can be used to compute the area of the region surrounded by curves. Assume
that f(x) > g(x) for x € [a,b]. Then
b
||t~ gt
a
is the area of the region surrounded by curve y = f(x), y = g(x), x = a and x = b, or written
into

g(x) <y <flx), a<x<b,

which is called a rectangle with curved y-sides.

Example 4.5.1 1. /x> x2% on [0,1]. The area of the region is

o S 1+1/2 33

2. sinx > cosx on [1/4,31/4]. The area of the region is
J3n/4 3m/4

(sinx — cosx)dx = (—cosx — sinx) = 2V/2.
/4 /4

3. We shall always choose a simpler way to compute the integral if possible. The region

surrounded by curves x =y? and x =y + 2.

Y

T~

\

Look at the graph and we need to separate it into two parts x € [0, 1], where the lower

curve is Y = —/x, and x € [1,4], where the lower curve isy = x — 2. The area of the
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Tegion s
1 4 3/2 1 ~3/2 1 ) 4
L(\/i—(—\/i))derL(\/i—(x—m)dx:z% 0+(3—/2—§x + 2x) -

The region is easier to write when we treat x as a function of y. In this case, the area

of the region is

2o 9
62

2
L(y +2—y?)dy = (y?/2+2y —y?/3)

If you are not comfortable, you may exchange x,y, i.e., flip the graph about y = x.

4.5.2 idea of Riemann sum: cut and add

The area of the region surrounded by y = f(x), y = g(x), x =a and x = b is

b
J (f(x) — gx))dx.

a
More generally given a region A, we may cut it by vertical lines into many thin pieces and
each piece can be approximated by the area of rectangle as in the definition of Riemann sum.
Assume that the region is between x = a and x = b. The length of intersection of the vertical

line at point x and the region A is denoted by L(x) and then the area is the following integral

Jb L(x)dx.

a
An ancient Chinese mathematician, Zugeng(456-536), made the following observation, which

is called Cavalieri’s theorem, which is also called Zugeng’s principle.

Theorem 4.5.1 (Cavalieri) Given two regions A and B on plane. If for every straight line {
with a fixed slope, the length of £ N A is the same as the length of { N B, then A and B have the

Same area.

The idea of Riemann sum is very powerful, because the same reason will give us a formula to
compute the volume of a solid.

Let us put a solid S and x-axis on space. Assume that the solid is between the plane at a
and the plane at x = b. A plane at xo means a plane perpendicular to x-axis at xg. The
intersection of the plane at x and the solid S is called the section of the solid S at x and its
area is denoted by A(x). The volume of S is the limit of Riemann sum

n

> A (x5 —x5-1),

j=1

where (x;) is a partition of [a, b] and hence we have Cavalieri’s theorem for solids.



CHAPTER 4. INTEGRAL AND APPLICATION 84
Theorem 4.5.2 The volume of S is

Jb A(x)dx.

a
Roughly speaking, the volume is equal to integrating the areas of sections.

Example 4.5.2 1. Let us compute the volume of a cone with base area A and height h.
We put this cone on space with the base perpendicular to x-axis and the vertex being the
origin. Then the cone is between [0, h] What is the area A(x) of the section of the plane

at x on the cone? It is not hard to verify that

The volume of the cone is
JhA( )d Jh X dx = LAn
x)dx = | —Adx=-Ah.
Of course this can be shown by an elementary approach. By the technique of Riemann
sum we need only to show that the formula holds for a cone with triangle base. This can

be seen in the following graph, in which three equal volume cones make up a cylinder.

2. Let us compute the volume of unit ball. Put the ball on space with the center being the
origin of xyz-coordinate system. We only consider the positive part S of the ball (x > 0).
The plane at x < 1 cuts the ball to obtain a disk with radius V1—x2 and the area is
A(x) = (1 —x2). Then the volume the half ball is

Jl A(x)dx = Jl (1 —x%)dx = n(1 —1/3) = 2m/3.
0 0

Here we shall explain how to use Cavalieri’s theorem or Zugeng’s principle to find the
volume of ball. Place a cylinder with radius 1 and the central line being x-axis. Keep

the cylinder between x =0 and x = 1. Removing a cone C, with the center at the origin
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and the base being the cylinder base, from the cylinder obtains a solid, denoted by S;.

Then the section of S1 at x < 1 is a ring with area
Ai(x) =m—mx? =m(1 —x?) = A(x),

which is exactly the area of the ball at x. Then Zugeng made the observation, which is
exactly Cavalieri’s theorem, that the volume of S is equal to the difference of volumes of
the cylinder and the cone

T— %71 = %7‘[,

where the volume of cone is a third of the volume of cylinder.

x removing the cone inside

T

// \\ Se=t=

~_

the area of red disk=the area of red ring

Remark 4.5.3 The formula for volume of ball was given by the great Greek mathematician
Archimedes, about 700 years earlier than Zugeng, who obtained the formula independently. In
ancient China, there were some scattered ideas on limit and calculus. Zugeng's approach to
calculate the volume of ball is an example and well worth a remark. The book, which was
written by Zugeng and his father Zuchongzhi about their main achievements, was lost in history.
The existing materials about Zugeng's idea comes from other people’'s words. Zugeng's original
sentence is . It is arguable what this simple ancient chinese sentence means literally. Combining
what Zugeng did, the modern Chinese experts translate it into roughly ‘equal area at each level
implies equal volume', named Zugeng's principle.

Historically the story about volume of ball is more interesting. To be fair, Liuhui, a mathematician
200 years earlier than Zugeng, should be mentioned. His method to compute 7t, named Liuhui's
technique of circle partition, made him one of few greatest ancient Chinese mathematicians. He
pointed out that the formula of volume of ball in the ancient famous book entitled (The nine
chapters on the mathematical art, the greatest book in Chinese mathematical history, written
about 100 years before Liuhui and the author was unknown) was wrong and he proposed a road to
compute. Let the unit ball B be inside the cube C with side 2 placed on the plane. A solid, called

S, is obtained by the intersection of two cylinders with radius 1 containing the ball and directed in



CHAPTER 4. INTEGRAL AND APPLICATION 86

two horizontal and perpendicular sides of the cube. The solid S is named , ‘dual square umbrellas’
in English roughly. Each horizontal plane cuts S and B to obtain a square and a disk, and the
ratio of square area to disk area is always 4 : 7t. Liuhui then asserted that the ratio of volume of
S to volume of B was also 4 : 7t. From this conclusion, we would say that Liuhui actually had the
idea of Zugeng's principle, though he did not achieve his goal: find the volume of S and then the
volume of B.

Zugeng solved this problem. Assume now that two cones based on the lower and upper faces of
the cube are placed with the center of ball being their common vertex, as shown in the graph.
Zugeng observed surprisingly that the same plane above cuts both C outside S and the cone, and
two sections (red regions in the graph) obtained have the same areas. Zugeng's principle implies
that the difference of the volume of C subtracting the volume of S is the same as the volume
of two cones. It follows that the volume of S is 8 —8/3 = 16/3. Hence the volume of B is

16/3 - m/4 = 47/3.

/

T
X

%\
\
\

volume of cube=8 volume of two cones=8/3

Though Liuhui and Zugeng's idea to compute the volume of ball is really great and smart, it is
only an isolated idea, which was inspired in solving some isolated examples. In the ancient China,
there was no systematic mathematics, but there were some clever ideas appearing from time to
time. Of course, we should not ask too much, since in long history of human-beings, mathematics

appeared only in ancient Greek.

4.5.3 volume of rotating body

Given a curve y = f(x), we may let it rotate around x-axis or y-axis to form a rotating body.
The idea of Riemann sum can be used to express the volume of any rotating body as integral.

Assume that y = f(x), x € [a,b] rotates around x-axis. Then the area of section of the
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rotating body at x is 7f(x)? and hence the volume of rotating body is

b
J mf(x)? dx.

a

Example 4.5.3 1. The volume of a bowl. The parabola y = /x, x € [0,1] rotates around

x-axis and the volume of the rotating body is

Jl n(v/x)%dx = g

0

2. The volume of the rotating body obtained by y = x2, x € [0,1], is

1
J n(x)2dx = Z.
0 5

3. The volume of a torus obtained by rotating (x — 2)? +y2 = 1 around y-azis. For any

y € [—1,1], the area of the section of the rotating body aty is
(24 V1 -y - (2= VI -y =8my/1-y2.

Hence the volume is, by Example 4.3.1
1 1 1
87(J v1—y2dy :87T§(arcsiny +yv1—y?)| =4r°
1 -1

4.5.4 length of a curve

Is it possible to find the length of a curve given by a smooth function y = f(x) on [a, b]? What
is the length of a curve? Fix a partition (x;). We think that the length of curve y = f(x) on
[Xj—1,%;] is approximately

(Ax))? + (Ayy)?,

where Ax; = xj —xj_1 and Ay; = f(xj) — f(xj_1). Hence the length of the curve on [a,b] is

> Viasrrayr=3 i (52)

j=1 j=1

approximately

which converges to
b
J V14 f/(x)2dx,
a
when y = f’(x) is continuous on [a, b].
Example 4.5.4 Let us compute the length of the curve y = x2 on [0,1]. By the formula

above, it is

Jl V14 (2x)%dx.
0
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By Example 4.3.2, it is
;E V14 (2x)%d2x = fJ V1+y2dy

= VTV +In(y + V15 42) 2

- 3(2\/5-!—111(2 +5))

Exercises

1. Sketch the region enclosed by the given curves. Decide to integrate with respect to x

ory.
(a) the region enclosed by y = 5x — x? and y = x;
(b Vx+3,y=(x+3)/2

(c
(d) y=1/x%y=x,y=x/8.

=cosx, Yy =sin2x, x =0, x =n/2;

)
)y =
)Y
)

7T/2
2. Evaluate J | sin x — cos 2x|dx.
0

3. Find the volume of the solid obtained by rotating the region bounded by the given

curves about the specified line.

(a) y=1+ =3, about y = 1;

cosx’ Y
(b) y=I|x—1/—1,y =0, about x = 0; about y = —2;
2

(c) x=y*, x =1, about x = 1.

4.6 improper integrals

4.6.1 improper integrals

The Riemann integral above is defined on a finite closed interval and is called normal integral
or proper integral. Other types of integrals are abnormal integrals, or improper integrals.
An integral is called improper if either the interval is infinite or the function goes to infinity
when x approaches to some point in the interval so that the integral can not be defined by
the normal Riemann sum.

The first type of improper integral is the integral of a function on a half line (—oo, a] or

[a, +o00).
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Definition 4.6.1 Assume that y = f(x) is a function on [a,o0) and for every u > a, f is

Jﬂo f(x)dx

a

integrable on [a,u]. The notation

denotes the improper integral. If
w
lim J f(x)dx

u—+oo )
exists, then we say that f is integrable on [a, c0), or the improper integral fzo f(x)dx exists or

converges, otherwise we say the improper integral does not exist or diverges.

Actually what we are concerned for an improper integral

Joo f(x)dx

a
is whether it converges, which is a property of f near oo and does not depend on the left

end-point a. The convergence of the improper integral

J:O f(x)dx

can be defined similarly. It is easy to see that if fzo f1(x)dx and fzo fa(x)dx converge and
c1, Co are constant, then

(o0] (o.¢]

fi1(x)dx + co J fa(x)dx.

a

j " (erf(x) + cafs (x))dx = &1 j

a a

Example 4.6.1 1. Considery=e ** forx > 0. Assume a > 0.

00 Y _e—ax Yy 1
e dx = lim e “dx = lim =—.
0 Yy—+oo Jg y—o0o a 0 a
0o —_eax 0
For saving notation, we simply write J' e “*dx = where oo on the right
0 0

refers to taking limit automatically.

2. Consider y =x* on [0,00). When a >0,

00 a+1
J xGdx = 2
0 a-+ 1

o0

= +00.
0

The improper integral does not exist. Because in this case, the function is increasing,
the area under curve on [0, 4+00) is obviously infinite. Now let’s consider a < 0. Because
the domain of y = x® is (0,00), we consider the improper integral on [1,+00). When

—1<a<0,
+o0
x4dx = = +4o00.

+oo Xa+1_1
Jl a+1

1
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When a = —1,
+oo +oo
J x ldx =Ilnx = +o00.

1

1
In either case, the improper integral diverges. When a < —1,

+o00 -1

x%dx =

o) x0.—0—1_1
,L a+1

. a4l
The improper integral exists.

3. It seems that the area under f on [a,+00) being finite will force f to go to zero at infinity.

But it is not true. Define piece-wisely a function f(x) as in the following graph

Y

o=
~
C
[N}
W=
O
R
A

The n-th triangle is formed by vertices (n,0), (n + 2,1%, 1), and (n + 2%,0). This
function is continuous and has no limit when x — +oo, but fgo f(x)dx is the sum of

areas of all triangles, which equals

L + L + L + ! +...=1
2 22 23 24 7
i.e., the improper integral converges.

In most cases, it is impossible to find the value of integral as the examples above. There are
some methods to judge if an improper integral converges or not. If f(x) > 0 for any x > a,
then fz f(x)dx is increasing as a function of u. Hence the improper integral f:oo f(x)dx

converges if and only if ﬁ: f(x)dx, as a function of u, is bounded, and in this case we write

Joo f(x)dx < oo.

a

Be careful this makes sense only when f is non-negative.
o0

Theorem 4.6.2 (comparison) If 0 < g(x) < f(x) for large x, then J f(x)dx < oo implies

a

(o]
that J g(x)dx < 0.

a
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Example 4.6.2 1. When x > 1, e < e ™, and it follows that
0 2
J e dx < oo.
0
The improper integral on (—oo, a] is defined similarly. Hence

o0 2 o0 2
J e~ dx:2j e ¥ dx < o0.
0

—00

_ Inx

2. Consider y = 7335, x > 2. We may prove that

. Inx
m — =
X—+00 \/)z

by L’Hospital’s rule. When x is large enough, Inx < v/x. Actually we may prove that

0

for any a > 0, when x is large enough, Inx < x%. Hence when x is large enough,
Inx Inx 1 __ _s
X2 = \/;( X3/2 =

and then

* Inx
J TdX<OO
2 X

Actually for any a > 0,

> Inx
2 dx < co.
2 X +a

There are other types of improper integrals. Assume that y = f(x) is continuous on [a,b)
and lim,_,p f(x) = +o00. Then the integral

Jb f(x)dx

a

is called an improper integral. It is said to converge if

lim Jy f(x)dx

y—b—Jq
exists. The improper integral of function y = f(x) which is continuous on (a, b] can be defined
similarly.

Example 4.6.3 1. We still consider y =x~%, with a >0, on (0,1].

Jl —Invy, a=1,
x Ydx = —a+1
1—y™¢
y B 1.
—a+1 "’ a7

Consider the limit when y — 0 and it is seen that fé x~%dx converges when a <1 and

diverges when a > 1. Similarly we also write

x %dx =

1 1_Xfa+1 1
JO —a—+1 0

and the right side should refer to taking limit.
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2. Consider T-function

+o00
INa):= J x4 e *dx.
0

When a > 1, the integrand is continuous on [0,00). When a < 1, the integrand is not

continuous at 0 and hence this integral has two types of improper integral: 0 and +oo0,

+o0 1 —+o00
J x4 le ™™ dx = J +J x4 le™*dx.
0 0 1

1t follows from the example above that when a > 0, the improper integral converges.

4.6.2 absolute/conditional convergence

Definition 4.6.3 If
J [f(x)|dx < oo,

a

we say the improper integral

o0
J f(x)dx
a

(o¢] (o.¢]

f(x)dx converges but J [f(x)|dx diverges, we say the improper

a

converges absolutely. If J

a
(o.¢]

integral J f(x)dx converges conditionally.

a

If J f(x)dx converges absolutely, it must converge. In fact, denote by f(x) and f~(x) the
a

positive part and negative part of f, respectively. When f(x) > 0, define f*(x) = f(x) and
f~(x) =0, and conversely when f(x) < 0, define f*(x) =0 and f~ (x) = —f(x). Then

f(x) = fH(x) — f (x), and [f(x)] = fT(x) + f (x).
If the improper integral converges absolutely, then

JOO [FH(x) +f (x)]dx < oo,

a

and it follows that both J fT(x)dx and J f~(x) converge. Hence by the property stated
a a
above

+0o0 +o0 +00
J f(x)dx = J fH(x)dx — J' f~(x)dx.
a a a

Example 4.6.4 Consider

sin x
y="=—, x>0,
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| sinx
| |dx:—l-oo.

which has right limit 1 at 0. J
0

n

dx = dx

J“” | sin x|

J’UH)“ | sin x|

it X

G+1)7
J+1 J | sin x|dx

I I\’IH Hl\’l’ M7

(j+1)m X 27

* sinx

dx converges. Let

T sinx
an = dx.

0 X

Example 4.6.5 J
0

We shall verify (an) is increasing and bounded.

2(n+1)7T _:
1. J Slnxdx>0and an .

2nm

2. (an) is bounded, since

ud 37 (2n—1)7m 2nm sinx T
an:J +J +~'+J +J dxgj
0 7T (2n—3)m (2n—-1)m X 0

where only the first integral is positive.

Hence (an) converges. When u € (2n, (2n + 2)7), since

w s 1w .
sin x sinx
J' dx —an, = J dx,
0

X onmt X

we have

X

w o
sinx

J dx —an

0

oanm X 2anm X

as U — 4o00. It follows that the improper integral exists.

(2n+42)7m | : (2n+2)m
sinx 1
gJ | ‘dxgj —-dx < — — 0,

n—1 .(j4+2)7 1 (n+1)7 1
2>2 J deZQJ —dx — +o0.
]+ G+ m X

1 fix) = sinx
X
\
7\ \_/ 27 3n TT———— 4m
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sinx

Intuitively the area under y = *2* on [0, +-00) is positive and negative alternatively. Adding
all areas in their absolute values gives infinity but adding all signed areas will give a finite

number.

Exercises

1. Find the length of the curve y =1Inx for x € [1, 2].

2. Determine whether the integral is convergent. Evaluate those that are convergent.

00 00 0
(a) J sin xdx; (b) J e *sinxdx; (c) J' xe2*dx;
0 0 —o0
2 8 2
(d) J —dx; (e) J x~V3dx; (f) J 2% Inzdz;
—2 X -1 0
1
1
—dx.
(9) J'o x(1—x)

1

3. For what values of p, does J xP Inxdx converge? If does, find the integral.
0

4. express the function f in Example 4.6.1-3 explicitly.

5. prove that if g is continuous and decreasing to 0 on [a, 0o), then the improper integral

fzo g(x) sin xdx converges.

6. Prove that the following limit exists

|
lim sin —dx.
y—0+ Jy X

4.7 analysis 3: Riemann integrability

4.7.1 uniform continuity

The limit of Riemann sum is not a usual sequence or function limit. To prove that any
continuous function on [a, b] is integrable, we need to find A first and then prove that the
Riemann sum is close to A when |P| is small. Hence we shall compare the Riemann sum on
the same partition and also on different partition. On the same partition (x;) of [a, b], choose

different points &;,m; € [xj—1,%;] and the difference of their Riemann sums is

[(f(&;) — ()] (x5 — x5—1).

n
=1

)
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Roughly, for each j, when the interval [xj_1, x;] is small enough, we would expect the difference
f(&;) — f(n;) is small enough by the continuity. However if we want to write this argument
down, we will find that this smallness has to be true for all j simultaneously when |P| is small.

This is called uniform continuity.

Definition 4.7.1 A function y = f(x) on D is called uniformly continuous, if for any ¢ > 0,
there exists 6 > 0 such that
If(x) — fly)l <e,

for any x,y € D with [x — y| < §, uniformly.

The usual continuity of f is defined for a point xg. Thus for each ¢ > 0, the 6 > 0 we found
depends also on the point xg. It may not be able to find a common 8. For example y = x2,
for given ¢ > 0, it is impossible to find & > 0 satisfying for any a € R, when |x — a| < §,

2 increases faster and faster, so that the bigger is |al, the smaller

[x2 — a?| < e, because y = x
0 has to be. The key of the definition above is that the & depends only on ¢, and suits every

point of D. It is called a uniform property.

Theorem 4.7.2 A continuous function f on a closed interval [a, b] is uniformly continuous.

Proof. Prove by contradiction. Suppose that f is not uniformly continuous. What does it
mean? There must be an ¢y > 0, for which we can not find a & as in definition, namely no

matter how small & > 0 is, there are two points x,y € [a, b] with |x —y| < §, but
If(x) — f(y)l > €o.

Then for each n € N, § is chosen to be 1/n, there are two point xn,yn € [a, b] satisfying for
any n,

[xn —yYnl < 1/n, and |f(xn) — f(yn)| > €o-
It follows from Bolzano-Weiertrass theorem that (x,, ) has a convergent subsequence xy,, — Xo.
Since [xx,, — Yk, | < 1/Kn, Yk, — Xo. Applying this to |f(xy,, — f(yx,.| > €0, we have by the
continuity of f

If(xo) — f(x0)| = €0,

which is obviously a contradiction. O

4.7.2 integrability of continuous functions

Proof. Assume that f is continuous on [0, 1] without loss of generality. For a partition P = (x;)
with |P| = max;(x; —xj—1) and any choice & € [xj_1,%;], denote the Riemann sum by R(P),
namely

R(P) = Zf(ij)(xj —Xj—1)
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which depends also on (&;). According to the definition, we need to find A satisfying that for
any € > 0, 3 8 > 0 such that
IR(P) — Al <,

whenever [P| <  and any choice of (&;).
The proof will be completed in a few steps. Students should notice where the uniform conti-

nuity is used.

1. The Riemann sum on a partition is between the upper and lower sums. In a Riemann
sum on a partition P, if f(&;) is the maximum (resp., minimum) of f on [xj_1,x;], this
Riemann sum is called the upper sum (resp., lower sum) on P, denoted by R(P) (resp.
R(P)). Though the Riemann sum depends on the choice of point (&;), it always hold
that

R(P) < R(P) < R(P).

2. Adding more points to a partition makes the upper sum smaller and the lower sum

bigger. It is obvious that when [c, d] C [a, b],

max{f(x) : x € [c, d]} < max{f(x) : x € [a, b]},
P>

min{f(x) : x € [¢, d]} > min{f(x) : x € [a, b]}.

Assume that P is a partition. Adding more points gives us a denser partition Q, Q D P.

Then the lower sum will be bigger and the upper sum will be smaller, i.e.,
R(P) <R(Q) < R(Q) <R(P).

3. To find A, take a special partition sequence: ‘cut-half’ each time

P1i0< =<1,
Py :0 < <2< <1
I

1 2 2n—1
Pn0<2—n<2—n<~~< > <1

This is a sequence of partitions getting denser and denser. The sequence (R(Py)) is

increasing and bounded and hence has a limit A. Clearly

R(Pn) < A < R(Py).
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4. The uniform continuity of f will make the difference of the upper sum and lower sum
as small as possible. For ¢ > 0, we may choose & > 0 as in the definition of uniform
continuity. Fix any partition P = (x;j) with [P| = max;(x; —xj—1) < & and any choice
& € [xj—1,%;]. Then the difference between the maximum M; and minimum m; on any

[Xj—1,%;] is no bigger than ¢, and it implies that
n
ﬁ(P) —B(P) < (M) — Tl’lj)AXj < e
j=1
Applying to Py, take n € N so that [Pn| = 5 < 5. Then by the conclusion above

R(P,) < A <R(Pn), R(P,) —R(Pn) < e.

5. Then let Qn = Py, UP which is a partition denser than P and P,. Then
R(P) <R(Qn) < R(Qn) < R(P),

R(Pn) <R(Qn) < R(Qn) < R(Pw).

Finally the interval [R(P), R(P)], which contains R(P), and [R(Py ), R(Py )], which contains
A, have length less than ¢ and have common points by the property (4.1), so that
IR(P) — A| < 2.

(4.1)

The proof is completed. O

Exercises
1. prove that if f is integrable on [a, b], then it is bounded.

2. Is the following function uniformly continuous on the given interval?

(a) y =sinx, x € R; (b) y =x? x €R; ()y=x"1 xe(0,1];
(d) y =xsinx, x € R; (e)y:azx,xE(O,n).

3. Assume that y = f(x) is uniformly continuous on (a,b) and a € R.

(a) prove that f is bounded on (a,b).

(b) prove that f(x) converges when x | a.

4. Assume f is a bounded function on [a, b] which is continuous on (a, b]. prove that f is
integrable on [a,b]. A function on [a,b] with only finite discontinuous points is called
piecewise continuous. It follows that a bounded and piecewise continuous function is

integrable.
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series and Taylor expansions

5.1 series

5.1.1 series
Let’s come back to sequences, but now we will consider their sum.

o0
Definition 5.1.1 Assume that (a,,) is a sequence. The form Z an, Z Qn, or simply Y ay,
nzl1 n=1
is called a series. The sum

n
sn:Zan:a1+a2+---+an
j=1
is also a sequence and called the partial sum sequence of (a,). If (sn) converges (to S), then we
say that the series converges (to S), i.e., if S = limy s, then we write

n

E a, = lim E aj.
n—oo

n>1 j=1
If (sn) diverges, we say the series diverges.
The series above starts from n = 1, but this is not essential, it could start from any integer,
0, 100, or even —10. Sometimes we simply write the series as >_ a,, if we do not care where it
starts. Whether a series converges does not depend on where the series starts, but the value

of the sum does. For example,

iT“:L and ) 27" =2
nzl1 n>0

Theorem 5.1.2 If }_ a,, converges, then lim,, a,, =0.

98
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The proof is simple. Since a, = s, — Sn_1, when (s,,) converges
lima, =lims, =lims,, 1 =0.
n n n

Hence we have a test for divergence.
Theorem 5.1.3 If a, does not converge to 0, then Y a, diverges.

However that a,, converges to 0 does not mean that > a, converges. For example

1
S k<o
n
which will be proven later.

Example 5.1.1 1) s l=+400, ) oy n=oc0.

n
. 1— anrl
2. By an elementary formula ZXJ = ——— we have when |x| < 1,
= 1—x
1— Xn+1 1
Z x" = lim =
= n  1—x 1—x

converges and when |x| > 1, it diverges.
The properties of series are similar to integrals.

Theorem 5.1.4 1. If 3 . an converges, and c is constant, then ) ca, = c¢) an con-

verges.

2. If 3 an and >_ b, converge, then > (a,+by) converge and > (an+bn) =3 an+) bn.

5.1.2 series with positive terms

When every an > 0, we say the series ) | an is a series with positive terms. The partial sum
of a series with positive terms is increasing, so that such a series converges if and only if the

partial sum is bounded. In this case, the convergence and divergence are written into

Zan<ooand Zanz—i-oo

respectively. Note that this makes sense only for series with positive terms.

Example 5.1.2 The series ), n—la is tmportant. It diverges obviously when a < 0. Assume

now that a > 0. For any j € N, it is clear that
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* 1 1
With this comparison, the improper integral J —dx converges if and only if Z — con-
1 xe — na
verges. Hence

1 | =400, a<l,
2 e

n < 00, a>1.

Hence the harmonic series diverges Y 7, % = 4o00. It is quite strange for many students why
cumulating these small numbers will increase to infinity. The following elementary proof, due

to Jakob Bernoulli, might be easier to explain this.

gl (L) (bt
n 2 3 4 5 6 7 8
n=1
S T C R
2 4 4 8 8 8 8
1 1 1 3
=1l+-+-+-=1+2
+2+2+2 Jr2
Next . 4
6
8 1 1 1
>— = —>=
Z 16 2’Zn 2
n=9 n=17
and generally
k
Fon
n 2k 2
n=2k—141
Then it is seen that .
2Zl>1+Lc
n 2
n=1

The example above shows that the series and improper integrals are related as indicated in

the theorem below.

Theorem 5.1.5 (integral test) When y = f(x) is continuous, positive and decreasing on [1, co),

(o]
J f(x)dx < oo if and only if Z f(n) < oo.
1 n>1
The comparison test is a powerful tool for series with positive terms.
Theorem 5.1.6 (comparison test) Assume that a,, > 0, by > 0.
1. If an < by, for n large enough, then that >~ b, converges implies that }_ a, converges, or

that > a,, diverges implies that }_ by, diverges.
2. If limy, an /by =c >0, then }_ by, converges if and only if >~ a;,, converges.

To use comparison, we need to have some suitable series to compare, either compare (<) to

a convergent series, or compare (=) to a divergent series.
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1
Example 5.1.3 1. Consider Z 2—: It converges if and only if a > 1. When a <
n

Inn

1
= 2 —- Whena>1, wewrite a=1+b withb >0 and
n n

Inn 1 Inn 1
na  qpltb/2  b/2 < ni+b/2’

because when n large, Inn < n®/2.

2. Let b >0, a>1. Consider a,

o We may write

_on® 1 _ ]
S Yadtyat T yat
when M is large enough, since lim, n®/\/a’"™ = 0. This implies that Y_ a, converges.

3. Take any x > 0 and consider

an

T
>
n>0

n

X
Because lim — =0 and
n n!

X 1 x2.xn—2

1
M onm—1 m—2! “am-1)

X .
for m large enough, E — converges. We now use the limit
n!
n>0

X\
lim (1 + —) =e*
n n
to find the value of series. By Newton’s binomial expansion,

n

(1_1_%)“:270 m—1)---(n—j+1)

H nj—1
=
= x™
< E o < -
j! n!
i=0 n>0

For any fixed integer X, when n >k,

(1+x>“:ixi(n—1)-~(n—j+l)

= j! ni—1
K s .
S Y n—1)---(m—j+1)
= . ]| njfl .
j=0

101
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Hence

XTL
e = E —_—.
n!

n=0

5.1.3 absolute/conditional convergence
Similar to the improper integral, there are also absolute convergence and conditional conver-
gence in series.

Definition 5.1.7 Given a series )_ ay.
1. If Y lan| < oo, we say >_ a, converges absolutely.
2. If > |an| = o0 but Y_ an converges, we say >_ a, converges conditionally.

For any n, if an > 0, define a}f = an, a; = 0, otherwise define a;; = 0, a;;, = —an. The
sequence (a;7) and (a;;) are two non-negative sequences called the positive part and negative

part of (a,) respectively. Clearly

+

an =al —a,, lan =a +a;,.

It is obvious that when ) |an| < oo, both Y_ a;f and >~ a;; converges so that ) a, converges

too.

Theorem 5.1.8 If > ay, converges conditionally, then both positive part >_ a;. and negative
part > a;, diverge.

The reason is that one of them converges implies both converge and then ) |an| < oo, since
lan| = 2a — an, lan| = —2a;, + an.

We knew that the improper integral

converges conditionally. Actually

is a series, which converges conditionally.

Exercises

1. Prove that if }_an and >_ b, converge, then Y (a, + by) converges. Give a counter-

example to show that the inverse is not true.
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2. Express the number as a series and then a fraction.
(a) 0.2=0.22222---;
(b) 3.01214 = 3.01214214214 - - - ;
(¢) 0.a7 - an, a cyclic expression.
3. Determine whether the series is divergent or convergent.
(2) Lns V2
(b) Zn>1 In 221%?
(C) Zn)l(el/n _ el/(n+1)).

4. If the partial sum s, of Zn>1 an is

find a, and Zn>1 an.
5. Let N
1
Sn = Z .
j=1)

Prove that e*» > 1 4+ n which implies that lim s, = +o0.

5.2 regroup and rearrangement

5.2.1 alternating series

There are not so many effective tests as for series with positive terms to tell if a general series
converges. For example, the comparison test does not work in general. The idea which proves
that the improper integral above converges can be used to prove the following theorem for

alternating series, a very special kind.

Theorem 5.2.1 (alternating series test) If (an) is monotone and converges to 0, then the

Y (-Dtan

n

alternating series

converges.

Proof. Assume that a,, decreases to 0. The partial sum s, := Z;l:o(—l)j aj. The subsequence

(san—1) can be written into

Son—1 = (ap—ai) + (az—as)+---+ (azn_2 — azn—1)

Son—1 = 0o — (a1 —az) —- -+ — (A2an—3 — A2n—2) — A2n—1 < dg.
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It is seen that it is increasing and bounded. Hence (son,_1) converges. Since for any n,
Son — Son—1 = Q2n,

(son) converges and

lim Son = lim Son—1-
n n
Then lim s, exists. O

Example 5.2.1 The alternating harmonic series

converges conditionally.

5.2.2 regroup of series

Given a series Zn>1 an. We may take a subsequence (k) of N and regroup the series
(a1 + @)+ (@1 + @)+ =) by
n
where the sum of the n-th group
bhn=ax, ;1 4+ -+ax,n=1,

and the number of terms k,, — kn_1 is the length of this group. The series )} by, is called a
regroup of the series ) a,,. Grouping a series may change the convergence. For example, the

series ) (—1)™ diverges but its regroup
1-D+0-=-1)+---

converges. However the partial sum of a regroup series is a subsequence of the original series

and hence we have the following theorem.

Theorem 5.2.2 If ) a, converges, then any regroup ) . by converges.

The example ) | (—1)™ shows that the inverse is not true. But it is true by adding a condition.
Theorem 5.2.3 If } | b, converges and one additional condition is satisfied

kn

hTILn Z la;] =0,

j=kn-—1+1

then ) . an converges.
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In fact, we need to verify that the partial sum (sn) converges. We know that a sequence sy,
converges. For any n, there exists m such that

km—1 <n < Kn,

and
kn

Isn— Skl < D gyl

j=kn_1+1
When n — oo, m — oo and hence

lims, =lims .
noon m Km—1

5.2.3 rearrangement of series
For addition the commutative law holds a + b = b + a. In general for a finite sum
X1+ X2+ +Xn

the commutative law tells us that the sum does not depend on the order of summation A
series is an infinite sum, in which case, we may not be able to change the order of summation.
Changing the order of summation is called a rearrangement.

Take the alternating harmonic series, and denote its sum as a

and regroup it

a:Z(2n11_21n>' (5.2)

Clearly a > 0. Multiplying the series (5.1) by 1/2,

(
a (_1)71—1
7= > o (5.3)

n>1

Add (5.2) and (5.3) together we have

3a 1 1 (—pn!
2_Z<2n—1 m o )

nzl
This gives
3a_1+1 1+1+1 1+1+1 1+
2 3 2 5 7 4 9 11 6 '

The series on the left side is a rearrangement of the series (5.1): every term in the alternating

harmonic series appears in this series only once. This rearragement gives a different sum.

Exercises
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1. Assume that )} | (an—byn) converges. Prove that ) a, converges if and only if } | by

converges.
(-
2. Does Z converge?
n>1
3. Consider the series
(—1)vnl

>
n>1

We shall prove it converges in the following steps.

(a) Write down the first 20 terms of the series.

(b) Regroup the series according to the integer part of v/ into an alternating series

Zn>1 (—1)™b,, where b,, > 0, and write down b, explicitly.

(c) prove (by) decreases and converges to zero. Hint:

1 n+1 1 d 1
) < N X < e
—1)vnl
(d) Prove that Theorem 5.2.3 and then Z % converges.
n>1

5.3 analysis 4: rearrangement of series and upper limit

5.3.1 Riemann rearrangement theorem

What is a rearrangement? Roughly, it is to sum the same sequence with a different order.
Precisely a rearrangement is a rearrangement of N, or a one-to-one correspondence o : N — N.

This induces a rearrangement of a sequence
a;,d2,0as, - ,0n, - ? Qg(1), Ae(2): Ag(3)s" " s Ag(n), """ -

Any a,, appears in the right side once and only once. Then the series )} ay(n) is called a

re-arrangement of the series ) a,. The following is the Riemann’s rearrangement theorem.

Theorem 5.3.1 (Riemann) Given a series >_ a,.

1. If Y~ an converges absolutely, then any re-arrangement converges to the same sum

Z ag(n) = Z an.

2. If >~ an converges conditionally, then for any S € R, there exists a re-arrangement o such

that ) ag(n) converges to S. This is true when |S| = oo.
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The proof of 1: Let s, = Y i~

i1 @n, and s =3 ag(5). We need to prove that

lims! =S
n n

where S = lims,,. Since ) a, converges absolutely, i.e., Z]oil lan| = L, for any ¢ > 0, IN
such that

D lojl=L- Z\a)\<£

j>N

Then when n > N, [sy — S| < . We may find N’ such that
{1,2--- N} c{o(1),0(2),---,0(N")L
Actually N’ =max{j: 1 < o(j) < N}. Whenn > N’ set A, ={0(j):1<j<n}and
Bn =An\{1,2--- ,N}C{jeN:j>N}L

Then
N
nsnl= Z =2 9| =12 o<} lal<} la
EAn j=1 jEBn JEBn i>N
and

s, = SI < Isp — snl+Isn—SI< ) oyl +Isn — S| < 2e.
i>N
The proof of 2: We shall give a rough idea. Students who are interested should learn to write

the proof down carefully. Assume that ) , an converges conditionally. We shall separate

(an) into two parts: the non-negative pool

A+ :{aklaak27"'a akna"'},

and the negative pool

A~ :{ajlva]'w'”? a].n’...}.

We know that )  ax, =4ooand ) , aj, = —o0, but a, goes to 0.

Assume that S > 0. We start to take out numbers one by one in order from the pool A™*
and add together until the sum is bigger than S. Then we take out numbers one by one in
order from the pool A~ and add to decrease the sum until the sum is smaller than S. Going
on this way recursively and we will empty both pools and obtain a rearrangement. The last
number we take from the pool each time changes the sum from < to >, or from > to <, and
is called a crossing number. The rearrangement series has the sum S, because the difference
between the partial sum of the rearrangement and S is no bigger than the crossing number

(this statement should be justified carefully), which goes to 0.
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5.3.2 the upper limit

In this section, we shall introduce the notion of upper limits, which will be used to give a

criterion that a series converges. Given a sequence (x,, ), we may define for any n

Yn = sup{xk : k = n} = sup{Xn, Xni1,Xny2, -,

which is simply called the tail superimum sequence. If (xy,) is bounded above, then (yn) is a

decreasing sequence, otherwise y, = +oo for any n.

Definition 5.3.2 If the tail superimum sequence (yn) converges, we say that its limit is the

upper limit of (x) and denoted by lim x..

When (x,,) is not bounded above, we would say that the upper limit of (x;;) is +00, and when
Xn goes to —oo, Yn goes to —oo and we would say the upper limit of (x5, ) is —co.Though the
limit of a sequence may not exist, the upper limit always exists, but may not be finite. The

following theorem is intuitive and useful.

Theorem 5.3.3 Assume that lim x,, = L. Then for any & > 0, there are only finite many x,,

bigger than L + ¢, or x,, < L + ¢ for large n, but there are infinitely many x,, bigger than L —¢.

Proof. Since limy,, =L, 9N, such that for n > N,
L—¢<yn=sup{xn,Xns1,Xn +2,---}<L+e.

The right < tells us that x, < L+ ¢ when n > N. The left < tells us that for any n > N,
there exists k > n such that xi > L — ¢. Therefore there are infinitely many x,, bigger than
L—e. O

Assume lim x,, = L. From this theorem it follows that there is a subsequence of (x,,) which
converges to L. Actually any point which is the limit of some subsequence of (xy,) is called
a limit point of (xn) and the upper limit is the biggest limit point, the least upper bound of
limit points, of (x,,). Similarly we may define the lower limit of (x,) to be the limit of the
tail infimum sequence

lim x = liminf{xy : k > n},
n
which is the least limit point of (xn).
Example 5.3.1 1. The sequence xn, = 1/ has one limit point {0} and the upper limit is
the same as limit.
2. xn =n(—=1)". The upper limit is +oo and lower limit is —oo.

—1)n

3. xp =nl! . The upper limit is +00 and lower limit is 0.
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4. For the sequence x, = (—1)™(n + 1)/n, the set of limit points is {—1,1} and the upper
limat is 1.

5. The sequence X, =N has no limit point. Both the upper limit and lower limit are +o00.

6. We said that every real number may be approximated by a sequence of rational numbers.

The set of rational numbers can be listed as a sequence (xn). How? This means that

the set of limit points of this sequence is R.

5.3.3 root test and ratio test

For a general series Y a,,, we also have test for absolute convergence. The following theorem

is called the root test.
Theorem 5.3.4 (root test) Assume that the root limit lim %/|a,| =T (could be +00). When

r <1, ) ap converges absolutely. When v > 1, >_ a,, diverges.

Proof. If r < 1, then, by the theorem above, when n is large enough,

" 147
\/Ian|<T:s<1.

Hence |an| < s™, for large n, and it follows that )} a, converges absolutely. If v > 1, then,

by the theorem above, we take ¢ = r — 1, there are infinitely many n such that

Vian| >r—e=1.

Hence for those n, |an| > 1 and then by Theorem 5.1.2, 3 a, diverges, because a,, does not

converges to 0. O

When r = 1, it fails to give a definite answer. Here is an example. When a,, = n™¢ with
a >0, Ya, converges to 1. However > a, may converge and diverge. That’s why we say it
tells nothing when r = 1.

The following theorem gives ratio test. The ratio limit is easier to get sometimes.

a
Theorem 5.3.5 (ratio test) If a, # 0 for any n and the ratio limit lim "L exists, then
an
a
lim V/|an| = lim bl o
an

Proof. Assume that the ratio limit is r. For any v > ¢ > 0, AN such that when n > N,

a a
| “H‘—r <e, orr—5<| LA
lan| lan|
Now for n > N,
anl = la HaN+1HaN+ﬂ lan
nl — N

lan| lansil  lan—al’
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and

lanl(r— &)™ N < lan| < lan](r+ &)™ N,

Then
Vianl(r— &) N < Van] < Vanl(r + )N
Let n — +o0 now. Since ayn is a constant, {/an — 1 and we obtain
f—8<11111n W<r+s.
Since ¢ is arbitrarily small, lim ‘Q/m =T. O

It is seen from this theorem whenever the ratio limit exists, the root limit also exists and hence
the ratio test is not as powerful as the root test. However the ratio test is more convenient

sometimes.

Exercises
. e T Wn 1
1. Find the upper limit lim ,,(—1) _—
n+1
2. Find an example where
lim (an + byn) # lim a, + lim by,

i.e., the upper limit is not additive.

3. Determine whether the series diverges or converges.

3n 4 om 41
(@) ) s

mn 4n
0) Y
(c) D 270,
@Y o

n

5.4 power series

Example 5.4.1 1. an =n*™. Then

Vel = (V)| — [xl.

When x| <1, Y an converges. When |x| > 1, it diverges.
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2n+10\"
2. Z <n—|—> . It is better to use the root test,
— \3n+20

K2n+10>“]1/“ MmM+10 2
— <1

- - 5 —
3n + 20 3n +20 3
and hence the series converges. In this case, it is obvious that the root test is more

convenient.

|
3. an = . Then
n
vnl
Va, = —.
n

It is difficult to get this limit. In this case the ratio test is more convenient

any _ (04 1)! n"_( n )“%1
n+1

an m+ 1)t nl e’

Hence the series Y_ an converges and we have limit

lim — =e L.
n

The strategy to tell whether a series ) | an converges:
1. a, — 07 if not, diverges.

2. whether or not )_|an| converges? Comparison to known series, root test, ratio test. It

is hard to say which is better.
3. If > |an| converges, stop.

4. If 3 |an| = oo, whether or not >_ a, converges? If it is an alternating series, we have

a test.

5. None of above, we need to solve it by other methods.

5.4.1 power series

A linear combination of 1,x,x2,--- ,x™,

ag + arx + agx® 4+ - 4 apx™

is called a polynomial in x. Some function can be written into an infinite sum of power

functions

1

I 24 ... n= n

T S LEx A X > X",
n=0
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They can be approximated by polynomials. This is particularly useful in engineering com-
putation. For example, to approximate the Euler’s number e, it is much easier to use the

series

than to use limit

Definition 5.4.1 A series

Z (ln(X - a)n

n=0
is called a power series centered at x or about a. If a =0, it is called a power series. The number

an is the coefficient of (x — a)™ for n > 0.

Usually we need only to study power series and the conclusions are similar for power series

centered at a. If x is viewed as a variable, then the power series is a function of x

fx) =) anlx—a
n>0
when the series converges. In this case the function f is called the sum function of the series.
However we are more interested in the other way around, namely expanding a given function

into a power series.

5.4.2 radius of convergence

We prove a key theorem.

Theorem 5.4.2 If xg # 0 and ) anx{ converges, then for any |x| < |xo|, }_ anx™ converges

absolutely.
Proof. Since ) anx{ converges, lim a,x{’ = 0. Hence

" X\ x| \™
lanx™ =lanxgl | — ) < | ] ,
Ixol Ixol

when n is large enough, and by the comparison theorem Y an,x™ converges absolutely when

[x|/Ixo| < 1. O

Then the following theorem is obvious.

Theorem 5.4.3 There are three cases for a power series Zn>0 an(x —a)™.
1. The series converges only at x = a.

2. The series converges for all x € R.
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3. There exists a positive number R such that the series converges when |x — a] < R and

diverges when |[x — a| > R.

Definition 5.4.4 The number 0 < R < 400 above is called the radius of convergence of the
power series. The set
{xeR: Z an(x—a)™ converges}

is an interval, called the interval of convergence or the field of convergence.

Actually

R =sup{lx — a| : Z an(x —a)™ converges}.
n=0

This tells us only the existence of R. How to get the value of R? By the root test, the series

converges when
lim V]an(x —a)" =|x —al - lim ¥|an| <1,
and diverges when the upper limit > 1. Hence we have
1

R=—rn——
lim %/|an|

which is equal to lim a, /an,1, if it exists, The radius R is 0 or co when the upper limit is
oo or 0. When 0 < R < oo, the convergence of the power series at two points {a — R, a + R},

where the root test fails, are to be determined by other approaches.
Example 5.4.2 After obtaining the radius of convergence, we need to see the convergence
when x = —R and x = R and obtain the interval of convergence.

1. Y x™. R =1 and the interval of convergence is (—1,1).

2. > % R =1 and the interval of convergence is [—1,1).

3.y ;‘1—2 R =1 and the interval of convergence is [—1,1].

AN
m+1)!

R = lim
n!

=lim(n+1) = 4oo.
5. Y _nIx™. R =0 and the series converges only at x = 0.

Note when |x — a] < R, the power series converges absolutely but when [x — a] = R, it may

converge conditionally, as shown in the example above.
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5.4.3 power series expansion

A power series Zn>0 an(x—a)™ can be seen as a function with the domain being the interval

of convergence.

Definition 5.4.5 Assume that y = f(x) defined on a neighborhood of a. If
fx) =) an(x—a)" (5.4)
n=0
for any x in a neighborhood of a, then we say that f has a power series expansion or can be

expanded into a power series centered at a.

Be careful! In the definition above, (5.4) should hold in an open interval containing a.
Actually a neighborhood of a or near a means that an interval (a — 6, a + 8) for some & > 0.
If f has a power series expansion centered at a, then it is necessary that the power series must
have a positive radius of convergence. It is known that
1 x™
an:77 [x| <1, and Z—:e", x € R.
1—x n!
n>0 n>0
Hence y = i and y = e* have a power series expansion centered at 0. We may use these

two expansions to get other expansions.

Example 5.4.3 1. Assume that a # 0.

1 1 1 1
=— Z x"/am™.
a

a—x al—x/a
n>0

The radius of convergence is R = |a].

2. When a = 0, % 18 not continuous at x = 0. Can it be expanded into a power series
centered at 02 The answer is no and we shall prove it later. But it can be expanded
into a power series about ¢ # 0,

1 1 1 1 1« (=) (x—c)"
y

— =

X ctx—c) cl—(—(x—c)/c) T4

3. Consider the following expansion
1
S )
n=0 n>0

where aon =1 and asny1 =0. Hence lim ¥/an| =1 but lim,, ¥/|an| does not exist.

How to expand the functions such as y = sinx, y = Inx, y = /x and other elementary

functions? We need more techniques.

Exercises
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1. Determine whether the series converges. If it does, does it converge absolutely or con-

ditionally?
sinm
(a) Z T2
n>1
sin(n7/2)
(b) Y P
n>1
() D_(1—1/m™.
nx1

2. Prove that for any b € R, the power series Y . anx™ and ), a,n®x™ have the same
radius of convergence. Give an example where they have different intervals of conver-

gence.

3. Find the radius of convergence of the series

Ll 1\ .
D (Tt )X

n
4. Expand y = < into a power series about x = 9.

5. Analyze the product of two power series )  anx™ and ) , byx™ to obtain a method
X

about x = 0.

to expand the function y = T

5.5 Taylor expansions

5.5.1 term-by-term differentiation and integration

The following theorem looks intuitive but hard to prove. We will skip the proof now.

Theorem 5.5.1 Assume that

0= anlx—a)"

n=0

for [x — al < R where R > 0 is the radius of convergence.

1. term-by-term differentiation: for [x — a| < R,

f'(x) = Z nan(x —a)™ L.

n=0

2. term-by-term integration: for [x —a| < R,

| ray = ¥ S

a n>0
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The radii of convergence of both power series above are R.

1

Because (an(x —a)™) =nan(x —a)™* and

* ng, _ 9n n+1
an(y —a)tdy = (x—a)™,

a

the formulae above can be written more intuitively into

1. term-by-term differentiation

D anx—a)t| =) (an(x—a)")".

n=0 n=0

2. term-by-term integration

JX 2 anly—atdy=) JX an(y —a)™dy.

A n>o0 n>ova

From these two formulae, we will obtain more power series expansions.

Example 5.5.1 We start from the well-known power series expansion

1
EZZXn, |X|<1

n=0

1. term-by-term differentiation: for |x| <1,

n>0 n=0

1 1
TEE :Z(n—i—l)nx“ :Z(n—I—Z)(n—i—l)x“.

n>0 n>0
2. term-by-term integration

ey [yay-y X
—ln(l—x):J ——dy = J ydy = .
Ol_y >0 0 n>0n+1

In the examples above, we know that each expansion holds for [x] < 1 but we do not know
whether the equality holds when |x| = 1 even if the power series converges there. In the 2nd
example above, the right side converges at x = —1. Hence it is natural to conjecture a very
beautiful result for the exact value of the alternating harmonic series

In2=-— Z (—Tll)“ = Z (_13:_17

n>1 n>1

which we shall prove later.
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5.5.2 Taylor expansions
Given a function f, there are two questions: when and where can f be expanded into a power
series at a? The following theorem gives a necessary condition and the uniqueness.
Theorem 5.5.2 |If f has a power series expansion centered at a
fx) =) anlx—a)",
n=0
then f is infinitely differentiable in a neighborhood of a and

£(n) (a)
n!

an = , n=0.

The coefficients in the power series are determined by f and this implies that the power series

is unique.

Proof. It is obvious f(a) = ag by setting x = a above. Because the series has positive radius

of convergence, we can take derivative term-by-term
f'(x) = a; + 2as(x —a) + 3asg(x —a)? + - - -,

and hence f’'(a) = a;. Do it again and we obtain f”(a) = 2as. Finally we have the formula

above. O

Definition 5.5.3 When y = f(x) is infinitely differentiable at a, the power series

n=0
is well-defined and called the Taylor series or expansion of f about a. It is also known as MacLaurin

series or expansion when a = 0.

The theorem above tells us that if f can be expanded into a power series, the series must
be its Taylor series. Unfortunately the condition that f is infinitely differentiable does not

guarantee that f can be expanded.

Example 5.5.2 (Cauchy’s example published in 1822) assume that

e, x#0,

0, x = 0.

Then f is infinitely differentiable on R and, in particular, for anymn >0, (™ (0) = 0. In fact,
when x # 0,

2 2 2 (4
f/(X) :efx 257 f”(X) :efx 2 (6>’ fl//(x) —

x6 x4
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It can be verified by induction that

2

fM(x) = e “gn(1/x),

where gn 15 a polynomial, and

%) (0) =t T )= HI0)

x—0 X

=0.

Hence the Taylor series of f is 0, namely a, =0 for allm, and f does not have a power series

expansion by the definition.

We now want to know that for what x, f and its Taylor expansion coincide

n=0

Note that two sides are two functions, i.e., f, defined on its domain, and its Taylor expansion
which is defined on the interval of convergence. For example, we know In(1 — x) has power

series expansion
n+1

ln(l—x):—Zz_’_l::—Z%a

n=0 n>1

for x| < 1, but we do not know if it holds at x = —1.
Let

n>0

if and only if the remainder R, (x) — 0 as n — +oo. Fortunately the remainder can be

expressed in terms of f.

5.5.3 the expression of the remainder

The following theorem is an integral expression of the remainder, which is called the integral

remainder.

Theorem 5.5.4 Assume that y = f(x) is differentiable in any order (infinitely differentiable)
on a neighborhood U of a. For any n > 0 and x € U,

Rn(x) = — jxf(““)(y)(x—y)“dy.
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Proof. For simplicity, assume a = 0. Then for x > 0, by the integration by parts formula,

f(x)—f(a):j f’(y)dy:fj F(y)d(x —y)

a a

=—f'"(y)(x —y)

+J (x—y)f'(y)dy

a

— ()(x —a) +J £(y)(x —y)dy, n = 1;

a
X

— f(@)(x—a) — ;J £ (y)d(x —y)’

a

=f'(a)(x—a)+ % <—fu(9)(x_y)2

+J(x—y)2f’”(y)dy)
’ 1 " 2 1 * " 2
:f(a)(X*(l)+§f (a)(x —a) +§J f"(y)(x —y)°dy, n=2.

a

Similarly we can prove the formula for any n. O

For other expressions of the remainder Ry, (x), we need to prepare a theorem, which is called

the integral mean-value theorem.

Theorem 5.5.5 If y = f(x) is continuous on [a, b], then there exists & € (a,b) such that

b
flE) = Jf(x)dx.

b—al,

More generally if g is a positive continuous function on [a, b], then there exists & € (a,b) such

that
b

b
f(a)J g(x)dx=J f(x)g(x)dx.

a a
Proof. The first result is a special case of the second, when g = 1. However the second result

is an easy consequence of the intermediate value theorem of continuous functions because

< fz f(x)g(x)dx

m < 5 <M
Jog(x)dx

where m, M are the minimum and maximum of f on [a, b]. O

Carefully looking, the second formula holds when g is either positive identically or negative
identically between a,b for even a > b.
Applying the integral mean-value theorem directly gives

(x —a)(x — {1 ()

Rn(x) = T

)
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where £ is between a and x. This expression of the remainder is called the Cauchy remainder.

By the generalized integral mean-value theorem, there exists & between a and x such that

R (x) = %J f D (y) (x —y) " dy

1 X
— L © [ vy
1
_ (n+ 1)'1:(11—0—1)(&)()(_ a)n—b—l'

This expression of the remainder is called the Lagrange remainder, which is more commonly
used than others. Notice that & in either expression depends on x and also on n.

Recall that the Taylor expansion holds

whenever lim, R, (x) = 0.

Exercises

1. Find the power series expansion for y = arctanx about x = 0 by its derivative

1
(arctanx)/ = 1—"_7
2. Define

w, x>—1,x#0,
y =
1,x=0.
Prove that this function is infinitely differentiable at x = 0 and find (™ (0) for any

n>l.
3. Find the power series of y = x~2 about x = 1.

4. Find Taylor remainder Ry about the given point.

eX
= =0
(@) y 1—x’ x

(b) y =e*sinx, x =0.

5. Assume that
e ™7 x#0,

0, x =0.
(a) Prove that f is infinitely differentiable at x =0 and f(™)(0) = 0.

(b) Explain why f does not have a power series expansion by the definition.
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5.6 function sequences

Example 5.6.1 We consider some functions as examples.

1
1. f = .
() 1—x
remainder s

n!
fM(x) = m Its Taylor series is Zn>0 x™ and its Lagrange

1 X1 x \" _
Rn(x)zml)!(n—i_l)l(lE)“”:(IE) (1—¢&)"

Actually it is easy to prove that R, (x) converges to 0 when x € (—1,1/2) but not so
easy for x € [1/2,1). On the other hand, its Cauchy remainder is

1 (n+1)!
AT

six— g =+ -7 (325)

where & is between 0 and x. It is not hard to prove that R, (x) converges to 0 when

x € (—1,1), because in this case

From this example, we know that the different remainder expressions have different

applications.

A remark is necessary for why we need to require

[x — &
[1—¢&

< x|

here. When x € (—1,1), and & is between 0,x, it is obvious that |’1< — ? < 1, but this is

x—&N\"
(1£> —0

because & depends not only on x but also onn. For example 1 —1/n <1 but (1—1/n)™

not enough to have

does not converge to zero.

x™ x™
2. f(x) = e*. f") = e and its Taylor series is E —. When does e* = E — 7 Iis
n! n!
n=0 n=0
Lagrange remainder is

1
Rn (X) = meaxn,

where & is between 0,x. Since |&| < |x|, we have

1
Rn(x)] < me'x'IX\“

which converges to 0 for any x € R.
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3. f(x) = sinx. Y = (=1)"sinx, f*1) = (—1)"cosx. Hence for any n and x,

[t (x)] < M and we have Taylor expansion

XB X5 (_l)nx2n+1
SIHX:X*§+5+"'+W
Similarly
x=1o XX EU
CcOS — —_— J— o e — cee
2 4l (2n)!

5.6.1 exchange of limit and integral

We shall now prove the term-by-term integration and differentiation formula and discuss
whether the Taylor expansion holds at the end points of its interval of convergence.

The partial sum S, (x) of a power series is a function sequence, i.e., for any n, S, (x) is a
function on D. We shall discuss when the following exchange between lim,, and fz is true

b b
J lim S, (x)dx = limJ Sn(x)dx,

a a

and the exchange between the limit and differentiation.
Assume that {f,,(x)} is a function sequence on D. If for any x € D, f,,(x) converges and
the limit is denoted by f(x), which is a function on D, we say the function sequence f (x)

converges to f(x) pointwise on D, denoted by f,, — f pointwise on D.

Example 5.6.2 1. Assume that f,,(x) =x™, D =[0,1], Then f,, converges pointwise on
D to the function

0, 0<x<1,
f(x) =

x=1.

Clearly fn, is continuous, but f is not continuous at x = 1.

2. Define

Then fy, converges to 0 on [0,1] and

1
J (n+1)x"dx = 1.
0

Hence )

lim Jl fn(x)dx # L f(x)dx.

0
This example shows that the pointwise limit of a sequence of continuous functions is not

continuous and the pointwise limit does not commute with the integral. Hence we need a

stronger convergence.
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5.6.2 uniform convergence

Assume that f, — f pointwise on D, i.e., for any x € D and ¢ > 0, IN such that when
n >N,
[fn(x) —f(x)| < €.

The integer N we found depends on ¢ but also on x. We need a convergence where N does
not depend on x € D.
Definition 5.6.1 Assume that {f,,} is a function sequence and f a function on D. We say that
fn. converges to f uniformly on D if for any € > 0, there exists N such that when n > N, it holds
that

Ifn(x) —f(x)| < e

for all x € D uniformly.

Exercises
1. Using the formula
. J X dy
arcsinx = | ———
0 v/1—y?

to derive Taylor expansion for y = arcsinx.

2. Assume that

fo(x) =vx2+1/n, x € R.

Find the pointwise limit f of f,, and determine whether it converges uniformly. Observe

if f, and f are differentiable.

3. Find the Taylor series of the following functions and prove that f equals its Taylor series

on (—1,1).

(a) f(x) = (1 —x)"?, where a > 0;
(b) f(x) = (1—x*)"1/2;

(¢) f(x) = arcsinx.

4. Let fr(x) = (sin(1/x))™, x > 0. Ask where the pointwise limit of f,, exists.
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5.7 analysis 5: uniform convergence

Theorem 5.7.1 If {f,,} is a sequence of continuous functions on [a,b] and converges to f
uniformly on [a, b], then f is continuous on [a, b] and

b b
limJ fa(x)dx :J f(x)dx.
n

a a

Proof. By the uniform convergence, for any ¢ > 0, IN such that
fn(x) —f(x)| < e

holds for n > N and all x € [a, b]. Since fy is continuous on [a, b], it is uniformly continuous,
i.e., 38 > 0 such that
fnix) —fn(y)l < e

for all x,y € [a, b] with [x —y| < §. Now for such x,y,
If(x) = fly)l < IF0x) — I3[+ I () — Iy |+ I (y) = fly)l < 3e.

Hence f is continuous on [a, b].

Now when n > N,

b
< J [fn(x) — f(x)|dx < e(b—a).

a

Jb fn(x)dx — Jb f(x)dx

a a

That completes the proof. O

Theorem 5.7.2 Assume that f,, is a function sequence smooth on (a,b). If (f,,) converges
pointwise to f on (a,b) and its derivative (f},) is a sequence of continuous function which con-

verges uniformly to g on (a,b), then f is smooth on (a,b) and
f'(x) = g(x), x € (a,b).

Proof. Take any point a < u <y < b, by the theorem above, we have

Y y
fuly) —ful(u) = J fr(x)dx — J g(x)dx.
It implies that
Yy
fly) — 1w = | glxlax
and then f’(x) = g(x) for any x € (a,b). O

The conclusion can be written into

(liinfn(x))’ =limf] (x), x € (a,b).

n
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Hence we say that the limit and derivative commute under this condition.

Consider two function sequences in the previous example. They are not uniformly convergent
because their limits are not continuous. But they both converge uniformly on [0, a] when
a < 1, because

0<(M+1)x" < (n+1)a™,

and the right side does not depend on x. It is obvious that if
fr(x) — f(x)| < an

for all x € D and lim,, a,, = 0, then f;; converges to f uniformly on D.

5.7.1 uniform convergence of power series

A power series Zn>0 anx™ is a particular type of function sequence
n
fo(x) = Z ax), n > 0.
j=0
When f,, converges uniformly, we say the power series converges uniformly. Since
n . 1‘*Xn+1
X =—-
,Z 1—x
j=0
the series > x™ converges pointwise on (—1,1) and not uniformly converges, but uniformly
converges on [—a, a] when a < 1.
Theorem 5.7.3 Assume that its radius of convergence is R > 0. Then for any r € (0, R), the

series converges uniformly on [—, 7]

Proof. We may assume that

f(x) = Z anx™, x € (—R,R).

n>0

Then ) a,t™ converges absolutely and for [x| < T,

() — fn ()l = | )_ | < Y _lanlrl™ — 0.

ji>n ji>n
Hence f,, converges uniformly to f on [—r,1]. O
a
Since term-by-term differentiation Y na,x™ ! and integration Z ﬁx““ have the same
n

radius of convergence R, we can apply the theorems above to prove Theorem 5.5.1 directly.
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5.7.2 Abel’s theorem and Leibniz series

Let’s prove the value of the alternating harmonic series
(_1)11—1
In2= _—
>
n>1

It suffices to show that the power series
n+1

ln(l—x):—Zn_'_l::_Zi

n=0 n>1

converges uniformly on [—1,0]. This is a consequence of Abel’s theorem.

Theorem 5.7.4 (Abel) If 3 -, an converges, then
Y
n=0
converges uniformly on [0, 1].
Write f,(x) = Z?:O a;%). By the assumption, f,,(x) converges pointwise on [0,1] to a func-
tion, denoted by f(x). Set the remainder A,, = Y §_, ax, n > 1. Since ) an, converges,

there exists N such that when n > N,

€
Anl < 7
Write aj = Aj — Aj11. Since x € [0,1], 1 > %) > %! and we have for n > N
[f(x) x)| = Z apd [ ={ D (Aj = Aj)¥
jizn

= | ‘rH—l X"+ (Ant1— An+2)Xn+1 + (An+2 — An+3)xn+2 + ..
= |Anxn _ An+1(xn _ xn+1) _ An+2 (Xn+1 _ Xn+2) . |

AR + 1A (¢ =XM1 A o] (KM = x™F2) 4

€ €
< §XTL 4 5[(Xn _Xn+1) + (Xn+1 _Xn+2) 4. ]
€ €
<zts=
This proves the uniform convergence. Hence f(x) = >_ anx™ is continuous on [0, 1], and

Example 5.7.1
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The series above converges at x =1 and then by Abel’s theorem

T o111
4 3 5 7

The formula above is called Leibniz formula and the series on the right is called Leibniz series.

Exercises
1. Let
0, x € (1/n,1],
fn(x) =
n[l—2nx—1J], xe€[0,1/n].
(a) sketch the graph of f;,
(b) Is fr(x) continuous on [0, 1]7

)
)
(c¢) Prove that f,(x) — 0 for any x € [0, 1].
(d) Evaluate

E fo(x)dx.

(e) whether does it hold that

1
1imJ fo(x)dx = Jlim fn(x)dx?
n 0 n

(f) Does fy converge uniformly? Why?

2. Prove that if
[fn(x) —f(x)[ < an

for all x € D and lim,, a,, = 0, then f,; converges to f uniformly on D.



Chapter 6

Multi-variate calculus

We now start Calculus of multi-variate functions or functions with several variables. This
is natural because in real world, a variable usually depends on many other variables. In
mathematics, the basic analysis tools will be similar: limit, continuity, differentiation and
integration. We shall go over the whole theory briefly in the remaining lectures, and not stick
to the mathematical rigor which is harder to follow in multi-dimensional case. In this course,

we shall only focus on partial derivatives and multiple integrals with their applications.

6.1 functions and graphs

6.1.1 Euclidean distance on R™

Before talking about multivariate functions, we introduce multi-dimensional space. We know
that there is a natural coordinate system on the plane. Any point on the plane is denoted by
its coordinate (x,y) and conversely any ordered pair (x,y) determines a point on the plane

uniquely. This gives the notion of product space. The plane is usually written into
{(x,y) :x,y € R} =R x R =R2,
which is the product space of R and R. When A C R, B C R, the product
AxB={(x,y):xeA,yeB}
is a subset of R?, which is conventionally called a rectangle with sides A and B. Similarly
R™ ={(x1,%2, - ,xn) 1% € R, 1 <j <}
which is called n-dimensional space.

128
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An interval on R means a subset of the points between two points a,b with the boundaries
included or excluded. It is easy to define and understand. But a region D on R? is not so easy
to define. Roughly a region is a subset of R? surrounded by a few closed continuous curves,
with the curves excluded. These curves are called the boundary of the region. The set with
the region and its boundary together is called a closed region. A region is called bounded if it
is contained in a disk. Be careful, these sentences are not really a definition because a closed
continuous curve has not precisely defined.

We shall introduce some concepts briefly.

» distance: there is a natural distance on R™ called Euclidean distance which is the

straight line distance

d(P,Q) = v(x1 —x2)% + (Y1 —y2)?,

where P = (x1,Y1), Q = (x2,Y2) are two points in R%2. When n = 1, d(x,y) = [y — x/.
The key property of distance is the triangular inequality, for any three points P, Q,R €
R2?,

d(P,Q) < d(P,R) +d(R, Q).

This means that the distance is the shortest distance.

» neighborhood: given a point Py = (x0,yo) € R?, the ball centered at P with radius
T > 0 is the set
{P=(x,y) € R?:d(P,Py) <}

which is also called an r-neighborhood of Py. Hence a neighborhood of P is a disk

centered at P.

» limit: a sequence of points (P,,) C R? is said to converge to P, denoted by P,, — P or
lim, P, = P, if for any ¢ > 0, there exists N, such that d(P,,,P) < ¢ for any n > N.
A sequence of points (P,) C R? is said to converge if there exists P € R? such that
lim P,, = P.

Theorem 6.1.1 If (P,,) converges, then the limit is unique.

Proof. Suppose (Py) has two different limit P # Q. Then for any & > 0, there exists N,
when n > N, d(P,,P) < € and d(Pn, Q) < €. Then by the triangular inequality

0 < d(P,Q) < d(Pn,P) + d(Pn, Q) < 2.

This is a contradiction because the right side could be arbitrarily small. O
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Assume that A C R2.
» A point P is an interior point of A, if some neighborhood of P is contained in A.

» A point P € R? is a limit point of A, if any neighborhood of P contains infinitely many
points of A. The set of all limit points of A is denoted by A’.

» If any point of A is an interior point, then we say A is open. The set of all interior
points of A is denoted by A°.

» If A contains all limit point of A, then we say A is closed.

» The set AU A’ is closed and is called the closure of A, denoted by A.
Actually P is a limit point of A as long as any neighborhood of it contains at least one point
in A other than P.

Theorem 6.1.2 Assume that A C R2. Then A is open if and only if A =R?\ A is closed.

Given A C R2. All points on R? are classified into 3 kinds:

1. A°: the interior of A;

2. (A€)° = (A)¢: the interior of A€, which is called the exterior of A;
3. 0A = A\ A°, which is called the boundary of A.

Example 6.1.1 1. Let B ={(x,y) : x2 +y? < 1}. Then B is open but not closed because
any boundary point of B is limit point not in B. Moreover B° =B, B ={(x,y) : x>+y? <
1} and the boundary of B, 0B, is the unit circle.

2. The set A =B U{(0,1)} is not open nor closed.
3. If A is the set of all points with rational components, then A° = (), A = R? and the

boundary 0A = R2.

In this lecture notes we refer a region to an open set and a closed region to the closure of a

region in the sequel. In n-dimensional space, Bolzano-Weierstrass theorem is also true.
Theorem 6.1.3 A bounded sequence of points (P ) in R? has a convergent subsequence.

It is easy to prove the theorems in this section.

6.1.2 functions and graphs

The function y = f(x), x € D C R, is called a function of one variable. In the real world,

there are many functions with more variables. For example, s = vt, the distance depends
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simultaneously on both the velocity v and the time t, and v = \/x2 + y2 + z2, the distance of
a point in space (x,y, z) from the origin.
We shall start a function with two independent variables. The functions with more variables

are similar and called multivariate functions.

Definition 6.1.4 A function f with the domain D C R? is a mapping
f:D—R,

which is called a function with two variables. We denote such a function by z = f(x,y), (x,y) € D,
where x,y are independent variables and z is dependent variable.

Similarly the letters x,y,z in z = f(x,y) are chosen to indicate how f maps and they can be
replaced by any other letters.

Actually an elementary function of two variables is also obtained by a finite times of four
operations and compositions of elementary functions of x and of y. Every elementary function

has its natural domain.

Example 6.1.2 1. f(x,y) =x+ye~.
2. f(x,y) = ¥ In(x +y)

3. f(x,y) =1 —x2—y?

4. f(x,y) =sin(x +y)
Xy
x2 +y?
The graph of a function y = f(x), x € D C R with one variable is the set of points (x, f(x)),

5. flx,y) =

x € D, on xy-coordinate system. The graph of a function z = f(x,y), (x,y) € D with
two variables is the set of points (x,y,f(x,y)), (x,y) € D, on xyz-coordinate system, a

3-dimensional space and it is usually a surface.
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When x = xq is fixed, it is a function of y, z = f(xp,y). When y = yo is fixed, it is a function
of x. The curves on the surface in the graphs above are such functions, which are obtained
by the intersection of the surface and the plane x = x¢ and y = yo. It is not easy but still
possible to draw the graph of a surface on 3-dim space by hand but there are any softwares
now which can be used to do this. However it is impossible to draw the graph of a function
with more variables. The following functions are commonly used and their graphs would

better be remembered.

Example 6.1.3 1. A bowlz = x>+ y>.

2. A ball z = +/12 —x2 —y?2, the upper half.

3. A hyperboloid of one sheet z = +/x? +y? + a, the upper half, a < 0.

4. A cone z=1+/x?+y? + a, the upper half, a = 0.
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5. A hyperboloid of two sheets z = \/x? +y? + a, the upper half, a > 0.

6. A saddle surface z=xy

7. z =sinxsiny.

Exercises

1. Prove that a set A is open if and only if A€ is closed.

2. Let A C R?. Prove that the set of limit points A’ is closed.
3. Let A C B ¢ R%. Prove that if B is closed, then A C B.

4. Prove that A = {(x,y) : x> +y2 < 1} is closed.

5. Prove that (A¢)° = (A)°.

6. Prove that a bounded sequence of points (P,,) in R? has a convergent subsequence.
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6.2 limit and derivatives

6.2.1 function limit

A S-neighborhood of (xg,yg) is the disk centered at (xq,yo) and with radius &

{06y) 1 (x —x0)? + (y —yo)? < &7},

A neighborhood is a &-neighborhood for some & > 0. We can define the function limit
similarly.

Definition 6.2.1 Assume that a function z = f(x,y) on D and (a,b) is a limit point of D,
not may not be in D. We say that f converges to L as (x,y) — (a,b), denoted by

lim f(x,y) =1,
(x,y)—(a,b) b y)

if for any ¢ > 0, 35 > 0, such that
|f(XaU) - L‘ <€

whenever

0<+v(x—a)2+(y—>b)2<dand (x,y) € D.

Intuitively no matter how small ¢ > 0 is, we can find a small & > 0, such that
fix,y) e (L—¢,L+¢)

when (x,y) € D is in d-neighborhood of (a,b) without the center.

Example 6.2.1 z =xy.

lim xy = ab.
(x;y)—(a,b)

Because the limit is a local property, we may consider a neighborhood of (a,b), say (x —a)?+
(y—1b)2 < 1. Then |x| < 1+|a| and ly| < 1+ |bl. Now we need to find & > 0 so that
Ixy —ab| < e, when 0 < (x — a)? + (y — b)? < §2. By the inequality

[xy — abl < fxy — xb| + [xb — ab| < Kliy — b| + blix — d
< (1+4a))6 +bld = (1+ |al + |b])s,

we know that it is enough to have (1 + |a] + [b])6 < «.

As long as we have defined function limit, we will have the generic properties of limit: the
uniqueness of limit, the comparison theorem and sandwich theorem, four operations of limit.
Assume that y = g(x) is a function and limy_, 4 g(x) = b. When x goes to a, (x, g(x)) goes

to (a,b). In this case we say that (x,y) goes to (a,b) along with the curve y = g(x). The
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function f(x, g(x)) is a composite function and it is a function of x. We have the following
theorem which states the relation between limit of two variable functions and one variable

functions.

Theorem 6.2.2 |If

lim  f(x,y) =1L,
(x,y)—(a,b) b y)

then
lim f(x, g(x)) =L.

X—a

Intuitively the function f(x,y) has limit L whenever (x,y) goes to (a,b) along with any curve

y =g(x),

Xy
x2 + y2 :
limit when (x,y) — (0,0). Take a function y = kx. Clearly the value of f on this curve is

Example 6.2.2 f(x,y) = The function is not defined at (0,0). Let’s consider its

xkx ok
x2+ (kx)2  14+k2’

f(x,kx) =

Of course the limit is also k/(1 4+ k2). It is not constant. Hence by theorem above, f diverges

when (x,y) goes to (0,0).
The definition of continuity is similar to one-variable case.

Definition 6.2.3 A function z = f(x,y), defined on D, is said to be continuous at (a,b) € D
if

lim f(x,y) = f(a,b).
o (x,y) = f(a,b)

A function z = f(x,y) is continuous on D if it is continuous at every point of D.

Similarly any elementary function has its natural domain and it is continuous at any point

in its natural domain.

6.2.2  partial derivatives

Taking derivative of a two-variable function with respect to one variable is called partial
derivative. Precisely, assume that z = f(x,y) is a function on a region D. Fix y, z is a
function of x, which is a function of one variable. Then we may take derivative, which is the

partial derivative with respect to x, denoted by

of 8z,
aX’ ax7 xX? X

The partial derivative with respect to y is defined similarly. Hence partial derivatives are not

different from derivatives.

Example 6.2.3 1. z=xy. z;, =Y, z;, = X.
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2. z=x*+y?, 2z} =2x, z;, = 2y.

3. z= domain x* +y? # 0.

2+y2}

z_ oy 2y Hy?) -2y ylyt )
x 21y 9Ty 24y @iy

The partial derivative of z = f(x,y) is also a function of x and y and we may take partial

derivative again, called the 2nd order partial derivatives. Taking partial derivative of the

partial derivative %7 we have
0 0z 0 0z
axox’ M By ox
and they are denoted by

SZ‘ — 2/ =" and afgx —y
Similarly we would have other two partial derivatives
9%z — 7, and o’z _ v "
axay yx ayz Zyy = Tyy-
Totally we have four 2nd-order partial derivatives, and then eight 3rd-order partial derivatives.
Example 6.2.4 1. z=x%y2. z, = 3x*Y?, z/ = 2x°y.
Z—j; = 6xy2, afaic = XQy, E;Z; = 6x2y, g;z = 2x3.
2. z= 2+y2, domain x* +y? # 0.
0z y 2x yx2+y?) -2ty ylyr—x?
x 2+ e ry?r T e4y?)z . (CryRe

2z x(x*—y?)
oy  (x2+y?2)?’

%z —2xy(x* +y?)® —yly® —x*)20* +y*)2x oy 3y? —x?
ox2 (XQ _|_y2)4 - y(xz +y2)3
%z (3y? —xH)(x? +y?)? —y(y? —x?)2(x? + y?)2y
dyox (x? +y?)*
_ By = x)(? +y*) — P (y® —x?)
(x* +y?)?
Gy —xt vy
T 2 ry2)p
322 _ 6y2x2 — x* —y*
oxdy (x2 +y2)3
2 2 _ .2
02 gy XY
dy2 (x2 +y2)
Theorem 6.2.4 (Clairaut) For z = f(x,y), we have
%z 0%z

oxdy  Jyox’
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6.2.3 chain rule

When taking partial derivatives, the four operations still work, but the chain rule looks
different.

Assume that z = f(x,y) and x = x(t), y = y(t). Then by composition, z is a function of t. Let
us see how to take derivative of z against t. This is just a particular example of composition

of multi-variate functions but all other cases are essentially the same,

,_dz_dzdx dzdy

273t T oxdt | oy at
=f-x' +f, -y,
where x' =x'(t), y' =y’(1).
Roughly
f(x(t+h),y(t+h)) — f(x(t), y(t))
h
_ fix(t+h),y(t+h)) — f(x(t),y(t + hJ) . f(x(t),y(t+h)) —f(x(t),y(t))
h h ’

and it is seen that the first is to take derivative of f against t with y fixed nd the second is
to take derivative of f against t with x fixed. This is exactly the formula above by using the

chain rule for functions with one-variable.

Example 6.2.5 1. z=e*siny, x = s + 12, y = s2 +t. The formula can surely be used
to compute the following derivatives. For example to take derivative of z against s we

may treat x,y as functions of s and use chain rule above

0
a—z:e"siny~1+excosy-QS:eX(siny+25cosy).
s

aZ X o1 X X s

x-°© siny - 2t + e* cosy - 1 = e*(2tsiny + cosy).

The students may verify this by writing z into a function of s, t
z=eSsin(s? + 1)
and then taking partial derivative directly.

2. The function z = f(x(t),y(t)) is the function z = f(x,y) over the curve x = x(t),y =
y(t). Then the following derivative
_de_ordx ofdy
dt oxdt dydt
=f X' +f, -y,

z'(t)
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is the derivative of the function f along with the curve x = x(t),y = y(t). When the

curve is a straight line x = at,y = bt, the derivative above is called the directional
dz

derivative i afy +bfy. The second-order derivative is more complicated and will

not be required. It is written below because it will be used later in a proof. Applying the

product rule and chain rule, we have

2"(1) = (f - Xt + (fy -y
4

= (fix X H 10 -y ) X X (X 1,y -y ey

= - (X)) 260 Xy fy - () X+ Y,

where all derivatives x',x", y,y” are taken against t.

6.2.4 differentiation*
Though differentiation is an important notion, it will not be used in this course. Hence the
students may skip this part. Assume that f is defined on an open set D and (xg,yg) € D.

Definition 6.2.5 It is said that f is differentiable at (xg,yo) if there are A, B € R such that

f(x,y) — f(x0,Y0) — A(x —x0) — B(y —yo)
T

converges to 0 as T = /(x —x0)2 + (y —yYo)? goes to zero.

It is important to know the relationship among three key notions: continuity, partial deriva-
tive, and differentiability. If f is differentiable at (xq,yo), then f is continuous at (xg,yo) and
its partial derivatives at (xg,yo) must exist, because we may set x —xg =h — 0 and y = yq
to prove that

of

e —A
dx (X07y0) ’

for example. However that the partial derivatives of f at (xg,yg) exist can not guarantee that
f is differentiable. The reason is that the differentiability of f characterizes the property of
f around (xg,yo) while the partial derivatives of f characterizes only the property of f along

with two lines x = xg and y = yg around (xg,Yo).

Example 6.2.6 Let

1, otherwise.

Clearly f has the partial derivatives at (0,0), but f is discontinuous, hence not differentiable

at (0,0).
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Exercises
4 2
1 Find  lim  — 9 if exists,
(x,y)—(0,0) X* + Yy
4xy?
2. Show that lim % does not exist.
(x,y)—(0,0) X* +y

3. Let f(x,y) = xcosy +ye*. Find fQX,ny,fgy7f]}yx.
4. Assume that the equation F(x,y) = 0 determines an implicit function y = f(x). Using

the chain rule to prove the implicit function derivative formula

F/

! X
Y =—o
x F{J

6.3 extremum of multi-variate functions

6.3.1 local min/max
Assume that z = f(x, y) is a function on D and (a, b) is an interior point of D, i.e., D contains
a neighborhood of (a,b).

Definition 6.3.1 We say that f reaches a local maximum (resp., minimum) at (a,b) if there

exists & > 0 such that when (x —a)? + (y — b)? < &2,
f(a,b) = (resp., <)f(x,y).

Such a point (a,b) is called a local extremum (maximum or minimum) point of f.

Obviously if f reaches the local extremum at (a, b), then x — f(x, b) reaches a local extremum
at x = a and y — f(a,y) reaches a local extremum at y = b. Similar to one-variable case,

we have the following theorem, which follows from Fermat’s theorem.

Theorem 6.3.2 |If f reaches a local maximum or minimum at (a, b), where f has both partial
derivatives, then

fila,b) =f}(a,b) =0.

A point (a,b) where f/(a,b) = f; (a,b) =0 is called a critical point of f. A local extremum

point of f must be a critical point, but a critical point may not be a local extremum point.

Example 6.3.1 Refer to the graphs in Example 6.1.3.
1. The surface z = x? +y? is a bowl. (0,0) is a critical point and a local minimum point.

2. The surface z = xy is a saddle surface. (0,0) is a critical point but not a local extremum

point.
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How to tell if a critical point of f is a local extremum point? In one-variable case, the
monotonicity of the derivative near critical point a tells the answer, which is actually related
to the sign of the 2nd order derivative. If f”(a) > 0, then f”(x) > 0 near a, and f’(x)
increases near a. It implies that f reaches a local minimum at a. The same reason tells that
if f”(a) < 0, f reaches a local maximum at a. But when f”(a) = 0, it tells no conclusion.
However in two-variable case, we have another useful indicator: the Hessian

0%z 922 22z \?
H(x,y) = oy (axay) = Uy — (Fy)%

For example,
1. z =x2 + y? reaches local min at (0,0) and
H(0,0) =2-2—0=4, 2" (0,0) = 2.
2. z = —x? —y? reaches local max at (0,0) and
H(0,0) =2-2—0=4, 2/ (0,0) = —2.
3. z =xy has a saddle at (0,0), and
H(0,0) =0 —1 = —1.

Theorem 6.3.3 Assume that f has 2nd-order partial derivatives and P = (a,b) is a critical

point. If

> 0, P is a local minimum point,

>0

< 0, Pis a local maximum point,
(a,b)

H(a,b) ox2

< 0, Pis NOT a local extremum point, say a saddle,

=0, nothing to tell.

We give a rough explanation. Assume that a =b = 0 without loss of generality. Let (xo, yo)
be in the §-neighborhood of (0,0) and y = kx the line connecting (xg,yo) and (0,0). Its
parametrization equation is x = t,y = kt where kxy = yg. Then we consider the function
z = f(t,kt) and compare f(xg,yo) = f(xg, kxo) and f(0,0). Write h(t) = f(t, kt). We shall
see if h reaches local extremum at t = 0. By the formula in Example 6.3.1-2 of the previous

section, we have

h'(t) = f§ +kfy,

h(x) = £ + 2kt + K*fy
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since x’ =1,y =k and x” =y” = 0. Hence h’'(0) = 0 and
h"(0) = £, (0,0) + 2kf7, (0,0) + k*f]/, (0,0).

This is a quadratic function of k with the discriminant being the negative Hessian —H(0, 0).
If H(0,0) > 0, the quadratic function will not change its sign, either h”/(0) > 0 for any k € R
when f{, (0,0) > 0, or h"”(0) < 0 for any k € R when f;/ (0,0) < 0. In the former case, h
reaches local minimum at 0 and f(xg,ye) > f(0,0), i.e., f reaches local minimum at (0,0). In
the latter case, f reaches local maximum at (0, 0).

If H(0,0) < 0, then h”(0) will be positive for some k and negative for some other k. This
implies that the function z = f(x, kx) reaches local minimum at x = 0 for some k and local

maximum at x = 0 for other k. Hence (0,0) is a saddle point of f.

Example 6.3.2 1. Consider z = sinxsiny. Due to periodic property, it is enough to
restrict to the square 0 < x,y < 27. Refer to the graph in Ezample 6.1.3-7. z] =

cosxsiny and z; =sinxcosy. Then the set of critical points is

{(x,y) s 2y =2y =0} ={(x,y) : sinx =siny = 0} U{(x,y) : cosx = cosy = O}
. . . s b
={(17,j270) 1 j1 = 0, 1;j2 = 0, U {(ka7t + 5,k27T+ 5) k1 =0,1;ky = 0,1}

. . [/ 3 : [/ 3 : " __
Totally 8 points. Since zy, = —sinxsiny, z,, = —sinxsiny, and z;, = cosxcosy, we
have

H(x,y) = sin® xsin®y — cos® x cos® y
and then

H(j]T[,jQT[) = _1a

T s
H(k17'[+ §7k27'f+ 5) =1.

Hence (j1m,jom) is not a local extremum point and (k17 + 71/2, ke + 7/2) is a local
extremum point. When k1 + ko is even, it is a local mazimum point. When ki + Ko is

odd, it is a local minimum point. All phenomena can be seen from the graph.

2. z=x"+y' —dxy. Then z| = 4x* —4y = 0 and z] = 4y® — 4x = 0 give 3 solutions:
x=y=0,x=y=1and x =y =—1. The 2nd order partial derivatives

"o 2 "o "o 2
Zyx = 12x%, 2y = —4, z,,y = 12y~

Then the Hessian H(x,y) = 144x%y? — 16. It is seen that H(0,0) = —16, H(1,1) =
H(—1,—1) = 128. Hence the function reaches local minimum atx =y =1andx =y =

—1. The point (0,0) is not a local extremum.
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3. The functions z = x*y? and z = x*y2. Clearly (0,0) is a critical point and the Hessian
H(0,0) is 0 for both. But (0,0) is a local minimum point for the 1st function and is

NOT a local extremum point for the 2nd one.

6.3.2 global max/min

A continuous function on a closed interval [a, b] reaches the global maximum and minimum.

We have a similar result on R™. The proof is similar too.

Theorem 6.3.4 A continuous function f on a bounded closed region of R™ reaches the global

maximum and minimum.

How to find the global max/min for a continuous function on a closed region? The method
is similar to one-dimensional case. Assume that f is a continuous function on a bounded
closed region D C R2. If f reaches a global extremum at point (xg,yo) of D, then either

(x0,Yo) € D°, in this case when f has partial derivatives at (xo, o),

fx(x0,Y0) = f},(x0,Y0) =0

or (xp,Yo) € 0D. The interior points with partial derivative zero or where f has no partial
derivatives are called critical points. Hence the global max/min will be reached among critical
points and boundary points. The boundary of a closed region is usually (not always) a
continuous curve. Finding the global max/min is a problem for a continuous function on a
closed interval.

Therefore the strategy to find global extremum is to find critical points and extremum points
on boundary where only the function may reach max/min and then to compare the function
values on these points. In particular, it is not necessary to distinguish whether a critical point
is a local extremum point. The following two examples will explain step by step how to find

the global max/min.

Example 6.3.3 Find maz/min for f(x,y) = x> —y? —xy on the triangle D determined by
(0,0), (0,2) and (3,0).

1. find critical points inside: to find critical points, f, =2x—y =0 and f;; = -2y —x = 0.

The solution is (0,0) which is on the boundary. There is no critical point inside.

2. find the maz/min on boundary: Consider f on the boundary. We shall consider three
sides respectively. Their boundaries are points (0,0), (0,2), (3,0) at which the function
values are 0,—4,9 respectively. Then we should find the critical points of f on each side

of the triangle.
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» on the line connecting (0,0) and (0,2), i.e., f(0,y) = —y?, 0 <y < 2. The critical
point is y = 0 which is (0,0) on the boundary.
» on the line connecting (0,0) and (3,0), i.e., f(x,0) = x2, 0 < x < 3. No critical
points when x € (0,3).
» On the line connecting (0,2) and (3,0), y =2 —2x/3, x € [0,3] and the function
18
f(x,2—2x/3) =x% — (2—2x/3)?> —x(2 —2x/3), x € [0, 3].

Its derivative is

22 2
2x +8(1 —x/3)/3 — 2+ 4x/3 = gx-l— 3

and there is no critical point in [0, 3].

3. comparing the values: we meed only to compare the function values at three points

(0,0),(0,2),(3,0) and see that its mazximum is 6 reached at (3,0) and its minimum

is —4 reached at (0,2) .
Example 6.3.4 Find maz/min for f(x,y) = 2x> +y* on x* +y2 < 1.

1. find critical points inside the region: the only critical point is (0,0) and the function

value is 0.

2. find mazx/min on boundary: The boundary of the domain is a unit circle: y? = 1 — x>
for x € [—1,1], which should be separated into two pieces. But here the values of f on

both pieces are the same
gx) =2+ (1—x?)? =23 + 122 +x*, x e [-1,1].

Now
g'(x) = 6x% —4dx +4x3 = 2x(2x — 1)(x + 2)

and the critical points in [—1,1] are 0 and 1/2. The maz and min of g are 2, -2, reached

onx =1 and —1.

3. Compare the value at the critical point inside and the max/min on the boundary: it is

seen that the global max/min of f on the region are 2/ — 2.

Exercises

1. Find all critical points and determine what they are.
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(a) fO,y) =x"+y° + 3xy;
(b) f(x,y) =x3 —y? — 2xy;
(c) flx,y) =x>+y%+3x* — 3y?%
(d) flx,y) =dxy —x' —y*
)

(e) f(x

_ 1
T x2+4y2-1-°

2. Find the global extremum of f(x,y) = 4x — 8xy + 2y

(a) on the triangle bounded by x =0,y =0 and x +y = 1;

(b) on the region bounded by the curves y +x = 2 and y = x2.

3. Find two numbers a < b such that
b
J (6 —x —x?)dx
a

has its largest value.

6.4 multiple integrals

6.4.1 volume of solid under surface

The graph of a function z = f(x,y) on a region D is a surface over D. It is natural to form a
solid by all vertical segments [0, f(x,y)] for any (x,y) € D. The volume of this solid is called
the volume under the surface on D.

Assume that the region D is bounded, say D C [a, b] x[c, d]. Cut [a,b] by a partition (xj : 1 <
j <n)and [c,d] by a partition (yx : 1 < k < m). If the small rectangle [xj_1,%;] X Yi—1, Yk,
named 1(j, k), is entirely in D, we say the rectangle r(j, k) is good, and bad otherwise. Denote
the length of sides Ax; = x; —xj_1 and Ayx = yx — yx—1. If the rectangle r(j, k) is good,
we choose any point (&;,1x) from it, i.e., & € [xj_1,%;] and Nk € [Yx—1,Yx]. Intuitively the
Riemann sum

D> (& me)Ax Ay,

j,k:r(j,k)good
where f(&;,n1)Ax;Ayy is the volume of cylinder with base r(j,k) and height f(&;, 1), ap-

proximates the volume under the surface z = f(x,y) on D.
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Similar to one-variable function, we have the following definition.

Definition 6.4.1 (Riemann) Assume that y = f(x,y) is a function defined on a region D.
We say that the volume under surface f exists or f is integrable, if there exists V € R such that
for any € > 0, there exists & > 0, such that for any partition (x; : 1 < j < n) on x-axis and
(yk : 1 < k < m) with

max(xj —Xj—1) < 9, mgX(Uk —Yk-1) <9
j

and any choice &; € [xj_1,%;], Nx € [Yx—1, Y] it holds that

> (g, m)AGAYk — V| <.
j,k:r(j,k)good
In this case, V is called the volume under surface or more precisely the (definite) integral, or

Riemann integral, of f, called the integrand, over D, called the integral region, denoted by

JJ f(x,y)dxdy, or simply JJ fdxdy, JJ f.
D D D

The integral above is simply called the double integral or multiple integral (even for the
functions of more variables). Intuitively when the partition goes to 0, the union of good
rectangles goes to D and AA;y goes to dxdy. That’s why the Riemann sum goes to the
integral f(x,y)dxdy. Obviously when D has no interior points, there is no good rectangles
in Riemann sum and the integral on D must be zero. The following properties are easy to

verify by using the definition.

1. If f is non-negative on D, then the Riemann sum is non-negative and

JJ f(x,y)dxdy > 0.
D

2. UJD f(x,y)dxdy‘ < JJD If(x,y)ldxdy.
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3. Assume that f, g are integrable and a, b are real numbers.

JJD(af(X,y) +bg(x,y))dxdy = aJJD f(x,y)dxdy +bJJD g(x,y)dxdy.

4. If D = Dy U D3 where Dy, D3 have no common interior points, then
JJ f(x,y)dxdy :JJ f(x,y)dxdy—&-JJ' f(x,y)dxdy.
D D, Do

Though the definition of integral is clear, it is not realistic to compute the integral with
Riemann sum. How do we compute the double integral? We shall briefly introduce two
methods: the iterated integral formula and change of variables.

It is the very base for a multiple integral to understand the integral region properly. In one-
variable case, it is not a problem because the region is an interval, but in multi-variable case,
it really is. There are many way to express the region D. One way is to say it is bounded by
some curves, for example D is bounded by y = x and y = x2. Another way is to express by
some inequalities, for example D: 0 <y < x < 1. Sometimes it is difficult to understand and

sketch the region correctly.

6.4.2 iterated integrals

One approach is to turn a double integral into an iterated integral, i.e., to integrate f(x,y)
against x and then integrate against y or other way around.

Let’s consider a very special case where the region
D =[a,b] x [c,d] ={(x,y) : x € [a,b],y € [c, dl},

i.e., D is a rectangle obtained by the product of interval [a, b] and [c, d]. In this case all small

rectangles [xj_1,%;j] X [Yx,Yyx—1] are good and the Riemann sum is

Zf(a]’,ﬂk)Aj,k = Z <Z (&5, M) (Yx —Uk1)> (x5 —%j-1).
ik

j k

The sum inside converges to

d
J f(&,y)dy

c

and the Riemann sum converges to

We have a formula
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The right side is called an iterated integral, to integrate f against y first then against x next.
d

When we integrate f against y, x is treated as a constant, and after integrating, J f(x,y)dy
C
is a function of x, which will be integrated against x. Similarly we may integrate against x

d /b
JJ f(x,y)dxdy :J <J f(x,y)dx) dy.
[a,b]x[c,d] c a

This formula makes us apply Newton-Leibniz formula.

1
J xe™Y dy) dx
0

y=1 1
dx = J (e* —1)dx
0

first then vy,

Example 6.4.1

1
JJ xe¥dxdy == J (
[0,11x[0,1] 0
1
[
0

= (e* —x)

y=0

—

=e—1—(1-0)=e—2.
0

Moreover if f(x,y) = f1(x)f2(y), then we have

JJ[a,b]x[c,d] PLb)fa(y)dxdy = J': (

= Jb i (x)dx - Jd fa(y)dy.

a c

d
J fl(x)fz(y)dy) dx

Cc

In this special case, the double integral is the product of two one-variable integrals.

In most cases, the region D is not a rectangle, but can be written into

where y = c¢(x) and y = d(x) are two function curves. Such a region is called a rectangle

with curved y-sides.

y =d(x)

region D

D: bounded by y =c(x),y =d(x),x=aand x =D

Of course D may also be written into

D: a(y) <x<bly), c<y <d
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Similarly this region is called a rectangle with curved x-sides. In either case, we say that D
is a rectangle with curved sides. More generally D may be cut into finite pieces of rectangle
with curved sides.

Now assume that D is as in the first case,
D: c(x) <y<dx), a<x<b.

Look at the Riemann sum, choose &; = x; and 1y = yx and then we have

Z f(xjayk)AAj,k:Z Z (x5, Y ) Ayx | Ax;j.

j,k:good j c(xj)<yr<d(x;)

The Riemann sum is composed by two sums: the sum inside and sum outside. The sum

inside is a Riemann sum which converges to

d(x)
J f(x,y)dy

c(x)

which is a function of x, and the sum out side is also a Riemann sum which converges to the

b d(x)
J J f(x,y)dy | dx.
a c(x)

This is only an rough idea of the following theorem and the rigorous proof is difficult.

integral

Theorem 6.4.2 If D ={(x,y) : c(x) <y < d(x), a <x < b, then integrate y first from curve

y = c(x) to curve y = d(x) and then x from a to b,

f(x,y)dxdy = ’ d(X)f(x,y)dy dx.
D a \Je(x)

The iterated integral can also be written into

b d(x)
J dXJ f(x,y)dy.

a c(x)

If D={(x,y):aly) <x<b(y), c <y < d, then integrate x first and then y

f(x,y)dxdy = ‘ b(y)f(x,y)dx dy.
D ¢ \Jaty

The Iterated integral formula is to integrate in different order. In most cases, the order makes
no difference, but in some cases, the order does make difference.

What is the integral inside the iterated integral, i.e.,

Al) =J f(x,y)dy?
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This is the area of the section of the solid under surface cut by the plane at x perpendicular
to x-axis. From this point-view, this theorem is exactly the same as Theorem 4.5.2, which

says that the volume of a solid is obtained by integrating the areas of parallel sections

b
V= J A(x)dx.
a
Example 6.4.2 1. The volume of a solid under saddle surface z = xy on a region D
surrounded by lines x = 0,y = 0 and x +y = 1. The region can be written into

0<y<1—x,0<x< 1. Then we use the iterated integral formula

1 1—x 1 y2
JJ xydxdy :J xdxj ydy :J xdx=—
D 0 0 0 2 o

1 2 1
:J x(l x) dX:EJ (x — 2x2 +x3)dx
0 2 2 Jo

1—x

1
(x2/2 —2x3/3 +x*/4)

0

(1/2—2/3+1/4) = i

2. How to compute the volume of the unit ball by integration? The equation of unit sphere
is x> +y%? + 22 = 1 and the upper part is a function z = \/1 —x2 —y2. Hence the
one-eighth of it is

JJ V1 —x2 —y2dxdy
D

where D is a quarter of unit disk

By the iterated integral formula

1
JJ V1 —x2 —y2dxdy :J dx
D

0

V1—x2—y2dy

Jm

0

1 Visx? y 2 y
= \/1—x2de 1—<) dy, setu=—"—,
Jo 0 V1—x2 Y V1—x2
1 1
:J (1—x2)de v1—u2du
0 0
2 1 '"21 1 =&
— 2. Z(arcsi Vi—w)| =2.2. 22
3 2(arca1nu+u u)o 3536

The volume of the unit ball is 8 - /6 = 47/3.

3. To integrate ffD xydxdy where D is the region surrounded by two circles

(x—12+y’=1and x>+ (y—1)% =1,
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we need to make clear how to express the region D. We draw two circles on plane and
see that D is formed by two curves: the lower half of x*> + (y — 1)2 = 1 and the upper
half of (x —1)2 +y%2 =1, i.e.,

1 I—(x—1)2 1 Y2 1—(x—1)2
JJ xydxdy :J xdxj ydy :J xdx =
D 0 VI xE41 0 2| i

1
J xdx [(1 —(x—1)%) — (—V/1—x2+ 1)2}
Jlx(2x— 24241 —x2)dx

0
= (x2 —x—i—xﬂ)dx

N = N

4. Usually it is not important which order to take, integrating x first ory first, but some-

JJ e dxdy
D

where D: 0 <y < x < a, we can integrate y first

@ x 2 a 2 1 2
J de e “dy =J xe “dx=—-e*
0 0 0 2

times it is. To integrate

L 1/2(1— e 9%).
0

But integrating x first can not solve the problem because we can not find the primitive

function of e ",
Exercises
1. Sketch the region and evaluate the integral.
(a) J xsinydxdy, where D: 0 <y <x < m;
D

.
3y®e*Ydxdy, where D is bounded by the curves y> =x, x =0 and y = 1;
Jo

D
-

(c) J (y — 2x?)dxdy, where D is region bounded by the curve x| + [y| < 1;

(y—2x?)dxdy, where D is region bounded by the curves x+y = 2 and y = x.
Jo
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1
e ——dxdy.
( ) J’Jogxgyglx vV Xy b

2. Sketch the region and reverse the order of iterated integral

2 4—y?
J dy J ydx.
0 0

3. Sketch the region and evaluate the following integrals. Reverse the order if necessary.
1 1—x
(a) J xdxj Vydy.
0 0
(b) J dy J Slzxdx.

0 0

6.5 change of variables

6.5.1 change of variables

The iterated integral formula is very powerful to double integrals, because we then can apply
the Newton-Leibniz formula. We now introduce another important integral technique, change
of variable in multiple integrals, which may make double integral easier or make it possible
when the iterated formula fails.

In the case of one-variable integral, a change of variable x = g(u) gives

1 b
L f(x)dx = j flgw)g’ (w)du,

where g is differentiable on [a, b], strictly increasing, and 0 = g(a) and 1 = g(b). What does

this mean? It can be seen from Riemann sum that given a partition (x;) on [0,1],
D 1) —x-1) =Y flg(wj-1))(9(w) — glwj1)),
j j
where x; = g(uy) for any j. When the partition is small,
g(uy) —u(uj—1) ~ ¢'(wj—1) (w4 —uj_1) ~ g'(u)du.
Therefore a change of variable formula is essentially a formula changing the length element
dx = g’(u)du.

In two-variable integral, the integral element dxdy is called an area element. A change of

variables is a bijective mapping or a transform

X = X('LL7V), Y= y(u7\))7
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which maps a region G on uv-plane to a region D on xy-plane. It is similar that the function
f(x,y) of x,y becomes the function f(x(u,v),y(u,v)) of u,v. The major problem is the
relationship between the area element dxdy and the area element dudv, which is given below

ox
— EN
dxdy = oy dudv,
ov

2 2

where the |-| inside is a determinant, called Jacobi determinant of the given transform, and

the |-| outside is absolute value. However we would simply write only one || to save notations.

Theorem 6.5.1 With assumptions and notations above, we have the change of variable formula

ox ox

”D f(xvy)dxdw”G fx(u,v) y(wv) | % V) dudv.

du  dv
The formula can be used in both ways, depending on which side is easier to compute.
The rigorous proof is difficult and will be skipped. However it can be seen by an example.
Consider linear mapping
X = au+ bv,
Yy =cu+ dv,
where a, b, ¢, d are constant. This mapping maps any point in uv-plane to a point in xy-plane.

Since

(0,0) = (0,0), (1,0) = (a,c), (0,1) = (b,d), (1,1) = (a+b,c+d),

the unit square [0, 1] x [0, 1] on uv-plane is mapped to a parallelogram on xy-plane generated

by vectors (a,c), (b,d). The area of the parallelogram is exactly the Jacobi determinant

a b
= = |ad — bc|.
d

::,)L? O)‘cv
gle el
ol Y
(@]

In fact the area of the parallelogram is

S =+va%+c2y/b2 + d2sin0

where 0 is the angle between vectors (a,c) and (b, d). It is known that the inner product of

the vectors (a,c) and (b, d) is

ab +cd = Va2 + ¢c2y/b? + d2 cos 6.
Hence S2 + (ab +cd)? = (a? + ¢?)(b? 4 d?) and it follows that

$? = (ad — cb)%
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Similarly a general transform

x = x(u,v),

y =y(u,v),

is locally linear

dx = ox du + o dv,
%u %v
9% 9%
u du + . dv,

and it sends a small rectangle with sides du and dv to a region close to a parallelogram with

dy =

area given by the Jacobi determinant.

Example 6.5.1 FdeJ xydxdy where D: 1 <x+y < 3,0 <x—y < 1. to calculate this
integral, we may use the itgmted integral formula. Since D is a tilted rectangle, we have to cut
it into three parts first and it is very complicated. Using a substitution u =x+Yy,v =x —y,
orx = (W+Vv)/2,y = (u—v)/2, the region D becomes G : 1 < u < 3,0 < v <1 and
dxdy = 1/2dudv.

Y v

Hence we have

1, 1/, 1 3 L
xydxdy = —(u* —v9)dudv = - u‘du| dv—| du| vidv
D c8 8 \J1 0 1 0

Students may ask if there is any trick to choose a substitution. It is hard to say what
substitution can solve a problem or if there is any, but we may choose a substitution according
to the concrete problem so that it simplifies the integral region or the integrand or both if we

are lucky enough.

6.5.2 polar coordinates

Another popular coordinate system is the polar coordinate system. A vector (x,y) can be
represented by its length r and the angle 0, from the horizontal line to the vector, called
argument,

X =71cosB,y =1sin0.
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This is a one-to-one correspondence between R\ {0} and 0 < v < 00,0 < 0 < 27, which is

called the polar coordinate transform. Since

0 0
a—::cose, a—g:—rsinG,
dy . oy
E—sm& ae—TCOSG,

we have the relation between area elements

cos® —rsin®
dxdy = drd® = rdrd®.

sin® rcosH

It is known that the area of the image of 19 < T < 19 + Ar and 0y < 0 < 8¢ + AB under the

mapping above is
(ro + A1)2A8/2 — 13A0/2 = 19 ATAD,

which is exactly what the Jacobi determinant tells us.

0 y
0o + A 0o + AO
90 e0
T X
To 19 + AT To 1o + Ar

How to use this formula to solve problems?

Example 6.5.2 1. Take the integral we did before
I= JJ vV1—x2 —y2dxdy
D

where D : 0 < y < V1I—x2,0 <
bijection from G:0<r<1,0<0

< 1. The polar coordinate transform above is a

X
< 7/2 to D and then

I:JJ v/1—12rdrdo
G
1 /2 _.213/2
:J r,ﬁ_rgdrj qo— _L1a-—m)"
0

0 2 3/2

1

0

2. The volume of the solid bounded by xy-plane z = 0 and the bowl upside down z =

1—x2—y?is

27 1l
VZJJ (1—x2—92)dxdy:J J (1—1%)rdrd0 = /2.
xZ+y2<1 o Jo
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3. The volume of the solid under surface z =x*+y? on the region D : (x —1)2+y? < 1 is

V:JJ (x* +y?)dxdy.
(x—1)2+y2<1

A substitution is chosen to make either the region or the integrand look better. The
substitution

x—1=rcosH,

Yy =r71sin6,
makes the region look better, which takes G : 0 < r < 1,0 < 0 < 2w to D. Then
dxdy = rdrd0, and

V= JJ (1 +7cos0)? +12sin0)rdrdo
G

! 37

+0=—.
0 2

The following substitution x = rcos 0,y = vsin 0 makes the integrand look better. In this

M2
= JJ (r? +2rcos @ + 1)rdrd0 = 2n(— + —)
G 4 2

case, D becomes G : 0 <1< 2co0s0, 0 € [—11/2, /2] and we use the iterated formula
/2 20080 /2 37
J (x? +y?)dxdy :J rrdrdd = J dGJ' dr = 8J cos*0do = —.
D G p—_t 0 0 2
It is obvious that the polar coordinate transform may be useful when x? +y? appear in the
integral region and/or integrand.
One more remark: under change of variable, the interval becomes interval in one-variable
case, but the rectangle is no longer a rectangle in more variable case. In the Riemann sum
of multiple integrals, we use rectangles to cut the region D. However to make the theory
of multiple integration rigorous, for example to make change of variables work, we have to

consider cutting the region D into small pieces of any shape. This is much more complicated.

6.5.3 Gaussian density

To end this course, we shall consider a convergent improper integral

“+o00 R R
I:J' e X /2dx = lim J e X /24x.
—o00 [x|<R

R—+00
This is the most important density function in probability theory, called Gaussian (or normal)
density function, and can not be computed by Newton-Leibniz formula because the primitive
function of the integrand is not an elementary function.
What follows is a marvelous idea to compute this integral. Instead of computing I, we compute

I? which can be viewed as an integral on plane. Let R > 0. By the iterated formula,
2

R R R
J'J' ef(x2+y2)/2dxdy :J efxz/zdx J e’92/2dy _ (J ex2/2dx> ,
[x|<R,lyI<R —R —R —R
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Hence we have

2= lim JJ e (Y /24y qy.
[x|<R,lyI<R

R—+o00
However instead of computing the integral on the square, we compute the integral on the disk

x? +1y? < R, by the polar coordinate transform x = rcos 0,y = rsin 0. Then we have

JJ e () 2qxqy = “' e " /2rdrdo
x24+y2<R2 r<R,0€[0,271)

2m R 2 2 R 2
:J dSJ e " 2rdr = 2n(—e " /?)| =2n(1—e R/?),
0 0

0

which has limit 27t. Though JJ f, where f = e 0*+Y*)/2_ their

x|<R R JJ -+ R
Ix|<R,lyI< x2+y2<R?
hmltS as R — oo are the same, since

271(1—67R2/2):J'J' ngJ ngJ fZQW(l_e—QRz/z).
x2+y2<R2 [xI<R,lyI<R xZ+y2<2R?

Hence I = v2m.
Remark. To end this course, the author would like to make one more remark. We learn this
course for application in economics. However mathematics was born not only for application,

but also for its own value and beauty. This result
+oo )
J e X/ 2dx =V2n
—0Q

is extremely beautiful. The left and right side contain the Euler’s number e and the cir-
cumference ratio 71, respectively and these two numbers, the most important numbers in
mathematics, seem to have nothing to do with each other according to their definitions. The
beauty of mathematics is one of beauties in life, which is a little hard to appreciate. The

more beauty you feel, the better you understand mathematics.

Exercises

1. find
(a) JJD xye*tYdxdy where D is given by x +y < 0 and 0 <y — 2x < 3.

ef("“’]dxdy where D is given by 0 < x <y < 1—x.

() HDm

2. Using polar coordinates transform to evaluate the following integrals.

0 0
2
a de . N
(@) J-fl —Vixz 14+ /%24 y? Y
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2 1—(x—1)2
(b) J de Xty dy;
0

0 X2 +y?

1 V1—x2 s s
(c) J. de e (T qy,
o Jo

—“+o0 R
3. compute J x"e X /%dx for n € N.

—00

157
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appendix: midterms and exams

2022

midterm 1
1. write 2/7 into decimal expression.
2. Does {/n converge? If yes, find the limit.
3. Does iig%xsin(l/x) exist? if yes, find the limit.
4. Does XErfooxsin(l/x) exist? if yes, find the limit.
5. prove that x3 — 3x + 1 = 0 has at least one solution.
6. Let f(x) = In(v/1+x2 —x). Find f'(x).
7. prove that forn € N, In(14+ £) < 1.
8. Find the monotonicity of f(x) = x* — 3x and max/min of f on [—1,2].

9. Let
1 1 1
an:1+2*2+3*2+"'+¥-
prove that a,, converges.

10. find the least real number ¢ so that for all x > 0, it holds that

x —In(1 +x) < ex?.

midterm 2
1. (20) Let f(x) =x3 —6x% + 9x — 2.

(a) Find the intervals where f is monotone, f is convex or concave.

159
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(b) Find the points where f reaches local extremum and find the global extremum of
f on [0, 3].
2. (40) Find the following integrals.
(a) J(tanx)zdx.
(b) J(tanx)?’dx.
(c) J-(sin x)3dx.
(d) J(sin x)*dx.
3. (30)Find the integrals

+o00
(a) J x?e *dx.
0

(b) J: Ix —x3|dx.

(c) J:(sin x)?(cos x)?dx.

4. (10) Prove that
1
limJ (4x — 4x*)™dx = 0.

n

0
Final
1 — n
1. find limit lim — In —.
nd limit ITILDTL Z n X
k=1
2. Assume that ! = i ax" for x| < 1. Find ag, a1, az, az, ay.
m n:O mn b b ) )

3. Set f(x) = arcsinx. Find £(®)(0), £)(0), f(7(0), £®)(0), £°)(0).
4. find J(cosx)*ldx, J(cosx)*gdx, J(cosx)*‘ldx.

5. The closed region D is bounded by the curves x +y = 2 and y = x2. Sketch the region
and find the global max/min of f(x,y) = 4x — 8xy + 2y on D.

6. sketch the region D :x >0,y > 0,x+y < 1,y > x and find

[ i [,
——dxdy, xdy.
D VXY Y D Xy Y

Hint: use change of variable according to the description of D if necessary.

7. prove that (1) if )} | a, converges absolutely then )  a, converges; (2) if ) | an

converges, then the radius of convergence of ) . anx™ is at least 1.
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2021

midterm 1

1.

A =1{1,2,3,4,5}, B={x € R:x2—8x+12 = 0}, the set of real roots of x> —8x+12 =0.
Write down B, AUB, ANB and A\ B.

n2 4+ 2n + 100

(1) Find the limit a,, = < 2

n
> , (2) Prove that
1 1 1
bn=1+-+-++=—Inn+1)
2 3 n

is increasing.

State the definition of lim f(x) = L and prove carefully that lim x? = a? according to
x—a x—a

definition.

(1) y= e/, find yl. (2) x? + ¥ =y, find ys
(1,1)

y = /(x> +x—2), x € [-2,1]. (1) find critical points. (2) find intervals where the

function is monotone. (3) find local extremum. (4) find global extremum.

midterm 2

.
x sin xdx,
sin 2x sin xdx

s
sin 3x sin 2x sin xdx

J 0
compute the length of curve y =e* for 0 <x < 1.

+oo

Prove that J x1%sin xe™*dx converges.
0

. (5)Prove that v/2 is not rational.

(10)Prove that for any a < b, there are infinitely many rational numbers and irrational

numbers in (a, b).

(5)Prove that ¥/m converges to 1.

. (5)Find the derivative of y = v/1 4+ x2 at x == 0.
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5. (5)Find the max/min of y =x3 —3x+ 1 on [-1,2].

6. (5)Find the integral

7'[/4 1
J dy.

o Ccosy
7. (5)Find the improper integral f(l) In xdx.
8. (30)Assume that i (x) =x™ on [0,]1.

(a) Write down its pointwise limit on [0, 1];
(b) prove that it does not converge uniformly on [0, 1];

(¢) prove that it converges uniformly on [0, 7] when 0 < r < 1.

9. (10)Find the interval of convergence of the power series

n
n=0

(x—1)™.

2]

10. (10)Find the max/min of z = x> — y? on the region D surrounded by y = x + 1 and
y=x?—1.

11. (10)Find the integral of z = x? —y? on the region D surrounded by y = x + 1 and
y=x2-1.

2020

1. (10)Find limits

1
(i) lim(1 + —)*" and (i) lim 2/n.
n 3n2 n

2. (10)

(a) Let y =x® — 3x2. Find its maximum and minimum on [—1,2].

— /1= 2

™ , where 1 >p > q>0and p+q=1. find f'(1), derivative

of f at 1.
3. (10) Find
1 Tt
(1) Jidx, and (ii)J x cos xdx.
9 —x2 0
4. (16) converges or diverges?

o0 2 n n
(i) Z<2n2+2> and (ii) IT“

n=1 n
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5. (20) Given a series ) | an

(a) (10)state definition of absolute convergence and conditional convergence.
(b) (10)prove that if it converges, then lim a,, = 0.
6. (14)
(a) expand f(x) = (3 +x)~! into power series (center 0) and find its domain of con-

vergence.

(b) expand the function f(x) = lnx into a power series with center 3 and find its

domain of convergence.



